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Some Eichler-Selberg Trace Formulas
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Abstract. The Eichler-Selberg trace formulas express the traces of Hecke operators on a spaces of cusp forms in terms of weighted
sums of Hurwitz-Kronecker class numbers. For cusp forms on SL2(Z), Zagier proved these formulas by cleverly making use of the
weight 3/2 nonholomorphic Eisenstein series he discovered in the 1970s. The holomorphic part of this form, its so-called mock
modular form, is the generating function for these class numbers. In this expository note we revisit Zagier’s method, and we show
how to obtain such formulas for congruence subgroups, working out the details for I'g(2) and I'g(4). The trace formulas fall out
naturally from the computation of the Rankin-Cohen brackets of Zagier’s mock modular form with specific theta functions.
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1. Introduction and Statement of Results

The celebrated Eichler-Selberg trace formula [Eic55, Sel56] expresses the trace of the action of a
Hecke operator on a fixed space of cusp forms in terms of weighted sums of Hurwitz-Kronecker class
numbers. These formulas play many important roles in the theory of modular forms. These formulas
play a central role in the study of the Shimura correspondence between spaces of half-integral weight
and even integer weight cusp forms (for example, see [Shi74]). Notably, Niwa employed these formulas
in work [Niw77] that established the first instances of isomorphisms between such spaces as Hecke
modules. These formulas also have important implications for the arithmetic statistics of elliptic
curves over finite fields. Indeed, Birch [Bir68] and Kaplan and Petrow [KaPel7] used these formulas
to determine the asymptotic properties of moments of “traces of Frobenius” for various families of
elliptic curves.

In unpublished notes, Zagier (see Chapter 6 of [Zag]) gave a new proof of the Eichler-Selberg trace
formula for cusp forms on SLy(Z). His ingenious method made use of the weight 3/2 nonholomorphic
Eisenstein series he discovered in the 1970s [Zag75]. The key feature of this Eisenstein series is
that its holomorphic part, its so-called mock modular form, is the generating function for Hurwitz-
Kronecker class numbers. This proof does not seem to be well-known. Therefore, in view of the
recent interest in the theory of mock modular forms and harmonic Maass forms (for example, see
[BFOR17, Zagl0, Zwe02]), here we revisit Zagier’s work and we illustrate how to modify the proof to
obtain the Eichler-Selberg trace formula for congruence subgroups.

To make this precise, we first fix some notation. If —D < 0 such that —D = 0,1 (mod 4), then
denote by O(—D) the unique imaginary quadratic order with discriminant —D. Let h(D) denote the
order of the class group of O(—D), and let w(D) denote half the number of roots of unity in O(—D).
In this notation, define! the discriminant —D Hurwitz-Kronecker class number by

2
H*(D) := zlj m. (1.1)
2D
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To conveniently state the Eichler-Selberg trace formulas, we require the Chebyshev polynomials, that
are defined by the recurrence relation

Ug(:(}) = 1, Ul(a:) = 2x
Un(z) :=22Up—1(x) — Up—2(x) for m > 2.

Finally, we define

1 if ¢ is a perfect square,
d(q) = . (1.2)
0 otherwise,
and for positive integers k and N we define
1 , N
Ae(N) = 5 dIZlen(d, N/d)¥. (1.3)

We reprove these trace formulas (see [Eic55, Hij74, KaPel7, KnLi06, Sel56]) for cusp forms on
I'9(2) and T'y(4) for the Hecke operators T'(q), where g = p” is a power of an odd prime. The purpose
of this expository note is to illustrate how these formulas arise naturally from the Rankin-Cohen
brackets of Zagier’s mock modular form with specific theta functions that are chosen to capture the
corresponding level structures.

Theorem 1.1. If r is a positive integer, p is an odd prime, ¢ = p", and k > 4 is a positive even
integer, then the following are true.

(1) For cusp forms on SLa(Z), we have

k-1 E_ 1 k_ s N
Trk(SL2(Z), ) = —5— - 0(a)g? t—- Sk 'Y Uk <) H*(4q — s%) = A1 (q)-

(2) For cusp forms on I'4(2), we have

ToCo2).0) = "ot = 3ot Y Ua () 1 - 42

(3) For cusp forms on I'o(4), we have

Tre(To(4), ) = “= L - 6()g 1 = 3651 3 Ui () (g — ) — 3N 1(q).

