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The mixed mock modularity of a new U-type function
related to the Andrews—Gordon identities

Nikolay E. Borozenets

Abstract. In this paper we resolve a question by Bringmann, Lovejoy, and Rolen on a new vector-valued U-type function. We
obtain an expression for a corresponding family of Hecke—Appell-type sums in terms of mixed mock modular forms; that is, we
express the sum in terms of Appell functions and theta functions. This U-type function appears from considering the special
polynomials related to generating functions for the partitions occurring in Gordon’s generalization of the Rogers—Ramanujan
identities.
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1. Introduction and statement of the main results

Let ¢ be a nonzero complex number with |g| < 1. We recall the g-Pochhammer notation, defined by

n—1
(@) = (@@ = [0~ 2g), (@)oo = (@5q)0c := [[(1 — 24).
i=0 >0

The well-known Rogers—Ramanujan identities in its analytic form tell us that

n(n+a 1

0o nln+a)
7;) (On H (1 — gpititay(1 — goiti—a)

J=0

for a € {0,1}. These identities were independently discovered by Rogers, Ramanujan and Schur and
later many beautiful generalizations for them were found. Gordon established generalized partition
theoretic interpretations of the Rogers—Ramanujan identities, for example see [0197]. Andrews derived
the analytic form for Gordon’s generalizations [Ad74]. Applying the Jacobi triple product identity,
Andrews’s identities can be written as

NP4+ NZ+Ni+-+Ny, 1

q - _1)I 9 ((2k+3)(j+1)—26)/2
D e D D L -

ni,...,nE >0

where Nj =n; + -+ + ny.
Recall the definition of Gaussian polynomials

 @n
|:n:| = (@Dr(@n—rx’ 0< k <n
klq 0, otherwise.

For future statements let us introduce the special polynomials H, (t,m;b;q) for t € N, 1 < m < ¢,
b € {0,1} according to [BLR18]:

t—1 . .
] . _ ) J 2
Hy(t,m;big) = ) ’ | R [”JH nj = bj + 3 5—1(2nr + Xm>r)

N1 — T
n=ny>-->n1>0 j=1 j+1 J q
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Here we use Y. to denote the additional restriction n,, > 1 if b = 1 and use the usual characteristic
function x 4, defined to be 1 if A is true and 0 otherwise. These polynomials are related to generating
functions for the partitions occurring in Gordon’s generalization of the Rogers—Ramanujan identities
[0197]. To describe it let Gy ;i 1.(¢) be the generating function for partitions of the form

L-1
> it
j=1

with frequency conditions f1 < i —1, fr1 < i —1, fi+ fix1 < kfor 1 < k < L — 2. These
conditions are a finitization of the conditions in Gordon generalization [0197, Theorem 3|. In this
way the corresponding analytic identity by Andrews (1.1) appears to be a limiting case of some
polynomial identities [0197, Theorem 6]. By making some changes of variables and comparing with
[0197, Theorem 5], it can be shown that

n+1

Hy(t,mibqt) = g0 =200 G,y o (g).

In this paper we will study the following function found in a recent paper of Bringmann, Lovejoy,
and Rolen [BLR18, Section 4].

Definition 1.1. For x € C~ {0} and 1 < m <t we define
U™ (219) = " (~x)n(—a/2)n Ha(t,m: 05 ).
n=0

As stated in [BLR18, Section 4], one can use Bailey pair methods to find Hecke-Appell-type series

for Z/{t(m) (z;q). Hecke—Appell-type series can be thought of as a cross between Hecke-type double-sums
which we define as

Janel@ i) =Y s, s)(—1) Farysqe) torste), (1.2)
r,SEZ

where a, b, ¢ are positive integers with b> — ac > 0, and Appell functions which we define as

1 o 1" (g)zr
m(z,74) = g > (1 _)qf_lm. (1.3)

rT=—00

For theta functions, we write
o

O(239) = ()oo(@/T)so(@ = Y (~1)"q(2)a".

n=—oo

Hecke-type double-sums (1.2) as well as Appell functions (1.3) play a crucial role in studying
modularity. The representation of a function in terms of Appell functions and theta functions gives
the mixed modular properties. The representation in terms of double sums, originally studied by
Hecke and Rogers, is another form which implies a mixed modular behavior; many cases of Hecke-
type double-sums can be converted to Appell function form, see [HiMo14]. By mixed mock modular
forms we mean functions that lie in the tensor space of mock modular forms and modular forms,
that is, functions of the form »_ f;g;, where f; are modular forms and g; are mock modular forms
[DMZ12]. In this way a mock modular form is a holomorphic function in the upper half plane
which transforms under modular transformations almost like a modular form but it is not a modular
form. The non-modularity is controlled by a “shadow”, some fixed holomorphic modular form, see
[DMZ12, Zag07, Zwe02].
The Hecke—Appell-type series of Bringmann, Lovejoy, and Rolen that we will study reads
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Theorem 1.2. [BLR1S8, Section 4, Question 3] We have

U (—argy = eleoo | g gy g e e
(Q)oo r,5,u>0 r,8,u<0

r=s (mod 2) r=s (mod 2)

xoogoo —1) 2 1
e I SRR ol = S ,

r,s>0 r,5<0 1- zq 2
r=s (mod 2) r=s (mod 2)

_ 2 2 _
r—s %+4t+37”8+%+4t+34 2mr+1+42ms

where the second identity holds for |q| < |z| < 1.
The function Z/{t(m) (x;q) is similar to the function Ut(m) (x;q) studied by Hikami and Lovejoy
[HiLo15] and Mortenson and Zwegers [MoZw22]:

U™ (@iq) =g > " (—xq)n1(=q/)n1 Hu(t,m; 15 q).
n=1

In [HiLol5], one finds that U, m)(—l; q) are vector-valued quantum modular forms which are in
a sense dual to a certain generalization of the Kontsevich—Zagier function. Quantum modular forms
arise when one relaxes certain conditions for a function f(z), which is defined on the upper half of
the complex plane, to be a modular form. For a function f(z) to be modular, one requirement is that
for every v = (2%) € SLy(Z) that the function

gwwzﬂ@—«z+@kf(2j§)=a

If instead we only require that g(z) be continuous or analytic, then we have a quantum modular form,
see Zagier’s [Zagl0]. An example of a quantum modular form is the Kontsevich-Zagier “strange”
function [Zag01]

Fg)=> (@n=14+1-9+(1-1-)+1-q)1 -1 -¢")+....
n>0

Note that this function is undefined on any open subset of C but is properly defined at every root of
unity as the sum in F(q) terminates.

