On Waring's Problem:

24) < 20

R. BALASUBRAMANIAN

§1. In [1], | proved that every integer is a sum of atmost
21 biquadrates. The object of this paper is to prove a refine-
ment namely

Theorem ;. Every positive infeger is a sum of not more than
twenty biquadrates.

Remarks :

(1) Since 79 is not expressible as a sum of eighteen
biquadrates, nineteen, if true, is best possible ; but we are
unable to improve the theorem further at present.

(2) All numbers upto 1031Oare sums of 19 biquadrates.
This is  proved by Henry Thomas Jr. using extensive
numerical calculation ([7], Th. 3.3). Our method vyields that

all numbers bigger than 10700 are sums of 19 biquadrates.

(3) For the history of the problem, we refer the reader
to [1]

Our work is based upon the papers of Chen Jing run [2]
and Davenport [4]. The extensiv@computer work necessary
was done by Thomas ({6] and |7]) and we have freely
barrowed these results.
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§ 2. Notation :
The following notation will be used throughout this papet.

6 (x) — eZR ix

=x.‘;z<>

Let N (> 10 ) be a given integer to be represented as
a sum of twenty biquadrates.

p=N"4;

TW=3 el
TE<xgP

Let mbe an integer. (In §9, we shali choosem = 10; In
other sections, m can either be 9 or 10).
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Each section contains a proposition, which is the main result
of the section. Lemmas are subsidiary results needed to prove.

the proposition.

§ 3. An upper bound for S' q

b

q 4
We recall that S . z e ( &, ) . We define
a9 x=1 s

S(q) = max( S ).
a a, q

(a,q) =1
In this section, we prove

Prop. 1: There holds | S(q) | < (4.3)q3/4

In order to prove fhe proposition, we need
Lemma 1 (a) S (q) /s a multiplicative function of q

(b) /fp = 2, anda # 0 (mod p),

1/2
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where® = (4,p—1)
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if v >4



Proof :

A proof can be found in Davenport [3] (Lemma 6(page 31)
Lemma 12 (page 42), Lemma 13 (page 43) and Lemma 14
(page 44) )

From Lemma 1, it follows that

IR ST
q plla P%ol
max J
< ®max (1, §ip_l)
p d >0 p%al

which being a finite product can be evaluated and this gives the
proposition. For further details, we refer the reader to
Theorem 2.1 in page 38 of Thomas [6].

§4. A lower bound fer R(N))

Let us recall that

P
V) = S e(dx?) dx
0
@® m
R(No) = J (¥) e(—d N,) del
1 m
WIN)Y = S (T(@l) e(-oN ) dd
(o] o (6]
‘ gp it o< pd
DefineB = B (d) = A

. —-114 -
L2id ! if LI > P



Lemma 2 :

Let f(x) be a real function which is twice differentiable in
AKx<B; supposethat,in the interval A<x<B, we have
0<f'(x) < Y and f'(x) > 0. Then

B
3 e(f(n)) = S e(f(x))dx + 46
<n<B A

Proof :
This is Lemma 13 (page 34) in Vinogradov [9]
Lemma 3

We have | Y¥(d) | <B(dl)

Proof :

Clearly | ¥(a) | <P.

w1
To prove that | W(al) | 2 | ol | 1’4, it suffices to prove
the result for &l >0. Now a change of variable e[X4 =Y
transforms the integral to
4P
1
V@)= —mp f e (y) dy
44 0 y3/4

and the result is immediate.
Lemma 4 :

3
If No —-p

i

< N,‘ < No,then
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Proof :

1
By Lemma2,if |l | K™ , we have
8P

P
Tl)= 3 ey = F ol x) dx + 40
1<x<P o)

= V() + 40

Hence by Lemma 3,
(T = (¥ )™ 1 < 4m (max (T), Y(d)))
<im@+H""
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In the first integral, we replace (T (o) )" by (¥ () )" with an
error El' Then we replace e(-le) bye(—-g[No) with an

error E2. Now we extend the range of integration to [— . ®]

with an error E3. Hence

WIND = f (¥ @) e (=dN,)dd
—®

:f P e(=aN)) dd + E +E, + E,

1

1_————«

iy 3
=R(N) + f P e (—al Nad

8P3

+ E1 + E:2 + E3.
Now | E| I <
| [ @ - @M e dnpad

1
iz —5
8P
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This proves the tesult.