Although Theorem 1.1 (1) is proved by Zagier [Zag], we include it in the theorem to juxtapose
the formulas, which highlights the modifications that arise when introducing level structure.

This note is organized as follows. In Section 2., we recall standard facts about holomorphic
modular forms, harmonic Maass forms, and mock modular forms. We require Zagier’s weight 3/2
Eisenstein series, the Rankin-Cohen bracket operators, and the method of holomorphic projection.
In Section 3., we recall some results from Petersson theory and the theory of newforms as adapted to
this setting. Finally, in Section 4., we apply these tools to prove Theorem 1.1.
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2. Nuts and Bolts

2.A. Holomorphic Modular Forms

If k and N are positive integers, then denote by M (I'o(N)) the vector space of holomorphic modular
forms of weight k& and level N. The cuspidal subspace of My (T'g(V)) is denoted by Si(To(V)). We
write SpV(Lo(IN)) for the new subspace of weight & and level N. We assume that the reader is familiar
with the theory of newforms of Atkin and Lehner [AtLe70].

The group GL;(Q) acts on {f : H — C} through the slash operator. Namely, if f : H — C and
v = (ﬁ Z) € GL3 (Q), then the (weight k) slash operator is defined by

+b
= (ad — be)*2(cr +d) R (L0 2.4
(£hn)(r) = (ad = b0)*/2(er + d) ™ (2200 (24)
In our setting, two matrices in GL3 (Q) play a significant role, namely, the matrix V(d) := (g (1))
and the Fricke involution Wy := (]% _01). The action of these matrices send cusp forms to cusp

forms of possibly higher level. More precisely, if d is a positive integer and f € Si(I'g(V)), then
fIV(d) € Sp(To(dN)) and f|Wx € Sg(To(N)). Furthermore, if f is a cusp form with Fourier series
f(r) =3 ap(n)q?, where g, = ™7, then we write

n>1

(flU(d = ag(nd)q (2.5)

n>1

The vector space of cusp forms admits the structure of a finite-dimensional Hilbert space thanks
to the Petersson inner product. To make this precise, if f, g € Si(I") for some subgroup I' of SLo(Z)
of finite index, then define? the Petersson inner product® of f and g by

—_— d:cdy
o = s [ S+ e i (26)
[SL H/T
2.B. Zagier’s Welght Eisenstein Series
We require the generating function
—iH*(D)D EIE B P (2.7)
- q'r - 12 3qT 2q7' q7‘ qT R .

(note: g, := €™7) for the Hurwitz class numbers, the holomorphic part of the harmonic Maass form
[BEFOR17] H(T) of weight 3/2 constructed [Zag75] by Zagier in the 1970s by the method of Eisenstein
series. This holomorphic part is the so-called mock modular form for H(r).

We recall Zagier’s construction. To this end, we first recall notation from the theory of modular

forms of half-integral weight. If v = (2%) € I'g(4) and 7 € H := {z + iy € C,y > 0}, then the

at+b
cT+d

=5 "¢ (2.8)

nez

and

automorphy factor is defined by j(v,7) := 0(y7)/0(7), where v :=

We recall the metaplectic extension of GLJ (Q) defined as

d
Mp,(Q) := {(% $) = <‘C‘ Z) € GL§(Q), ¢ : H — C holomorphic, ¢(r)? = %} -

2We drop the I' when it is understood from context.
3There are different normalizations of the Petersson inner product.



Ken Ono and Hasan Saad, Some Fichler-Selberg Trace Formulas 97

The group Mp,(Q) acts on {f : H — C} through the slash operator. Namely, if f : H — C, k is an
integer, and 7 = ((‘é 3) ,(Z)) € Mp,(Q), then the (weight g) slash operator is defined* by

(£1:7) (1) = o) %1 <a7 T b> |

cTt+d

Finally, if NV is a positive integer with 4| N, we define the Fricke involution
L 0 -1 1
Wy = ((N . ) ,\/N27> ,

where /- is the principal branch of the square root, and if f is an eigenform of |Wy, we denote the
eigenvalue by An(f).
In this notation, if s € C with R(s) > 1 and 7 € H, then define the Eisenstein series Es (1) by
27