Hikami and Lovejoy [HiLo15] also expressed Ut(m) (z;q) in terms of a family of Hecke—Appell-type
sums analogous to Theorem 1.2, see [HiLLo15, Theorem 5.6]. Hikami and Lovejoy also asked what kind
of modular behavior is expressed by the Hecke—-Appell-type sum. Motivated by the work [HiLol5],
Bringmann, Lovejoy, and Rolen [BLR18, Section 4] posed the following three questions:

1. What sort of modular behavior is implied by the Hecke—Appell-type sum in Theorem 1.27
2. Are the functions Z/{t(m)(—l; q) quantum modular forms?
3. Are the functions L{t(m)(—l; q) related to some sort of Kontsevich—Zagier-type series?

Recently, Mortenson and Zwegers resolved the question of Hikami and Lovejoy and expressed the
family of Hecke-Appell-type sums for U, ™) (z;q) [HiLol5, Theorem 5.6] in terms of a family of mixed
mock modular forms [MoZw22, Theorem 1.7]. In this paper, we will use the methods of [MoZw22] to
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answer Bringmann, Lovejoy, and Rolen’s first question about Z/It(m) (x;q). Questions 2 and 3 will be

the focus of future research by the author.
To state our results, we first recall some standard notation:

sg(r, s) :=

1 ifr>0
sg(r) + sa(s) sg(s)’ where sg(r) = =
2 -1 ifr <0.

To determine the modularity of L{t(m) (x;q), we will mainly consider the two following functions:

Definition 1.3. We define

(_1>Tgsq%+4t4—lrs+§+4t—14—2m7,+ 1+42m5
gm@) = 3 sg(rs)

r=s (mod 2) l—=zq>

and

O(x;q)

fim(@) =~

9tm ().
Remark 1.4. Theorem 1.2 thus gives

U™ (—259) = frarm(),

which has as a special case
U(—x;q) = Ul(l)(—ﬂ?;Q) = fa,1(x).

Integral to the statement of our main result is the following indefinite binary theta series:

Definition 1.5. Lett € N be fized. For p,m € Z we define

Dpmi= S sglrs)(—1) "3 gl (r)
r=s (mod 2)
and
Vym = qcp’mﬁ;m,
where
Byn(r, s) ::ﬁ+brs+iz+4p_l_2mr+ 1+2ms
P 8 4 8 4 4

and

—2p* —t(2m +1)(2m + 1 — 4p)
Cpm =
8t(2t — 1)

Now we are able to formulate the main result of the paper.

Theorem 1.6. Fort > 2 and 1 < m <t we have

t

q 4 (k+1) r2 20-112, 1, _
ft,m(ﬂj) = ( )3 Z (—]_)kq 4t ﬁt—i-k,m—&-k Z Sg(T,l)(—l)Tq 2 +rit 4t ! +2711‘ T.
1) k mod 2t rlEZ
=k (mod 2t)

The proof of Theorem 1.6 is presented in Section 4. The properties of indefinite binary theta
series Up, ., are developed in Section 2. and the functional equation for f; ., is derived in Section 3.

3 -L{t(m) (x;q) in Section 6. In

We will use Theorem 1.6 to derive the modular properties of (q)
terms of the definition (1.2), we obtain an interpretation of Z/lt(m) (x;¢) in terms of sums of binary

products of Hecke-type sums.
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Corollary 1.7. We have
(Q>goft,m<x)
2t—1 i

_ (—1)kq(2)+k(f1,4t—1,1(quk*m, g ) £ PR gy (g™, g2 kL )
k=0

—1_k+1 (k-+t)(2t—1)

X f1,2t,2t(2t—1)($ q —q 1q)-

One can then use [HiMol4, Theorem 1.3] or [MoZw22, Theorem 1.8, Corollary 4.2] to evaluate the
double-sums in terms of theta functions and Appell functions (1.3).

In Section 5., we use a different method to solve for the functional equation for f;,,(x), and we
obtain another formula.

Theorem 1.8. Fort > 2 and 1 < m < t we have

ft,m(l‘) — x—2t+m+lm($—2t+1qm’ —$2t_1;q2t_1)+

—m —2t+1 _2t—1—-m 2t—1, 2t—1
+z m($ q , — & yq )

—9¢ 2t—1

v k k
- g %
O(—22-1; 21 (q)oo 2 LG Vitk,m+k

2t—1
% Z(_l)sxsq(Q)(_)(q(Qt—l)(t—s); q2t(2t—1))@(qsx2t; q2t)m(_qk:x—2t’ ¢t q2t).
s=0

Theorem 1.8 also gives an interpretation of f; () in terms of theta functions and Appell functions.
We also consider special case U(x; q) and study its modular properties. In Section 7., we evaluate
U(z;q) in terms of Hecke-type sums:

(@)oo - U(=7;9) = f123(x7"¢%, ¢% q).
In Section 8., we apply Theorem 1.8 to find the Appell form and the “mod theta” congruence
for f172,3(:n_1q2,q3;q). In Section 9., we find another expression for the mock modularity of
f1.23(x71¢%, ¢3; q) by using identities found in [Mor14].
2. Properties of indefinite binary theta series

In this section we will consider properties of the theta functions ¥, and 95 ,, as in Definition 1.5.

