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Abstract. In this paper we give a generalization of Iseki’s formula and use it to prove the transformation law of 61 (z, 7).
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1. Introduction

The Dedekind Eta function, defined as
77(7_) _ e7ri7'/12 H(l _ e27rz'm')’
n=1

plays an important role in the study of Modular and Jacobi forms. Its transformation over a matrix

A € SLy(Z), where with no loss of generality A = < CCL Z

(A7) = e(A)(=i(er + d)) (7).
One obtains the Dedekind eta-character “c(A)” which is defined as, (check, [Rad12],III)

) with ¢ > 0, is given by

d) ;(1=0)/2(mi/12)(bd(1~c*)+c(at+d))  if ¢ odd
()
e(A) =
¢\ emdi/4o(mi/12)(ac(1-d*)+d(b—0))  if d odd
(d) ’

where (d,c) =1, and (%) is the Legendre-Jacobi symbol given by

(-T1(5)"

=1

if d = p{t.p5?...p5m, where each p; is a prime and each (p%) is the regular Legendre symbol defined
as

=< —1 if cis a quadratic non-residue mod p;

i 0 if ¢ is a multiple of p;

< c ) 1 if ¢ is a quadratic residue mod p;

However, it turns out that computations done using this definition of the eta-character can get really
messy. On the other hand, Sho Iseki proved in 1952 [Apo89, p.53, Theorem 3.5] the transformation
law of the eta function using a functional equation which will be addressed below. Using his proof he
was able to write the eta-character using Dedekind sums which proved to be much easier in terms of
computations. The eta-character turns out to be
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where )
o
r [(dr dr 1
d,c) = “\——|—|—3
r=1
is the Dedekind sum and (d, c) = 1.
Since the eta-character appears significantly in the transformation laws of Jacobi theta functions and

Jacobi forms ([Rad12],X), we generalize Iseki’s proof of the eta function and apply the generalization
to Jacobi theta function ¥ (z, ), which is defined as

(o]
91 (z,7) = =i ¢TI (1 - ¢ (@ = ¢gm (A = ¢ lg™ Y, (1.1)
n=1
where ¢ = €2™* and ¢ = €™, z € C and 7 € H, where H is the upper half plane. We first generalize

Iseki’s functional equation of his A function defined by
A(O&,,@, Z) _ Z (_ log(l - e—27r((n+a)z—iﬁ)) o 10g(1 N e—27r((n+1—a)z+iﬁ)))
n=0

and
Ao, B,2) = A1 = B, 0,27 ") + go(ev, B, 2)

to four variables using methods from Fourier analysis then we employ this tool to prove the
transformation law of 4.

2. Generalization of Iseki’s formula

Theorem 2.1. If Re(w) >0,0<a<1,80 isreal, and 0 < f+6 <1, then

Ale, B,w,0) = A(1 — 3, «, wt, —i0/w) + go(av, B, w, 0), (2.2)
where
A(a, B, w, 9) _ Zlog(l B 627ri€e—27r((n+a)w—iﬁ)) + log(l _ 6—2m’96—27r((n—i—l—cy)w—i-iﬁ))7 (23)
n=0
with

golev, B,w,0) = 332(5 +0) — mwBs(a) + 2miB1(a) B (B + 0), (2.4)

and B,, is the n'* Bernoulli polynomial coming from the Taylor expansion of

tewt >

et —1

with an explicit formula
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Proof: The proof utilizes the following well-known identities from Fourier analysis (check [Bro59, 5.2

p. 370])
2rmaw 1 1 e eZm’an
3 + = — —_—Y . (2.5)
1 —esm™w = 2rwm 2w wmi +n
n=—oo
n#0
Replacing w by w™! and m and —m, we get
e—27rmaw’1 1 1 o e27riom
— = —— _. 2.6
1—e2mwt  rw=—lm 2w 4~ wlmi—n (26)
n#0
We also have
1 1 w
L, w (2.7)
mn  n(ni+wm)

m(wmi —n)