Es (7):= Z ' 1 -S(y7)?, (2.9)

3
Do) Jj(v,7)

where ', < SLy(Z) is the stabilizer group of ico. Finally, we define the Eisenstein series Fz (1) by
2 I

Fs (7) i= (B3 |3 Wa)(7). (2.10)

Both E%’S(T) and F%’S(T) are analytic in s, and they have analytic continuations to s = 0, which we

denote by Fs(7) and Fs(7) respectively. In this notation, Zagier proves the following theorem.
2 2

Theorem 2.1. [Zag75] The function

o0

> 1 1 1 2
H(r) =D H'(n)g +——+ =y nl(—5;4m’y)q, "™,
oy 8m\/Y 4\/7 — 2

where T = x + iy € H, is a weight 3/2 harmonic Maass form with manageable growth at the cusps of
T'o(4). In fact, we have®

H(r) = —— (E%(T) +(1— )22, (7)) .

2.C. Rankin-Cohen Brackets

The expressions in Theorem 1.1 arise from the Rankin-Cohen brackets operators of #H(7) with
appropriate theta functions. To make this precise, let f and g be smooth functions defined on H
and let k,l € 3N and m € Ny. The mth Rankin-Cohen bracket (of weight (k,1)) of f and g is

= e & GO (T (T s e (2.11)

r4+s=m

These operators preserve modularity.

Proposition 2.2. (Th. 7.1 of [Coh75]) Let f and g be (not necessarily holomorphic) modular
forms of weights k and 1, respectively on a subgroup I' of Mpy(Q). Then the following are true.

(1) We have that [f, glm is modular of weight k+ 1+ 2m on T.

(2) If ¥ € Mpy(Q), then under the usual modular slash operator we have

16, 91iV]m = ([f, glm) lk+i42m7-

“The dependence on k is usually dropped from the notation if understood from context.
5This explicit form is computed in [HiZa76]. A different normalization of E% (7) and F% (7) is used.
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In this notation, the weighted class number sums in Theorem 1.1 appear as the coefficients of
[H(7),0(7)] k=2 and [H(7),0(47)]x—2 after a straightforward calculation.
2 2

Lemma 2.3. If m and t are positive integers, then

(15 (1), 60tT)]m = Y cm(n)ay,

2m
cm(n) :(7 mZUgm (\/>> H*(n — ts?).

SEL

where

Sketch of the proof. By definition, the Fourier coefficient ¢, (n) is given by
U m+ 1\ (m—1 F\”
- (n) = (=)™ 1) 2 B H*(n \[ :
i = S (D0 (T I () Sre- e ()

Reorganizing the sum, the claim clearly reduces to showing that

4m zl: 1 m — % m-—r
( ™) m—r)\l—r
m/ r=0
is the coefficient of 22" in Us,,(2). The sum on the right-hand side can be rewritten in terms of

1
—5—-—m, -l
2F1< 2 1 |1>
2

A famous identity of Gauss (see (1.3) of [Bai35]), combined with induction in m, completes the proof.

2.D. Holomorphic projection

To relate the sums in Lemma 2.3 to traces of Hecke operators, we must first relate them to coefficients
of a cusp form. To this end, we make use of the method of holomorphic projection, which maps
harmonic Maass forms to holomorphic modular forms.

To make this precise, suppose f : H — C is a (not necessarily holomorphic) modular form of
weight k > 2 on I'g(N) with Fourier expansion

)= cr(ny)g)

neL

Furthermore, suppose that f(7) has moderate growth at cusps, with c;(0,y) = co + O(y~*) for some
e > 0. Then, the holomorphic projection of f(7) is defined by

(7Th01f = Co + Z QT)

n>1

where -
47n)~~ —drny —
c(n) = ((IC)Q)'/O cr(n,y)e” TyF2dy, (2.12)

for n > 1. The following proposition explains the importance of the holomorphic projection operator.