Proposition 2.1. We have

— * Q%
(d 19177"’4 - 1917,217—7”—17 0p,m - Yp2p—m—1-

— 4D+t * — 9% .
(a) Upm = @ ptatm2t, ﬁp+2t,m+2t = ﬁpﬂnf

_ —m—t _ .
(b) 29P,m - _qp m ﬂp,erQt*l: ﬂ;,m - _ﬁ;,m+2t—17
(C) ﬁpﬂn = _19—1?7—7”—1’ ﬁ;,m == >’ip,fmfl;

We first present a lemma which is helpful in proof of Proposition 2.1.

Lemma 2.2. For a fized s € Z we have

Z (_1)7"55 qu’m(r,s) —0.

rEZ
r=s (mod 2)
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For a fixed r € 7 we have

S (e —o

SEZL
s=r (mod 2)

Now we present the proofs of both Lemma 2.2 and Proposition 2.1:
Proof of Lemma 2.2. To obtain the first identity we need to change the variable
r— —r—2(4t—1)s —2(4p—1—2m)
and apply the following property of the binary quadratic form By, (7, s):
Bpm(—r—2(4t —1)s —2(4p — 1 — 2m), s) = By (1, ).
Similarly for the second identity, change
s — —s—2(4t — 1)r —2(1 4+ 2m)

and use
Bpm(r,—s —2(4t — 1)r — 2(1 +2m)) = By m(r, s).

Proof of Proposition 2.1. First we set the notation:

2

0 otherwise.
To prove (a) we use the identity
sg(r,s) =sg(r—1,s — 1) + do(r) + do(9).
So we have

Dpm= Y sg(rs)(-1)= ¢l
r=s (mod 2)

T—S

= Z Sg(r - 1, S — 1)(—1)Tqu,m(T,S)
+ > (PO N (—1) 2P0,
s=0 (mod 2) r=0 (mod 2)

Using Lemma 2.2 and making the change of variables (r,s) — (r + 1,s + 1) yields

Upm = Z sg(r, s)(—l)%anm(TH,S-&-l)_
r=s (mod 2)

Apply the property
Bpm(r+1,54+1)=Bpm(r,s) +tr+ts+t+p= Bpiormyal(r,s) +t+p
to obtain (a) for the ¥, . To obtain (a) for ¥}, use the property
Cptat,m+2t = Cpm + 1+ p.
Other identities are proved similarly. For (b) use

sg(r,s) =sg(r—1,s+ 1)+ do(r) — do(s + 1)
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and properties

2t —1 2t — 1
Bpm(r+1,s—1) = Bp (7, s) — 5 r+ 5 s+p—m—t=DBpmyou_1(r,s)+p—m—t,

Cp,m = Upm+42t—1 +m—-p+ t.

For (c) use
sg(—r, —s) = —sg(r, s) + do(r) + do(s)
as well as
prm(_r7 _S) = B—p,—m—l(r, 8)7

C—p,—m—l = C'p,m-
For (d) use

sg(r,s) = sg(s,7)
as well as

Bpam(rv 5) = Bp72p—m—1(‘97 T)’

Cpﬂn = Cpﬁp—m—l :

3. Functional equation for f;,,(z)

In this section we derive the functional equation for f;,,(«) which is used in the proof of Theorem
1.6 and in the proof of Theorem 1.8.

Proposition 3.1. We have

2t—1

fem(gr) = =2 frm(@) + @7 4 2™) - DA AT

Proof of Proposition 3.1. Let us consider

r—s 12 | 4t—1 2 at—1-2m_, 1+2m 1—x2tqt(r+s+2)
) sg(r,s)(—1)2 g5 T TS

r=s (mod 2) 1 —xq

(3.5)

r4+s42
2

Let us calculate this sum in two ways. The first way is to open the brackets of the last factor:

_ 2 _ 2 11—
r—s %+4t 17‘8+%+4t 14 2m7‘+1+42m8+t1”+t3

—1)72¢q 1
gem(qz) — ' ¢* Z sg(r, s) (=1) —
r=s (mod 2) l—azq >
-1 = th,m(r,s)—i-tr—i—ts
= gt,m(qx) - x2tq2t Z Sg(T’, S) ( ) rtst2
r=s (mod 2) l—xzq >

Change the variables (r,s) — (r — 1,s — 1) and recall property (2.4) from the previous section:

_1 L;Sth,m(rvs)
gomlar) — S sa(r—1,5- 1) DT
r=s (mod 2) L —xq

2 2
r—s r2 | 4t—1 8% | 4t—1-2m 14+2m
gt g sty AT rtTg s

—1)3
= grm(qr) — 2% Z sg(r—1,s — 1)( ) ? 4 —
r=s (mod 2) L —xq>
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Because sg(r — 1,s — 1) = sg(r,s) — do(r) — do(s), we obtain

2

R e _1)%
Gomlar) — 2 [ gmia) — 3 D2 -y Bl

s=0 (mod 2) 1 —=zq2 r=0 (mod 2) 1—zq2
= 2t—1—-m+3 )
_ 2t (~1)g7 ) 7
= gtm(qw) — 27 | grm(x) — Z 1— 2g° - Z 1 "
SEL rEZ

We know the formula

Z( 1)ql ot D (9%

_ n . :
= 1 — aqk x"0(x; q)

3 3
9tm(qr) = z (gt’m(x) B xm((g)(?co, q) B $2t—m(i]3(g($; Q)> ‘

So we find

The second way to consider (3.5) is to insert

1 — 2t tr+s+2) 221 R
e TRt
Hence
2t—1
Z Sg(’r’? 8)(_1)T;gq%+ 4 +%+4t 1— 2m 1+2m Z :L»k: 7‘+9+2k
r=s (mod 2)
2t—1 ) )
D I R L
= r=s (mod 2)
2t—1
= Z $qu19t+k,m+k-
k=0
The result is the functional equation for g ,,(x):
2t—1
k _k _ 2t —m (Q)io —2t+m+1 (Q)io >
kzzo Oy kmik = grm(qr) — <gt,m(m) T g " O(r;q) )