We first observe that (2.3) can be rewritten as follows

> e2mimf ,—2rmaw ] > e—2mimfB 2rmaw )
a, B, w, 9 Z 5 2mimb Z 5 —2mimo
- o) e—27rim,8 627rmozw —omimd (2 8)
o m 1 — e2mmuw : :
m=—o0
m#0
-1 . A
Multiplying both sides of equation (2.5) b re‘_%zmﬂ e~ 29 and then summing from m = —oo
™ma
to +00, we rewrite (2.8) as follows
1 o0 > 2mimfB 2mina ) 0 —27rzm(ﬁ+9)
Ao, B,w,0) = — — e 2mimd
(o, 8,0, 6) 271 m:Z_OO n:Z_oo m  wmi+n 27rw :Z_
m#0  n#0 m#0
B 1 i i e—2mimpB  ,—2mina Corimd N 1 > p2mim(B+0)
 2mi S = m wmi—n 2rw A~ m?
m#0  n#0 m##0
LY (B 0) + -2 Fa(5 +6) (29)
=—— a, B, w —
omj 4 I 2mw’ ’
m#0
where
X —2mimfB ,—2mina o imd
Am(a, Bw,0) = Y | ——— e, (2.10)
"0
and
oo e—27r7jma:
Z ——— ifniseven.
m=—oo m
e 627rima: m#0
Fu(z)= Y —— = (2.11)
m=—00 o e—27rimx
0 . .
m# — Z T if n is odd.
m=—o00
m#0

\
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Using (2.7), (2.10) becomes as follows

—2mim(B+6 & —2mina —2mina
0) = € (6+9) € —2mimp € —27rzm9
m(a76>w7 )__ m n + e ni
n=—00 n=-—00 ( + m)
n#0 n#0

By using Fi(z) = —2miBi(x), Fa(z) = _(QTT!WBQ(SC) [Apo89, theorem 3.5, p:56], (2.7), (2.10), and
(2.11) and by carefully manipulating the signs of m and n in the summands, we observe that

2m _Z Amn(a, B,w,0)

m;éO
1 0 6—27rim(,8+9) e 2mina orim e—2mian
- - B+0) ¢
D S S o )
m=—o00 n=—0o m=—00n=—00
m#0 n#0 m#0  n#0
1 5 (6+6) e —2mimao
= +6 F e~ win(
o)ty 5§ e
m;ﬁ() n7é0
2 (Bro) €T e —2mima
= 2miB 0) B ( man(
miB1(B + 0)Bi( QWZm;OOn_z_:OO m(™ — n)
m#0  n#0
0 —2mm(1—B—0)w~! —2mima o —2mima
. (& e w &
B OB@ Y oy
m=—o0 m=—o00
m#0 m#0
o —2mima ,—2mm(1—B)w ™! 0 —2mima
_ . - e € 2mim(—ibw=t) W €
=B B - Y e 2y
m=—o0 m=—o00
m#0 m7£0
= 21iB1 (B +0)Bi(a) + A1 — B,a,w™ !, —if/w) — TwBs(c). (2.12)

Plugging (2.12) in (2.9), we get that

Ao, Byw,0) = A1 — B, a,w™t, —if/w) + ng(ﬁ +0) — mwBa(a) + 2miB1 (B + 0)B1 ().

This completes the proof of Theorem 2.1.

We now use Theorem 2.1. to prove the transformation law for 9 under the elements of the full
modular group SLa(Z).

Theorem 2.2. For7 € H and z € C and A = ( Z Z > € SLy(Z) with ¢ > 0, we have
b 7r'ch
0 (2 Z8) = ) (il + )2 01 e, (213)

Here € appears in the transformation law of the Dedekind eta function as mentioned in the

introduction, where
d
£1(A) = —ie® = —i.exp (3772' (Cbl—;c + s(—d, c)>> .
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and -
— 7 (hr [hr 1
0= 35 (5 - [7] -3)
is the Dedekind sum for k >0 and (k,h) =1