Proposition 2.4. [Section 10.1 of [BFOR17]] Assuming the hypothesis above, the following are true.
(1) We have that mnei(f) € My(To(V)).
(2) If g € Sp(To(N)), then we have (f,g) = (mnoi(f),g), whenever the left-hand side converges.
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The following theorem of Mertens [Merl4] describes the holomorphic projection of the Rankin-
Cohen brackets of H(7) with certain weight 1/2 univariate theta functions.

Theorem 2.5. [Th. V.2.1 of [Merl4]] If m and t are positive integers, then we have

¥ L)
Mol ([(H(7), 0(t7)lm) = [HT(7), 0¢T)]m + 5 - = - Ae(m3m),

where

M(rm) =237 | 37 (V=0 g+ 3 (Vi)

n>1 \ tu2—v2=n n>1
u,v>1

3. Petersson Inner Products and L-functions

To obtain Theorem 1.1, we partially decompose the holomorphic cusp forms 7o) ([H(7), 6(7)]m) and
Thol ([H(7),0(47)]m) in terms of newforms. To this end, we take the Petersson inner product of these
cusp forms with newforms. To compute these inner products, we make use of the Hecke relations
between Fourier coefficients of a given newform. Namely, we use unfolding theorems due to Rankin
and Selberg (see Section 11.12 of [CoSt17]). The following theorem of Rankin [Ran39] relates the
Petersson inner product of two cusp forms to their respective Fourier coefficients.

Theorem 3.1. If f(7) = > af(n)q} and g(t) = > ag(n)q} are cusp forms of weight k on a

-
n>1 n>1

congruence subgroup I', then we have

(k=1 1§~ ag(n)ag(n)

T
<f>g> - g (47I')k acl—>r£lo T nk_l
n<x

We study the inner product of cusp forms with the forms [H(7), 6(7)]nm and [H(7), 0(47)]m. Since
H(7) is defined in terms of Eisenstein series, we obtain the following proposition.

Proposition 3.2. If m is a positive integer and

f(r) = Z af(n)q; € Sam+2(L'o(4)),

n>1

g(r) = Z ag(n)q; € '51/2(F0(4))7

n>1

then we have

1/m+ 3\ (2m)! as(n)ag(n)
<f’ [Egyg]m>:6< 7’_71|_2> (4(7T)2ﬂ1+1 >1 f(nﬂ)1+gl( )

Sketch of Proof. Formally, we have that
[Bs (1), 9(Dm = D> (1) S(1)% 9(7)]m
YEL\T'0(4)

- Z [%(T)Slg% ((9’1/27_1)\1/2’7) ()] m-

Y€l \To(4)
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Since g is modular of weight % on I'g(4), Proposition 2.2 gives us that

[Bs (), 9Dl =" Y [S(1)°9(n)]ml2m+27-

'YGFOO\FO (4)

N I o S T
Bys)g@im=" 3 Z( )( ! 2)(3—1)!((37 ; d;2m+2 it o1 17

Y€l \I'0 (4

By the definition of the Petersson inner product and the modularity of f, we have

Byt §) =3 et (M) (M)

where 7 = x + iy. The rest of the proof follows by writing f(7) and g(7) as Fourier series, computing
the resulting elementary integrals, and taking analytic continuation with s — 0.

S T
 9rm— l(T) Y me dzdy,

H/l"oo

To obtain the trace formulas for I'y(2) and T'g(4), we require Rankin-Cohen brackets of H(7) with
6(47). Since 6(47) is a modular form on I'g(16), we require an analogue of Proposition 3.2 when f
and g are of level dividing 16. Since E% (1) is the Eisenstein series of weight 2 for I'g(4), the above

proposition doesn’t hold. However, we have the following similar result.

Proposition 3.3. If m is a positive integer and

Zaf n)q; € Somy2(T0(16)),

9= Zag n)qt € My 2(I'o(16)),

then we have

1 m—i—% arp,AN)ag,AM) n)ag A )
(B ghm) = 24< N )4ﬂ o oy altealn)

AeSn>1

where S = {(é ?)Cx ?)(i j)(é ?)},(f\A)(T) = X agamet. and (gl4)(r) =
> ag.a(n)g? :

n>1

Sketch of Proof. If s € C with R(s) > 1 and 7 € H, then define

Gs (r)= > - - S(y7)?, (3.13)

3
Jer oy ? (7

where j(v,7) is as in Section 2.B.. It is then clear that

AeS

The proof follows exactly as in Proposition 3.2.