To obtain the functional equation for f;,,(x) we need to multiply the above by —% = % and

rearrange terms

2t 1
- —m— m O(x
frm(qx) = —x? 1ft,m(ﬂf) + (332t Ytz ) — (E]) E =l k§t+k mtk-
k=0

Example 3.2. Let us consider the caset = 1 and arbitrary m € Z. Using properties from Proposition
2.1 we can obtain V1, = 0 and 2 ;m11 = 0. Thus, the functional equation for fi ., (x) takes the form:

fim(qz) = —xfim(z) + 27" + 2™ (3.6)

As fim(z) has no poles, we can calculate the solution of this equation by considering the expansion
of fi,m(z) into the following modified Laurent series:

fim(z) = Z(—l)rq_(2)_rarccr. (3.7)

reZ
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We substitute the expansion (3.7) into the functional equation (3.6). We can equate the coefficients
of " on both sides and divide them by (—1)Tq_(g).

T

ar = ar_1 + (=1)7q3)61 (1) + (=1)7q) 5, (r).

Thus, we have
o (1) 1g(5) if e {1 —m,m -1},
" 0 otherwise.

We conclude that .

frm(@) = (1) g(2) 3™ (—1)7q @),

r=1-m

4. Proof of Theorem 1.6

Now we prove Theorem 1.6 by using the functional equation for f;,,(z). As a main tool we will use
the following useful lemma:

Lemma 4.1. Let (a,)rcz be a sequence such that
Ay — Qpyd = br + Cra

with, |by| < A¢BI"l Yr € Z with some positive A, B € R and C, =0 if r ¢ [—d, —1]. Then
ar = Z sg(r, l)errld-
leZ

Proof of Lemma 4.1. Define the following sequence:

ap =) sg(r.Dbr+ia.

l€Z

Then we have

@ —ra = Y (sg(r1) = sg(r +d,1 = 1))bys14

I1€Z
= (60(1) = So(r +1) = -+ = So(r + d))brr1a
leZ
=b— (Go(r+ 1)+ +d(r+d) Y b
n=r (mod d)

Note that lim, 4~ a, = 0. This fact can be derived from the recursion identity for a, and the lemma,
condition on b,.. From this property we have

Z b, = Z ap — Gpag — Cp = — Z Ch.

n=r (mod d) n=r (mod d) n=r (mod d)

Because C, = 0 if r ¢ [—d, —1] we have

G = Grpa = by + (Go(r + 1) + -+ (r+d) > Cp=b+C,.
n=r (mod d)

We see that @, satisfied the same recurrence relation as a,. Hence the expression a, — a, is d-periodic.
Also we can notice that lim,_.o a,, = 0. From these facts we obtain @, — a, = 0.
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Proof of Theorem 1.6. As f; () does not have poles, consider the Laurent series in 2 € C \ {0} for
ft.m(2) in the special form:

ft,m(l') = Z(_l)rq 2(2t 1)7' +27'a T 'I'.

rel

Recall Proposition 3.1 and the definition of the theta function:

2t 1
O
fom(qr) = =27 fym(@) + (@777 4 2™) - &, Z 0 g
2t—1
= 2?7 fm (@) + (@7 2™ - 0N Z Z AR a——
) €z k=0
Making the change of variable | — [ — k + 1 produces
2t—1 2t—m—1 «— 1)l-k+g ("E)+k !
frm(qr) = =2 frm(z) + (2 0L Z > (-1 Vtthm k-
OO l€eZ k=0
Using the identity
a—b a b+1
= —ab
(27)=()-==(3)
we conclude
2t—1 .
fem(aw) = =2 fum(@) + (@ 4 53 a3 (1), al
oo lGZ k=0
Considering the coefficient of ™" of both sides yields
ar = apy2t—1 + bp + Cp,
2t—1
b, = q2(2t1*1>r2+%r+(r-51) 13 Z(_1)kq(§)+k+r(k_l)§t+k,m+k7 (48)

(—1)r @ 0"+ pe {om,—2t +m+ 1}
C, = ’ ! (4.9)

0, ré¢{—m,—2t+m+ 1}.

From here we can see that we are able to apply Lemma 4.1 with d = 2t — 1 as b, and C, satisfy the
lemma’s conditions. Hence we have

ar = Z sg(r, l)br+l(2t71)'
lez
Using the definitions of b,, we obtain

1 21,
fem(@) = Z sg(r, 1)(—1)"q 220" 20T, oy gy
rl€Z

3 sl D) (—1)g T o gt D e
rl€Z

t—1
Z +k+(r+l(2t 1))(k—1)

2

—Tr
e Dt keym+kT
JES k=0
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Interchanging sums, we find

[\
~
H

DY (4.10)

ftm =

M

NE
)% k= 0
v Z sg(r,1)( ( )+2tri+2t(2t—1) (4 ) (kA1) H((k4t) (2t-1)) .~
rleZ
In conclusion, we have
=, .
fem(x) = W Z(—l)kq(2)+kﬁt+k’m+k Z sg(r,1)(=1)"q = +2trl+2t(2t n. +r(k+ )H1(2tk—Fk) o —r
Voo 15 rleZ
2t—1 )
_ 13 (_1)kq( )+k—21 k2 P Z Sg(r,l)(_l)rq%+r(2tl+k)+ 2t UAR) 4 g
(@)% k=0 rleZ
t
q 14 (k+1)2 -2 2—1 2 B
~ ()2 > D hmir Y, selr (-1 R Rt e L
750 kmod 2t rlEZ

=k (mod 2t)

5. Proof of Theorem 1.8

In this section we again obtain a closed expression for f; ,,(x), but we use a different method. Firstly
introduce modified theta functions V;(x) and Y;(x) and observe some of its properties.

Definition 5.1. Lett € N be fized. We define

V%(JZ) — @(—%2 2t 1 Z q2t 1) 2t 1)r

r=—00

and
Yi(x) := Vi(2)O(z; q).