Proof. We will start by deriving equivalent functional equations to (2.13). Firstly note that (2.13) is
equivalent to

z at +b 1 micz?
1 | ——,—— | ) =1 A —log(—1i d log (¥ 2.14
o (01 (53 277) ) = os(er () + g lont=iler +d) + T b tog (01 (7)) (240
where the logarithm is taken over the principle branch.
Note that using the definition of Dedekind eta function, we have
[T -a"=nr)e.
n=1
Hence (1.1) becomes
i(z7) = =i 2 (n(r)e B ) TT( - cam) 1= ¢l (2.15)
n=1
where again ¢ = e?™* and ¢ = >™".
As a result of (2.15), (2.14) is equivalent to
log(_ie%ffdezl(lg——id))_klo ( (aT‘i'b))_ﬂ (17—+b
ct+d 12 \ et +d
+ Z log(1 — eerta g2nmi( Cf+d) )+ Z log(1 — e;ffj e2(n— 1)71'7,(‘”1'3))
d 1 jcz?
=log (—i.exp (37ri(a1; + s(—d, c)))) +3 log(—i(er +d)) + cﬂ:(fd
+log(—ie™#e™T") + log((r)) — % + ) log(l — ¥ ™) 43 “log(1 — e~ 2N,

Using the fact that, (check [Apo89, 3.4, p.52])

log (n <‘” a b)) — i <C‘1;cd> + mis(—d, ¢) + %log(—i(cr +d)) + log(n(7)),

cT+d
we obtain
Tz 7 (aT +b > 27 —2 ardb
cT+d + 6 (CT + d) * Zlog (1- ettt )+ Zlog (1 —eerdd 62(n_1)m(m))
n=1

Ticz?

a+d
:1 —1 2 ) 2 ) -
og(—1i) + 2mi( )+ 2mis(—d, c)) + p———

12¢

+ Z IOg(l - 6727Tiz62(n71)7ri‘r).

+ iz _|_ ner + Z IOg 627rize2n7ri7)

n=1

Relocating the terms we get
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oo ] )
Z log(1 — 6%62"”“%)) + Z log(1 — ot 2n=D)mi aTIg))

n=1

= 2miz  2nTiT = —2miz 2(n—1)miT : a+d ;
= E log(1 — e“™%e )+ E log(l —e e )+ log(—i) + 2mi( B )+ 2mis(—d,c)

c
= n=1
micz? w2z g) at +b
— 24+ — | T — ) 2.16

+cv‘—i—d cr+d+7rzz+6 (T c7'+d> (2.16)

Now we prove an equivalence of (2.16) by introducing a classical change of variable, we set
—i(er+d) =v a=H, c=kand h=—d,

where it is clear that Hh = —1 (mod k).

Under this change of variable, we have

w+h ar+b 1 i
= =—|H+-]).
k and ct +d k( +v>

! at +b ori (@ +d T 1
— |- = —2mi ——lv——).
6 \' er+d T\ 2 ) e \" T
Plugging in (2.16), where log(—i) = —%, we obtain that (2.16) and hence our functional equation
(2.13) is equivalent to
[e.e]

Zlog 1— e (H )) +log(l —e —%F ew (H+5 ) Z]Og e2miz 2”’”(’Hﬂv))

Moreover,

1
“(v—f)—”iJr”kz iz -, (2.17)

+log(1 — 6_2m262(n—kl)m‘ (h+z‘v)) + 2mis(h, k) — o . 5 . .

which is what we desire to prove.

We now follow Iseki’s proof closely and we let

ﬁ:% where 0 < ¢ <k —1.

In order to use Theorem 2.1, we need 0 < f+6 < 1 for which one can easily prove that it is equivalent
1
to having 0 < 6 < T

We will use Theorem 2.2 to prove the functional equation (2.17) for 0 real and in the open interval
(0, %) Also, we will divide the proof into two cases, for k = 1 and k£ > 1, and then use analytic
continuation to extend the result to the whole plane.