Remark 3.4. If G's(1) denotes the analytic continuation of Gs (7) to s = 0, then Proposition 3.2
2 27
holds with Gs and I'g(16) in place of Es and I'g(4).
2 2
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To compute inner products of the form ([F3/9, g]m, f) using Propositions 3.2 and 3.3, we consider
the action of the Fricke involution on Eisenstein series of half-integral weight and theta functions.

Lemma 3.5. The following are true.
(1) We have
. _in 1 i
E%|(W42) = ’LE%; O\Wy =e"40; 0(471)|Wie = Ee 10(T).

(2) If G3 denotes the analytic continuation of Gs , at s =0, then we have
2 27

s

F% :23/2-G%|W16 and G

o

(W) = iGs.

Proof. The proof of (1) is trivial. On the other hand, note that G%’S(T) = E%,5(47'), and therefore,

by analytic continuation, G s (1) = E3(47). The proof of (2) reduces to an elementary computation.

3
2

4. Proof of Theorem 1.1

The main tool for proving Theorem 1.1 is the next theorem that gives the Hecke traces in terms of
the coefficients of specific holomorphic projections of H(7) with theta functions.

Theorem 4.1. Ifp > 3 is a prime,m € N and k = 2m + 2, then the following are true.
(1) If mhol([H(7), 0(7)]m) = X am(n)qy, and g = p", then

n>1
2m
omta) = —5 - L) (ro.).
(2) Thot([H(7), 0(7)]m) = 2;1 am(n)qr, and g =p", then

am(4q) = —2<2$> Try (SL2(Z),q)) -
(3) If Thot((H(7),0(47)]m) = > bm(n)q?, then

b(ta) = =5 (21) - (8T (Ta(4),0) + 24T (o(2). )

4.A. The proof of Theorem 4.1

We require the following convenient expression for the Petersson norm of newforms f.

Lemma 4.2. If f(1) = > ap(n)q? is a normalized newform of weight k and level N, then we have
n>1

m (k—1)! 1 ar(n?
un=-3 CSE I (-0) S

p|N P/ =1

Sketch of Proof. 1t is well known (see Corollary 11.12.3 of [Coh75]) that M converges for

n
n>1
R(s) > k and has a simple pole at s = k, with residue 2 - %(f, f). Since f is a newform on I'o(N)
with trivial nebentypus, a(n) is real for all n and we have (see p. 80 of [Shi75]) that

2 2
S U0 e 3 ),

ns ns
n>1 n>1
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where (y(s) = Y . The lemma follows by taking residues at s = k.
n>1
(n,N)=1

To prove Theorem 4.1, we now compute o ([H(7),0(7)]m) and 7o ([H(7),0(47)]m) with
newforms and their images under V' (d) operator. This depends on the level of the newform. The first
lemma concerns the level 4.

Lemma 4.3. If f(1) € 83555 (I'0(4)) is a normalized newform, then the following are true.
(1) We have that
()

(oo (M), 0P )), £) = 5 247, 7).
(2) We have that

(3) We have that

(4) We have that

LG
(Mot ), 0(4T]m), SV (4)) = - 221 )

Proof. For brevity, we only prove (1). By Proposition 2.4, we have
<7Th01([7_[7 e]m)7 f> = <[/Ha e]ma f>

We write H in terms of Eisenstein series to obtain

(I, Ol ) = — 35 (1 Bl £) = 35 s (Wi, ).

Since W2 acts trivially on My(Tg(4)) when k is an even integer, Proposition 2.2 (2) shows that
(LB Wi B, £) = (13| (Wa )2, B1Wi. £IW2),

Using Lemma 3.5, we have that

1 1
(1M, Bl £) =~ 35 (1B O 1) — 5 {[By. B, FIW)
Since f is a newform of level 4, f|Ws = —f (see Theorem 7 of [AtLe70]). Therefore, we have
1
<7rhol([/H) Q]m)a f> = _ﬂqE%? Q]ma f>

Proposition 3.2 then gives

1 m+ % 2m)! 2-ar(n?
(Thol([H, O]m), f) = 1 < T: 2> (45.()2724-1 n2rJ;LS—2 )'
n>1

We apply Lemma 4.2 to obtain

<mmmﬁm%ﬂ:_%.<

er%) (2m)! (4m)?2m+2 3
(

Arr)2m+1 '(mn4—n!'E<ﬂfy

m
’m«l»l 2m
Since (2mm-s-21) = (4”3,1), the claim follows.