Remark 5.2. Note that Vi(x) and Yi(x) have the following elliptic transformation properties:
Vi(qz) = 272" W(2) and Yi(qz) = —z 'Y (z).
They can be directly obtained from the elliptic transformation property for the theta function
0(¢"x;q) = (-1)"¢~ B "0(x; ). (5.11)
We can derive the following convenient form for the Y;(z).

Proposition 5.3. We have

2t—1 00
Yi(x) = 3 (—1)%De(q@ D), g2 Dygs N 2G) (— gy,
s=0 n=-—o00

Proof of Proposition 5.3. As Y:(x) has no poles in x € C \ {0} we can consider its Laurent series
Yi(z) =), a,x”. Using Remark 5.2 we can obtain the relation on the coefficients:

r
q Qr = —Qr42¢-
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We are able to iterate the previous formula and obtain

A2tnits = (_1)nq2t( )+ns

Then using this relation we have

2t—1 oo

=D ST S SR
r=—00 s=0 n=—o0
2t—1 (%s)
_ Zasxs Z ( l)ant( )+ns 2tn
s=0 n=—00
2t—1 00
_ asxs Z th( )( qstt)
s=0 n=—00

We can also find the coefficients as explicitly. From

Yi(z) = 0(=2* 1 ¢ 1O (z;q)

we find . N .
Z asz® = Z q(2t—1)(§)x(2t71)kx Z (—1)"q(g)gg",
s§=—00 k——o00 e
Hence we can conclude
as = Z (_1)5—(2t—1)rq(2t—1)(5)4.(5*(2;*1%)
= (—1)8q(§) Z (_1)7"q(2t71)(;‘)*(Qtfl)err((Qt*;)'rﬁ»l)

_ (_1)sq(;) Z (_1)rq2t(2t71)(;)+(2t71)(tfs)r _ (_1>sq(§)@(q(2t—1)(t—s);q2t

r=—00

Comparing the two calculations above yields the desired result:

2t—1 o
Yi(z) = Z(_1)sq(2)@(q(2t—1)(t—s);q2t(2t—1))xs Z q2t( )( ¢,
s=0 n=—00

Proof of Theorem 1.8. Let us consider the function

G(z) = Vi(2) frm(x)

(2t—1)).

and find the functional equation for it using the functional equation for f; ,,(x) from Section 3.:

G(qz) = Vi(qz) fi,m(q)
x72t+1%(x)

2t 1
_ o S}
% —fL‘2t lft,m(l‘)+$2t m 1_+_:L,m_ ( Zxk 1 kﬁt—&-k’m-{—k
_2t}/t( 2t—1

= —G(2) + 27 "Vy(x) + 7Y () — @3
0 k=0

Z g 19t+k m+k-
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By definition of V;(z) and Proposition 5.3 we have

G(gr) = —G(z) + Z q(2t71)( p2t=1)r— mo Z (2t—1)( p(2t=1)r=2t+m+1

r=—o00 r=—o00
i 2—1
P Z "0k Z asT Z 1)Tq2t(2)(q33:2t) . (5.12)
OO k=0 r=—00

Now let us consider the last term in the previous sum. We find

T 2t—1
Z g 19t+k m+k Z asT Z 2 )( ¢ z*t)"
i3 k=0 r=—00

oo 2t—12t-1

2tr+k+ 2t
q 7915+k: m+k®sq < >qrs " o

Oor*—oos =0 k= 0

Taking 2tr + s = d, R(d) = L%J, S(d)=d— QtL%J we obtain

oo 2t—1

R(d) _
Z Z R(d q 19t+k ks 2t("5Y) R(d)S(d)xcH—k 2t
JES d=—00 k=0

Change the variable d — d — k 4 2t we have

co 2t—1

R(d—k+2t) q 2t (RU=F+20)) qR(dfk+2t)S(dfk+2t) 27

k
Vit kym+k@S(d—k+2t)4
OO d=—00 k= 0

As G(z) has no poles, we are able to take its Laurent series G(x) = ) a,2". Then by formula (5.12)
and the previous expression for the last term we find

glag = —ag+C +cP - By

where

o _ [a® 8 i d= (2t —1)k—m with k€2,

d 0 otherwise,

@ [a® D0 ifd= (2t — 1)k —2+m+1 with k € Z,
C;’ = '

0 otherwise,
1 <~ - R(d—k+2t) _ _

By (~D)RERF g, i has(apran 2 )glUdh20S(d-ke20)

Hence by moving —a, to the left, dividing the equation by (1 4 ¢") and reformulating the last term
we obtain

Gla) = 00 q(2t n(; )$(2t Lr—m 00 q(2t71)(g)m(2t—1)r—2t+m+1
= 1+ qt=Dr-m) =1+ qt=Dr—2t+m+1y
22t 2t—1 2t—1 1)rq2t( )(qsxgt)

Q)? Z TG b Z st Z (1 + g2r+h+s—2t)

oo k=0 r=-—00



Nikolay E. Borozenets, The mized mock modularity of a new U-type function 121

Recalling the definition of the Appell function (1.3), we can write

G(.T) _ x—m@(_$2 ’q2t 1) ( —215—}-1(]215—1—7717 —.%‘2 ’q2t 1)

+ $72t+m+1®( 2t— 1’ q2t l)m(aj72t+1qm’ —372 1; q2t71)
x,zt 2t—1
Tk Z "¢y s kmtk
k=0
2t—1
% Z(_1)sq(;)@(q(2t71)(tfs); q2t(2t71))x59(qsw2t; q2t)m(—qu*2t, qsx2t; q2t).
5=0

In conclusion, we divide the equation by V;(z) and find

ftm(x) — x—2t+m+1m($—2t+1qm’ _1,2 ’q2t 1) + :L,—mm(x—Qt—i-qut—l—m’ —ZL'Qt_l;th_l)
113_2t 2t—1
k_k
- T3 G Dbtk
S P, 2 .
2t—1
% Z(71)sq(2)@(q(2t—1)(t—s);q2t(2t—1)) @( s,.2t, q2 )m(iqu—%’qsx%;q%)‘
s=0

6. Application of Theorem 1.6: interpretation of Mﬁm)(a:; q) in terms
of Hecke-type double-sums

First, let us interpret the indefinite binary theta series

- 2 41 2 | 4p—1-2 142
Ipm = sg(r, s)(—1) T g s T T et g R s
r=s (mod 2)

in terms of Hecke-type double-sums (1.2).