Lemma § :

Lo ]

]

2
}: Z W(NO——A -B)=M R(No)
1<A_<_M lf_BS_M

. B s
ith M = )

- 3
+ 010 M2pmTOTE

Proof :
In lemma 4, we take Nl = N0 — A-B and sum ovet

1< A< Mand1<B < M. This gives
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3 3 WIN -A-B)= M2R(N)
A B o} o}

e
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+ f (T()™ e(—olN) (3 e(@A)? d o
A

+o109m% pm 3+

1
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the right, is bounded, in absolute value, by

Since

ze QLA | < , the integral appearing on
A

1
1 —

‘;
8P 1 2 4 m+3
f Pm(luu) L AL

1

o ——

8P3

Lemma 6

We have

> > W(Ny-A-B)

l<A <M If_BﬁM
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(T (54))"

where T = -
ra+ 4-)
Proof :

By lemma 3 (page 22) of Vinogradov [9], the number of
integer soiutions Kr (N) of le1 + x; = S + Xr4 < Nis
given by

L r=1
4 4

Kr(N):Tr N —-98rN where

r
(T 15/4))
AL

Y
T+ )
Now,
W(N0 —-A-B)
1<B<M

= % (K_(Ny=A=B) = K (N —A=B=1))
K
m

(Ny ~A=1) = K_(Ny —A=M-1)

m-—1

m

|3

4 4 4
Tm [(N0 —~H~T) = - (N0 -A-M-1) 1+2me@ N0

1l

m

— =1

; Bt MN4
>m 4 0

and hence the lemma.
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Prop. 2
We have, form = 9 or 10,

m

4"]
R(Ng) > 0.25 N

Proof :

From lemmas 5 and 6, it follows that

—_— (Tm (m4— 1) _5) \

and hence the result.

§ 5: A lower bound for 87 (NO ).

Let us reeall that S(n) = S(n, m) is given by

S(n) = i
qg=1

- ZA (n; q) say
q

Write Xp (n) = Xp (n;m) = 'zl A(n; pi ).
| =

Lemma 7 :

A (n;q) is a multiplicative function of g and hence

Sh)==x(1+X _(n))
P p
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Proof :

We refer the reader to Lemma 2.11 (page 20) of
Vaughan [8]

Lemma 8 :

(a) For any prime p, and natural number X\, let

Nm (p?‘ , n) denote the number of solutions of

X, + X, 4 coreee +x;2n(m0dpx):

1 <y <pN andnotall x =0(modp)
== i
Further set Y = 1 if p /s odd and ¥ = 4 if p = 2. Let

p4r+s exactly divide n,0 < s < 3.

kO =max(4r +s + 1,4r + 7). Then

A (n, p>\) =0 for X > k, and

0
r—1
1+ Xp (n,m) = p_(m_l)y Nm (py,O){ z p® (4_’“)}
1=0
& p(4—m)r - (m=1)Y Nm (pY, np—4r)

where the empty sum is understood to be zero.

(b) Letd = g.c.d. of (4, p—1). Thenforp #= 2,

0|3

1

m—1 1 m
N, (. —p _<_(1""5)(d—1) P
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Proof :

For the proof of Lemma 8 (a), we refer the reader to
Hilfsatz 293 of LANDAU [5] or Prop. 4. 3 of Thomas [6]. For
the proof of lemma 8 (b), we refer to lemma 41 (page 91) of
Thomas [6].

From Lemma 8, we have

Lemma 9 :

LetK > 100; S _ {p>K; p53(mod4)}

2

S4:{p>K; pE](mOd4)}. Then ford = 2 or 4

® (1+X _(n))
PES, P

—

1 - K
>exp(—2 @-n" K 2 0+ 2m—8))

Lemma 10 :

We have ~ (1 + Xp (n)) > 0,97
p>114

Since = (1 4+ % (n
o> 114 p())

ul (I1+X () = 1+

= p > 127 P p>137( xp(n))
p = 3 (mod4) p = 1(mod4)

the result follows from Lemma 9.