The proofs of (2),(3), and (4) are similar, where Proposition 3.3 takes the place of Proposition 3.2.
Furthermore, the Fourier coefficients at the cusps given in Proposition 3.3 are the same as the Fourier
coefficients at ico, since the matrices in S are in I'g(4), and f is modular on I'g(4).
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If the level is 2, we have the following lemma.

Lemma 4.4. If f(1) € 83555 (I'0(2)) is a normalized newform, then the following are true.
(1) We have that

<7Thol([H70]m)7f> = _% ’ (Zf:n)<f7 f>

(2) We have that

(3) We have that

(4) We have that

(Mot ([H(7), 0(47)]m), £V (2)) = (mnol((H(7), 0(47)]m), FIV (4)) = 0.

(5) We have that

lf) G

(muat([(r), 047)]m). SV (8)) = =2 21, ).

Proof. The proof is analogous to the proof of Lemma 4.3. Case (5) is more involved when computing
the Fourier coefficients of f|V(8) at cusps. We note that

1

D)o

(e (5 1)) o= (v (X 1) (6
=20 (vl (5 1))
=) )

Similarly, we have that

(v ()= (16 9 ) 6 D)o

= ()Y as(n) "}

and

(| (5 21)) 0= 2e) X asto)- (i

n>1

For newforms on SLy(Z) (i.e. level 1), we have the following lemma.

Lemma 4.5. If f(7) € Som+2(SLa(Z)) is a normalized newform, then the following are true.
(1) We have that
LG
<7Thol([H7 e]m)’ f> = _5 ’ 4T<f7 f>
(2) We have that

2m
(a0, 11V () =~ - 22 Gnd g gy
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(3) We have that

L)
(oot 8l FIV (D) = =5 - 22 ).

m

(4) If 1 € {0,2,4}, then

! (%
(Mot ([H(7), 0(47)]m ), fIV(2)) = =7 - =5, 6.

(5) If l € {1, 3}, then

2m
(7). 004m)]) V2 =~ - 42 Cnd gy

Proof. The proof is similar to Lemmas 4.3 and 4.4 with the following modification.

1 ay(2n?) 1 1 2 2m+1 n?
> omtl p2mi2 > 1 pamya |0 (2)ag(n) =27 ag { o

2
n>1 n>1

_ay(2) 3 ap(n®) 1 3 1 ay(2n?)
T 9m+l n2m+2 2 om+1 p2m+1
n>1 n>1

_ 2 ar(2) N~ as(n?)
T 3 omtl Z n2m+2 "
n>1

Since f and f|V(d) are not always orthogonal when d > 1, we compute (f, f|V(d)) in terms of
(f, f). This depends on the level of f. If f is of level 4, we have the following lemma.

Lemma 4.6. If f(7) € Sp¥ (Ty(4)) is a normalized newform and 1 > 1, then (f, f|V(2!)) = 0.

Proof. Theorem 3.1 implies that

N 7T(k‘ ar(n 22af(%)

_f(k—l)! 2 Z af@")W,.

3 (4m)k xlggo x/2! nk-1

n<x/2!

It is well-known (see Proposition 13.3.14 (a) of [CoSt17]) that the coefficients with even index of a
normalized newform of level 4 vanish, proving the claim.

If f is of level 2, we have the following lemma whose proof is analogous to that of Lemma 4.6.

Lemma 4.7. If f(1) = > ap(n)q? € S (I'o(2)) is a normalized newform and 1 > 0, then
n>1

LAV = ( Y (f >) G f).

For newforms on SLy(Z), we have the following lemma.
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Lemma 4.8. If f(7) € S; (SLa2(Z)) is a normalized newform, then the following are true.
(1) We have that
1 as(2)

(FoAvEy =5 g )
(2) We have that

vy = (5425 - ) (1.