Proposition 6.1. We have

Dpm = Frae—1.1(aP 7™ ¢ q) + ¢ frag 11 (¢PPTET™ 2L ).

Proof of Proposition 6.1. Change the variables (r,s) to (2r,2s), (2r + 1,2s + 1):

s g2 . .
O D SEEE D DR 0 G s e A et
r=s=0 (mod 2) r=s=1 (mod 2)

Let us consider the first sum

r—s r2 | 4t—
Y. sglrs)(-) 7T g5t

r=s=0 (mod 2)

2
1 s | 4p—1-2m 14+2m
rstgt——Fpg —r+—j—s

s T (4t— s2 4 4p=1-2m, | 149m
_ 2 :sg(r,s)(—l)T sq2+(4t Drs+5+ 5 s

r,SEL

= 3 sglr, 5)(—1)7 gD U Dret (G) +Epom)r(me1)s
r,SEZL

= fra—11(@P™, ¢ T q).
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Considering the second sum yields

r—s 12 | 4t—1 s2 | 4p—1-2m | 142m
Y sglrs)(—1) T gE T e AT
r=s=1 (mod 2)
_ (2r+1) 4t—1 (25+1) 4p—1—2m 142m
Z Sg(n s)(_l)r sqi-i- (2r+1)(2s+1)+ 5+ (2r+1)+ =77 (25+1)
r,SEL
4t 1., 4t—1_, 4t—1
= 37 s, 5)(—1) g T TR e St e
r,8SEZL

(4p—12—2m)r+4p 14 2m (1+2m)s+ 1+2m

_ gt Z sg(r, 5) )= sq(g)+(4t—1)rs+(§)+(2t+2p—m)r+(2t+m+1)s

r,SEL

=g f1 411 (PP PP ).

To obtain the final result we sum the two pieces.

Proof of Corollary 1.7. The proof is a straightforward application of Proposition 6.1 and identity
(4.10).

Remind the reader of Remark 1.4:
ut(m)(*ﬂﬂ; q) = fir1,m(x).

We see that Corollary 1.7 gives us a representation of Z/{t(m) (z;q) in terms of Hecke-type double-
sums.
We can consider cases of UQ(m) (x;9), Z/{?Em) (x;q). From Definition 1.1 we have

Uy (a:q) = Z(—x)n(—%)nq"qug”“ [th] :

n>0 k=0
2 q n - 2 ntk+l
2?00 = YD g M
n>0 k=0 !

Corollary 1.7 gives us

5
1
Uy (~a3q Z F(Frana @ ) + ¢ A (@, * )
0 k=0
x freso(z 1", —? T g),
5
2
Uy (~3q Z "Fraa @, ) + P a0, 0 )
0 k=0

X fiea0(z 1", —g*k ) ).
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Similarly for Z/l:gm) (z;q) we have

n k

1 q. n oy 2. k+J5] [n+k+2j
Us (@sq) = 3 ()= )ud" DD a T [k_. o } ,
n>0 k=0 j=0 Jlg L q
n k X o - .
2 q. 2 o k+5+1 n+k+25+1
R WENE D 9 s el LNl N
n>0 k=0 j=0 dg L q
n k . 4 - .
3 q. n 2 2, |k+7+1 n+k+25+2
Us (@i q) = D (~)al=)ua" D D" a" e ”[ Ee o .
dq b q

n>0 k=0 j=0

Corollary 1.7 gives us

7
Z *(frasa (@™ M5 0) + T s (@, 60 )
k=

U (e

80.7
=)

X f1,8,56(x_1qk+17 —q7(k+4); Q)7

7
2 1 k
U (~;q) = S DR (fs 10, 3 g) + B s (@, ¢ g)

(@)% =
x frse(z ¢, =" ),
1 k
3
Uy (~a5q) = BE S 1R 151 (65, ¢ g) + 5 frasa (6, 4R )
k=0

X frgse(z tg" T, —g kY ).

7. Application of Theorem 1.6: interpretation of U/(zx;¢) in terms of
Hecke-type double-sums

We have defined U(z;q) as a special case of vector-valued Z/lt(m) (z;q) with ¢ = m = 1. Remark 1.4
tells us that

U(—x;9) = fou ().
So let us study the properties of f1(z). Firstly, note that by Proposition 2.1 we can derive that
19271 = §473 =0, 19372 = —q_119171, 795,4 = q_3191,1. Thus by Theorem 1.6:

3

-2

f2’1($) = q( )3171 Z - Z Sg(r’ l)(_ ) q 2 +7‘l+ 12+ T —7‘
LS rl€Z rlEZ
=1 (mod 4) (=3 (mod 4)
191 1 el 2 3
= [ 2 s ()T Ry
EES rlE€Z

Hence f>1(z) in terms of Hecke-type double-sums reads

Y _
faui(z) = (qé?’l fr23(z7'¢, 6% ).

Now we want to calculate 1 ;. To do it, will use the following interesting identity coming from the
proof of Theorem 1.6:



124 7. Application of Theorem 1.6: interpretation of U(x;q) in terms of Hecke-type double-sums

Lemma 7.1. Fort>2,1<m <t andl € Z we have

2t—1

1
Z (—1)F0F gk X Z gD

k=0 rez
r=2t1+(2t—1)k (mod 2¢(2t—1))

(—1)mgs (¢)%, it l=m (mod 2t — 1),
= (_1)m+1q§(q)go if | = —m (mod 2t — 1),

0 otherwise.