A(O[, ﬁ7 w, 9) = A(l - 6, «, 1/w7 _Ze/w) + gO(aa ﬁ) w, 0) (218)
For k =1 we obtain from (2.17)

w .
3 log(1 — €52 HTD) 4 log(1 — e b A DTIH L))

n=1

oo .
_ Zlog(l B e?ﬂ'izeQnm'(h—i-iv)) + log(l o e—27riz62(n—1)ﬂ'i(h+iv)) o z(’l) N 1) _m + mZT T2 + iz,



136 2. Generalization of Iseki’s formula

Note that e?"™H =1, so we end up with

27z —2(n—1)7r)

Zlog(l—e%e#))+log(l—e_76 v )

oo oo .
. ) 1 2
_ 27:log(1_€2mze—2n7w))+§i:log(l_e—sze—Q(n—l)ﬂv))_E < o U> —ﬂ—l—%—l—ﬂiz—%z. (2'19)

Setting 8 =0 and a — 1, from (2.18), we see that
o
- Zlog(l — g2l m2m(mw)y 4 Jog(1 — 202 (W)

o0 .
=— Zlog(l — 6_271-%672;(”))) +log(1 — 62”%ew)) 0y E(92 -0+ 1) ~ D rig
— 6 w 6 2
Relocating the terms,
> 2 1
Zlog (1-— 6229673;m )+ Zlog (1- eifvneei e >)
n=1
o0
_ Zlog(l o 627ri96727rnw) + Zlog(l o 6727ri06727r(n71)w)
n=1 ) en:1 )
:—g<w—;>+7ﬁ—l—g+m0. (2.20)

This is exactly (2.19) if we let § = z and w = v. This proves the transformation law when k = 1.

For k > 1 we let

a:% where 1< pu<k-—1,

and writing hy = gk 4+ ¢ we choose

B:% where 1< ¢ < k-—1.

Note that ¢ = hu (mod k) so —H¢p = —Hhpu = p (mod k), and hence —H¢/k = p/k (mod 1).
Therefore
a=p/k=—Ho¢/k (mod 1)

B = ¢/k = hu/k (mod 1).
Plugging in (2.18) where again w = v and 6 = z we obtain

00
Z log(l — e% e_QW((”+/3)U71+ia)) + Z log(l _ e%TZ e_QW((”+1—5)U71—i0¢))
n=0

_ Z log(l N eQm’zefZﬂ((nJra)vfiB)) + Z log(l _ 6727ri26727r((n+17a)v+i,5))

—Z;O<a2—a+é> +g <(5+z)2—7z;)+z)+é> + 2mi <a—> <B—> + 2mzi (a—i).

Using o« = —H¢/k (mod 1) and 8 = hu/k (mod 1), we obtain

Zlog 1_ 672vﬁz =27 ((n+¢/k)v —;He + Zlog 1 —6 = 6 2n((n+1—¢/k)v14i ¢))

_ Z log e2miz —27r((n+u/k; v—i L + Z log 27rize—27r((n+l—u/k)v+ih7“))
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— ((Z)Q— % + (13)4{ ((Z + z) g (% o)+ é) +2ri (Z - ;) <;’i - ;) oz (Z - ;) . (221

Note that log(1—e27(@+m)) = Jog(1 — e~27), i.e it’s periodic of period i so the above can be written

as
i log(1 6,2“” 6_27r((nk+¢>)li%—iH))) N i log(1 62,,726_%( (nk+k+4;€)(%—iH)))
n=0 n=0
> . k) (v—ih) s ‘ (nkhk-+u)(v—ih)
— Zlog(l o 627?%672”%)) + Z IOg(]. - 6727”2672##))
n=0 n=0

—wo((8) - ) ((;j)i M;f) v @iy ;>+2m- (- 2) (2 D)samsi (2 1)

Now sum both sides on p from p = 1,2...k — 1 and also notice that
{nk+pun=0,1,2.;0=12,...k—1}={r:r#£0 (mod k)},

and the same goes for the set of number nk + k — u, and since ¢ = hy (mod k) as p runs over the
number 1,2, ...k — 1 so does ¢ but in some other order. Hence we get