(3) We have that

1 a 2)3 5 af

(4) We have that
1oap(2 7 ap(2? 1

Proof. The same argument in the proofs of Lemmas 4.6 and 4.7 gives us that

AV @) =275 (FlU @Y, f),

for all [ > 0. Since f is of level 1, the relation between a(2'n) and a(n) is more involved. Therefore,
we must determine the Hecke operator T'(2') in terms of U and V operators. We make this precise
for (1), and leave the remaining cases to the reader.

Hecke’s recurrence relations (see Corollary 10.4.4 of [CoSt17]) imply that T(2)f = f|U(2) +

2g_lf|V(2). On the other hand, since f is a normalized eigenform of 7'(2), we have that T(2)f =
a¢(2)f. Combining these two equations together, we have that

ap(2)f = fIU2) + 257 £V (2).
Taking the inner product with f on both sides, we find that
ar(2)(f, f) = (f, FIUQ2)) + 2271, FIV(2))
(F, FIV(2)) + 25 1(F, FIV(2).

=

k

— 93
This completes the proof of (1).

Lemmas 4.3-4.8 combine to prove Theorem 4.1.

Proof of Theorem 4.1. We prove (1) and (2). By Lemmas 4.3-4.8, some linear algebra gives
(Zm

whd(m(ﬂ,e(f)]m):Tm[—fzf— > 9= n (4.14)
I @@ + 5 3 D) - 3 mv),
h

where f, g and h run over newforms of levels 4,2 and 1 respectively. Comparing the coefficients of ¢
on both sides of 4.14 gives (1).

To prove (2), we write f(7) = > ar(n)q},g9(1) = > ag(n)¢? and h(1) = > an(n)q?. Using

n>1 n>1 n>1
(4.14), we have that

2m
enti) =20 [ 215 040 = 2 30y 40) + ale) - 270, 20) (115)
f g

— 3" (an(4q) — an(2)an(2q) + 4™ an(q))|.
h
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Since f denotes a newform of level 4, then af(4q) = 0. Furthermore, since g denotes a newform of
level 2 and weight 2m + 2, we have that \2(g) = —27"a4(2). (for example, see Proposition 13.3.14
(b) of [CoSt17]). Furthermore, a4(2n) = a4(2)ay(n). This implies that ay(4q) + A2(g) - 2™ay(2q) = 0.
Finally, the Hecke relations give that aj(2)ay(2q) = an(4q) + 2" ay(q), and so we have

an(4q) — an(2)an(2q) + 4™ an(q) = 2- 4™ - an(q).

Combining this with (4.15) gives (2).

4.B. Proof of Theorem 1.1

For brevity, we prove (2), leaving the proofs of (1) and (3) to the reader. Thanks to Theorem 4.1, we

have
1 (2m)

am(q) = =5~ Tre (Fo(4), )

and
2m

b (4q) = -1 <

Using Lemma 2.3 and Theorem 2.5, after some simplification we find that

) (—8Try (To(4), @) + 24Ty (To(2), 0)).

m

mZU2m ( > H*(q — 8%) + Aam41(q) = —% - Trg (To(4),9)

SEZL

and

m Z U2m ( > H*(4q - 45 ) + 2)‘2m+1(Q) = _% (_8Trk’ (F0(4)a Q) + 24Trk (F0(2)> Q)) .
SEL

Taking an appropriate linear combination, we then have

—q" Y Usm ( ) H*(q—s%) - fqm > Uonm (%) H*(4q — 45%) = 2ham41(q) = Try, (To(2), q)

SEZL SEZ

Since the summands are nonzero only if s2 < ¢ or s

= ¢ and ¢ is a square, (2) follows from the fact
that H*(0) = —15 and Usp,(1) = 2m + 1. This proves (2).

References

[AtLe70] Atkin, A.O.L. and Lehner, J., Hecke operators on I'g(m), Math. Ann. 185 (1970), 134-160.

[Bai35] Bailey, W., Generalized hypergeometric series, Cambridge Tracts in Mathematics and Mathematical Physics 32,
Cambridge Univ. Press, Cambridge, 1935.

[Bir68] Birch, B. J., How the number of points of an elliptic curve over a fized prime field varies, J. London Math. Soc. 43 (1968),
57-60.