Proof of Lemma 7.1. By Definitions 4.8 and 4.9, we have

2t—1

Lor2lrt (") M) +k+r(k—1
b'f‘ = q2(2t 1) 3 Z 7’( )ﬁt-i—k,m—i-k
(a) 0 k=0

and 1 2,1
o - J=rgmer 2T it e {—m, =2t +m + 1},
" 0 if r ¢ {—m,—2t+m + 1}.

Then from the proof of Lemma 4.1, we have

> by = — > Ch

n=r (mod 2t—1) n=r (mod 2t—1)
1
(—1)mgrEn (M2 Hm=24 1) e (6d 26 — 1),
1
=4 (=1)m*t 2(2t—1)m2_§m if r = —m (mod 2t — 1),
0 otherwise,

,

1
(—1)mg?@ 0™ "™ if | =m (mod 2t — 1),
1 1
= (—1)mHlgEE ™ 7™ i | = (mod 2t — 1),

0 otherwise.
We also have
Y. b
n=l (mod 2¢t—1)
- Z b(Qt*I)TH
reZ
= (q;?’ Z qm((%—l)wl)%é((2t—1)r+l)+(<2t—1>2r+z+1)
X rez
2t—1 .
% Z(*1)kq(2)+k+((2t—1)7"+l)(k’—1)ﬁt+k?m+k
k=0
]. 2t—1 ( ) 2 t 2 ( ) (k) ( ) ( )
g #(2t—1)r242trl4 5 2 (2t =1+ (5) ot (26— 1)rk— (26— 1)r+1k—1
=3 Z(_l) Vet ke mtk Zq FT k
(Q)OO k=0 reZ
2t—1
- % (1) btk Z qt(%_l)’"2+2m+ﬁl2+(§)+k+(2t—1)rk+lk.
(@)% = —
Using the identities
1 kL m m2 1
C By % T
t+k,m+k i + 2 + 2 2(% — 1) + <
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and

1

m(zt@t ~1)r 420+ (2t — 1)k)?

t 2% —
12 +

= (2t — 1)r?
( It o At

1
k2 + 2trl + (2t — V)rk + Ik,

we can rewrite the exponent of ¢ in the last term as

t(2t — 1)r? + 2trl + 22&—t1l2 - (;) + k4 (2t — Drk + 1k

m2

m(%(% —D)r 4 2tl + (2t — 1)k)? — - + 521§

—

= Citkm+k +

Using the fact that 0}, ,,, = qCrm Up,m, we are able to produce

_m+m72_1 2t—1

g * Do k L (24(2t—1)r 2t (2t—1)k)2
Z o= (9% Z(_1> 79:+k,m+kzq4t(2t‘l)( (2=1)r+26+(2=1)k)7
n=l (mod 2t—1) o0 k=0 rEL

The above calculation yields

_my m? 1o
q 2 20178 L L,
(@3 Z(_l) A" Z grE—n"
o k=0

reZ
r=2tl+(2t—1)k (mod 2t(2t—1))
1 2_1
(-1)mgzE-n"""2"  if | =m (mod 2t — 1),
1 2_1
=4 (=1)mFlgz@=n"""2" if | = —m (mod 2t — 1),

0 otherwise.
Simplifying yields
2t—1 L
Z (—1)k192k+k,m+k Z ge=n"
k=0

rz2tl+(2t71)7lﬁc€(zmod 2t(2t—1))
(—1)mgs(q)3,  ifl=m (mod 2t — 1),
= Q (~1)"g5 (@)%, if I = —m (mod 2t — 1),
0 otherwise.

Note that 95, = 0, ¥5, = =07, 9353 =0, ¥5 4 = 97 ;. Hence we can apply Lemma 7.1 to calculate
Y11 takingt =2, m=1,1=1:

1,2 1
T D D S P
rEL reZ
r=7 (mod 12) r=1 (mod 12)
Recall the definition of the n-function:

n(q) =3 X(r)g2" = q71(q),

reZ
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where x(r) is an even Dirichlet character modulus 12, such that x(+1) = 1, x(£5) = —1. Thus we
have
19;,1 = 7727
D11 = ()%

Finally we obtain
1

mfl,z,?)(x_qu,qSSQ)- (7.13)

U(—x5q) = faa(x) =

Remark 7.2. We are also able to obtain identity (7.13) as a corollary of equation [Mor1j, (4.17)]:
[e.e]
oo Y 0" (—ag; *)n(—a/a; ¢*)n = af3.21(¢° —ag®; ) (7.14)

To see this we take q — q% and a = —:c_lq% in this equation and apply the Definition 1.1 for
t =m = 1. Identity 7.13 also derived in [Lov12, Section 1, Remark 3] using Bailey pairs method.

8. Application of Theorem 1.8: Evaluations of the double-sum
fras(@™¢, q% q)

In this section we convert the Hecke-type double-sum f17273(a:_1q2, ¢>; q) to different types of Appell
function forms. The first expression we present does not contain theta terms. For the second
expression, we minimize the number of Appell functions. We begin by introducing more convenient
notation. Define

@a,m = @(q q ) @am = @(_qa;qm) and ©,, 1= @m,Sm - (qm; qm)oo
We give the first expression in the following proposition.