- —LmE (%_ZH) > TZ (%_lH)
Z log(l — eQTe—Qﬂr( T )) + Z IOg(l o eQTe—Qﬂr( = ))
r0(mod k) r0(mod k)
3 2miz _27”"M) c- —2miz —271'7“7(1)7}”.))
= log(1 — e“™%e o)) 4 Z log(1 — e e )
r£0(mod k) r0(mod k)
k—1 k—1 9
“)2 pooty 7 ¢ o o 0 1
- P I sl I ~) +2 — (¢ 1
WUZ((k k+6>+v <<k + z(k)+z (k+z)+6
—1 E—1
: po 1\ (¢ 1 . w1
? r2)\k2)"? 3 2.2
* m;<k 2) <k 2>+ m;<k 2 (2.22)

Checking [Apo89, 3.7, p: 61], one can see that

S0 -5 E-1) s

so (22) transforms into

> Come o (E4H) © we o i4H
Z log(l —e i e2mr( & )) + Z log(l - 62762mr( i ))
r£0(mod ) r20{mod k)
— Z lOg(l _ eQWiZSQWirw)) + Z log(l _ e—QﬂiZEQWiTW))
r£0(mod k) r£0(mod k)
k-1 k—1 2
M>2 £ )+ ¢ ¢y, 2 (& 1
— s — — — L 2 (L _
mz((k k+6>+vz<<k +2:(D+ 2 - (E 42+ 3
p=1 u=1
k—1
1
+ 2mis(h, k) + 2mzi Y (: — 2) : (2.23)
pn=1

Notice that the four sums resemble the desired form, so we intend to look at the residues gg, where
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_mg(<’;)2—+ )+Zf§(<> +22(Z)+2 —(Z+z)+6>
+ 2mis(h, k) + 2nzi Z < - ;)
(R Ay ey e
+ 2mis(h, k) + % (132 bk — 1)6(% —1 +(22—-1) (kgl) + (22— 2+ é)(k — 1)) . (2.24)
ot that e 1\ 1 k(k—-1)\ (k—1)
le(k‘z)—k( ) -5 =

so the last term in (2.23) cancels. After some simplification of the terms, (2.24) becomes

_&(k—l)(%—l) (v— 11]) +%(k—1) (v— i) + kwvz2 B 7752

T 1 T 1 +k7722 22
==(lv—=)——=v—~— - —
6 v 6k v ) v

Hence (2.23) is equivalent to

o0 i o0

Z log(l —e v 27”’"(( :H))) + Z log(1 — 6%7262”’"(?:1{))

r=1 r=1
r#Z0(mod k) r#Z0(mod k)

. 0 .

_ Z log(l - e?ﬂize%m’r@)) + Z log(l - 6—271'1'26271'1'7“@))

r=1 r=1
rZ0(mod k) rZ0(mod k)

s 1 T 1 krz? w22

omis(h k) + = (v— =) — — (v— = - = 2.25

+7ms(,)+6<v v) 6k<v v>+ ” » (2.25)

Adding equation (2.25) to equation (2.20), which corresponds to the case when k = 1:

—27z —2m(n-—1)
Zlogl—eve v +Zlog1—62v e 1)

2 .
_ —27rzz —27r(n 1)v 27rzz —2rnvy o 1 Tz o Tz o ™ .
= E log(1 — )+ g log(1 ) G <v v> +T} > 3 + miz.

Adding equation (2.20) accounts for the missing r where r = 0 (mod k) if we write r = mk, then the
functlonal equation becomes

Zlog 1—e vTrz 271-17-( + Zlog 27Tz(r 1)( v ))
_ Zlog(l - eQm’zeQﬂ'iTLkw))) + Zlog(l - ef2ﬂiz62ﬂi(r71)w»
r=1
T 1 k2?2 7z . i
+ 2mis(h, k) — 6k< _v>+ » —7—1—7”2—?.

This is exactly (2.17), and this completes the proof of theorem 2 for 0 < 6 < 1 where 6§ = z. However
by considering equation (2.13), both sides are entire in z, and the set £ = (O, k) clearly has a limit
point. Hence by proving that the functional equation holds for 8 € E then it holds for all z € C, and
hence our proof is done.
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