[BFOR17] K. Bringmann, K., Folsom, A., Ono, K. and Rolen, L.,Harmonic Maass forms and mock modular forms: Theory and
applications, Amer. Math. Soc. Colloq. 64, Amer. Math. Soc., Providence, 2017.

[Coh75] Cohen, H., Sums involving the values at negative integers of L-functions of quadratic characters, Math. Ann., 217 (1975),
271-285.

[CoSt17] Cohen, H. and Stréomberg, F., Modular forms: A classical approach, Graduate Studies in Mathematics, Vol 179, Amer.
Math. Soc., Providence, 2017.

[Eicb5] Eichler, M., On the class of imaginary quadratic fields and the sums of divisors of natural numbers, J. Indian Math. Soc.
(N.S.) 19 (1955), 153-180.

[Hij74] Hijikata, H., Explicit formula of the traces of Hecke operators for I'o(N), J. Math. Soc. Japan 26 (1974), 56-82.

[HiZa76] Hirzebruch, F. and Zagier, D., Intersection numbers of curves on Hilbert modular surfaces and modular forms of
Nebentypus, Invent. Math. 36 (1976), 57-113.



Ken Ono and Hasan Saad, Some Fichler-Selberg Trace Formulas 107

[KaPel7] Kaplan, N. and Petrow, 1., Elliptic curves over a finite field and the trace formula, Proc. Lond. Math. Soc. (3) 115
(2017), no. 6, 1317-1372.

[KnLi06] Knightly, A. and Li, C., Traces of Hecke operators, Math. Surveys 133, Amer. Math. Soc., Providence, 2006.

[Mer14] Mertens, M., Mock modular forms and class numbers of quadratic forms, Thesis (Ph.D.)-University of Cologne, 2014,
1-86.

[Niw77] Niwa, S., On Shimura’s trace formula, Nagoya Math. J. 66 (1977), 183-202.

[Ran39] Rankin, R. A., Contributions to the theory of Ramanujan’s function 7(n) and similar arithmetical functions. I. The zeros
of the function Y o7 1 7(n)/n® on the line Rs = 13/2. II. The order of the Fourier coefficients of integral modular forms,
Proc. Cambridge Philos. Soc. 35 (1939), 351-372.

[Sel56] Selberg, A., Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces with applications to
Dirichlet series, J. Indian Math. Soc. (N.S.) 20 (1956), 47-87.

Shi74] Shimura, G., On the trace formula for Hecke operators, Acta Math. 132 (1974), 245-281.
Shi75] Shimura, G., On the holomorphy of certain Dirichlet series, Proc. London Math. Soc. (3) 31 (1975), no.1, 79-98.

[
[
[Zag] Zagier, D., Modular Forms of One Variable, (http://people.mpim-bonn.mpg.de/zagier/files/tex/UtrechtLectures/UtBook.pdf).
[Zag75] Zagier, D., Nombres de classes et formes modulaires de poids 3/2, C. R. Acad. Sci. Paris Sér. A-B 281 (1975), A883-A886.

[

Zagl0] Zagier, D., Ramanujan’s mock theta functions and their applications (after Zwegers and Ono-Bringmann), Astérisque
(2009), no. 326, Exp. No. 986, vii—viii, 143-164 (2010), Séminaire Bourbaki. Vol. 2007/2008. MR-2605321

[Zwe02] Zwegers, S., Mock Theta Functions, Ph.D. thesis, Utrecht University, 2002. arXiv:0807.4834.

Ken Ono

Department of Mathematics
University of Virginia
Charlottesville, VA 22904, USA

e-mail: ken.ono691@virginia.edu

Hasan Saad

Department of Mathematics
University of Virginia
Charlottesville, VA 22904, USA

e-mail: hs7gy@Qvirginia.edu


http://www.ams.org/mathscinet-getitem?mr=2605321

	Introduction and Statement of Results
	Nuts and Bolts
	Holomorphic Modular Forms
	Zagier's Weight 32 Eisenstein Series
	Rankin-Cohen Brackets
	Holomorphic projection

	Petersson Inner Products and L-functions
	Proof of Theorem 1.1
	The proof of Theorem 4.1
	Proof of Theorem 1.1