Proposition 8.1. We have

1 2

m(z2q%, =% ¢*) (@)oo + 2 m(z 73, 271 ¢*) (0)oo
O6.120(z; ¢*
+ $_1g1(2_;;‘ q3q) e 2m(—ag, 2% 1) — m(—2~¢%, 2% ")
@3712@(qx4;q4) - - _
R Tar 2m(—z""q,q2"; ¢") = m(=271¢’, qz*; ¢")]

©_3120(¢*z%; ") _ _
3 2 @( x3 q )7 [1‘ Qm( T~ q’q3x47q4) ( T 4q3,q3x4;q4)].
)

fios(xl¢® ¢*q) =2~

Proof of Proposition 8.1. We need to just apply Theorem 1.8 for ¢ = 2, m = 1 and use identities
Vo1 =043 =0,0U32=—q 011, Usa = q 011, V11 = (¢)%, Ov12 = 0. We obtain

fros(@td®, ¢%q) = 27 'm(2 73, —2% %) (@)oo + 27 m(z ¢, —2% ¢) (0) o
3
1 s (5) s s 4. 4
—— > _(-1)°q\2)2°06_3,120(¢°x*; ¢*)
O(—2%¢*) =

x (x73m(—27%q, ¢*zt; ¢*) — a7 m(—2 4¢3, ¢* 2t g)).

Next we use Proposition 8.1 to understand how f1’2’3($71q2’q3;q) looks “mod theta”, that is, we
want to minimize the number of Appell functions in the Appell function form.
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Corollary 8.2. We have

fio3( ' ¢%q) = 2 m(a 3¢, —2%6) (9) oo + 272 m(273q, —2%; ¢%) (@)oo

— 27 'O(z; )m(qz 2, —1;q)

_ (@%14°)%.0120(=2;9)0(z"%1 ¢°)
0020120(—2%¢*)0(—27%q)

Remark 8.3. Recall the definition of the universal mock theta function g(x;q):

T;q) = 1+ 8.15
o) = (< 3 ) 1
By [[HiMo1}], Proposition 4.2] it can be expressed in terms of Appell functions:

(9)%.0(22;9)O(2; ¢°)
O(z;9)0(2;q)O (232, ¢3)

9(z;q) = —x 7 'm(z73¢?, 2%, ¢%) — 2 m(x3q, 223 ) +

We take z = —1 and find

(9)2.9(—2;9)0(—1; ¢%)
O(z;¢)0(—1;q)O(—23; ¢3)

g(z;q) = —x tm(x73¢%, a3, ¢%) — a7 2m(x3q, —2; %) +

Hence Corollary 8.2 tells us that

fr23(@ % ¢%q) ~ — (@)oo - 9(x39) — 27O (73 ¢)m(gz 2, — 15 q).

where A ~ B means equivalence of two objects “mod theta”, that is, A— B is a finite sum of quotients
of products of theta functions ©(x;q) and variables [HiMo1/).

Proof of Corollary 8.2. We use an identity from [[Morl13], Corollary 3.10]:

m(z,z;q) = m(—q2?,2';¢*) — ¢ tam(—q 2%, s ¢*)

(% q%)3,  [0(—qx?22;¢?)0(22(2) L ¢t)
O(zz;q)0(2'; ¢*) O(—qz%2';¢*)0(z; ¢?)
O(=¢*2?22; ¢*)0(¢**(2") 5 ¢*)
O(—qz?2';¢%)0(qz; ¢%)

Here we take z — gz =2, z — —1 and for every term take the corresponding 2’ € {z*, qz*, ¢>z%, ¢32*}.
Then we simplify the terms using identities ©42 = ©62 = 0 and Proposition 5.3 for ¢ = 2:

+

2

3
Z *0(¢*®™;¢")0(¢°z*; ¢*) = O(x;q).

w?’, ) =

So we find

(273, 2% %) (@)oo + 27 Pm(z 7%, =27 ¢°) (0) o

—z7'0(z; ¢)m(gr?, —1;q)
n (a%d*)3, 3 (?6,12?3,2
O(—23;¢3)0(—qr=2;9) L' ©02032
©3.120 C) S
2 23Y3,12Y52 -4 4 7 4 3,12%Y97.2 1 —4 4
— gt =""——0(qx" ———0 T g .
01,2042 (4 ) -ae 01,2062 )

fios(@ ¢ % q) =

Oz % q"
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Then to get the desired result we need to use the elliptic transformation property (5.11) and the
identity

G(m;q)@(y;q”) _ Z(_1)kq(§)xk@((_1)nq(g)+knxny;qn(nJrl))@(_qlfkwfly;anrl)
k=0

from [HiMo14, Proposition 2.2, (2.4e)] with n =3, * — —x and y = 273.

9. Another evaluation of the double-sum f;23(z7'¢% ¢%; q)

Using [Morl4, Section 4.2] we can derive the Appell function form for f23(x71¢?%, ¢3;q) with the
same Appell functions part as in Corollary 8.2. Let us take identity [Morl4, (4.15)] and rewrite it in
the following form:

1 aO(ag;¢*)°O(a* ¢*)

2 .42
m(a 7_17q )_5 @i@(a47q4)

O(—agq; ¢%)
(4% ¢%) o

[o.¢]
> M (—ag; ¢*)n(—a/0; ¢ = —q9(—ag; ¢°) +a
n=0

where g(z;q) is the universal mock theta function, defined in (8.15). Let us substitute ¢ — g% and
a = —xilq% into the previous equation, so we have

_10(q/7;9)

1 27'0(—q/z;¢)%0(qz2; ¢?)
(@) |

—2
—1: _.
m(qx ) aQ)+2 (q2;q2)§o®(q2x*4;q2)

> ¢ (=x5Q)n(—q/; @0 = —g(q/; )~
n=0

Using identity (7.13), Definition 1.1 and properties of g(z;q) and ©(z;q) we obtain

_ _ _ 1 27%(9)O(—259)°0 (g2~ % ¢%)
1.2 3. _ . 1 . 2 . e’} ) )
f1,2,3(55 q,9 »Q) - 7((])00 : Q(CU,C]) -z @(xaq)m(qx aflaq) -5 (qQ;qg)go@(l,,zl;qg)

2

This identity gives the same “mod theta” equivalence as stated in Remark 8.3.
If we take identity [Morl4, (4.16)], we obtain a similar representation but it does not consist of
theta terms:

-2

fro3(7'?,¢%q) = —(0)oo - 9(x39) — 21O (x5 9)m(qr 2, 23 q).
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