Lemma 11:

We have = (I1+X (n 0.297
2<p<lld p())> 297,
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Proof :

This is easily verified using Lemma 8 (a). For details, we
refer the reader to Thomas [6] '

Lemma 12 :

~

lfn=n (mod16), 2 < n< m—2, then

m -m-+4
1 + X2 (n) = (~) 2 m ~and hence
n

45
1+ X, (n)> %
m
Here ( ~ ) is the binomial coefficient
n

Proof :

This is straight forward. For details, we tefer the reader to
Theorem 4. 2 of Thomas [6].

Lemma 13 :

We have S (n) > 0.2025

providedn = 2,3,4,5,6 or 7 (mod 16)

Proof :

This follows from lemmas 7, 10, 11 and 12.
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Lemma 14 :

We have S (n) — S1 (n) < 0.002

Preof :

Since | S (n) — Sl (n) | =

2 S(%)(-3)
q>p%a=l ?
(a,q) =1

53 (ut)

< Z (4.3q 4) s
q>P£ =1

we are through.

Prop3 i

There holds the inequality

Sl (n)>0.2
ifn=/(mod16),and/ € (2. 3,4, 5,6, 7).
§ 6: A lower bound for WO (NO) g

Let us recall that WO(NO) =

J @)™ e(-dNy) dd.



18

Lemma 15 ;

1
If181< 3 , then
8q P

S m
a,Q) B

(T( % +B)™ = (¥ (®)

+ 6.4am (43B (B)a " § + 49™ !

Proef :

We have,
P _ ’
(3+8)= 3 o((3+5)%)

g~1 Z
y=0 - Y <t Py
q q

(@ r)wsnt)

a4
= %%e(%+3 (Qt+y)4)

= %e( %V_'l.‘) Dy (z), say

Now, using Lemma 2,
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Py
q
b, @= [ e@@+nh i
_ Y
q
y P
= E f e-(,3x4) dx + 40
0
1
= _ ¥(B) + 4e.
q
a
Hence T ( ” + B) \p(g) 49q

The result follows from the following inequalities.

S, 4 i
' . l<(4.3)q

| ¥ (B)1 < B(B)and

M_b™ < m(a=b) max(!axm_l, lbim—j)

Lemma 16 :

We have

=y

13
— P
W0 (No) = S1 (No) R(N0)+9 10
Proof :

Since the proof is similar to that of Lemma 4, we give oniy
the sketch of the proof. ;
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m
Wo(Np) = [ (TGD) " e (—al Ny) dol

f (T @)™ e(=Nyobydel
a

=2, 2 f(T(*H*)) o[ -no(5+2) )as

q<P’ a=1

(a, q)=1 -
8qP3

First we replace (T (":‘ +B) )m by (\" B) Si(;—q)

and the error is, by Lemma 15, at most 1012 e 9/2. Now

we extend the range of mtegratlon of the integral to [— 9, ]

which gives an error at most 10 Pm % 2. Hence

W, () = E fwrw» (a)

q< P? (a,q) 1 —_y
Y ST PR

13 m-9/2
P

m

=8, (No) R(NO) + 610
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Prop 4 : We have

W0 (No) > 0.05 No

provided N, = 2,3,4,5, 6 or7(mod 16)

0
Preof :

This follows from Prop. 2, Prop. 3 and Lemma 16.

§ 7 : The estimate on the minor arc :

a a

® (1-p )—l where a (>0)
p/n

is a constant. Ultimately we shall choose a = 0.1

We define f(n) = n

1

g(n) = ~/Tw); hin)= /‘77;‘ g()
n
I€pP; — <P
- I
(v —)
c, = =
a p P(Pa"l)
—~a ~}
D, = = (H_(IP ) —1)
P P
Z 1
k‘m) = h (d)
d,;m
Lemma 17

Let X (n) be a non negative multiplicative function with

= ] A (p) .
p 1 + _“b"" convergent. 1 hen
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z (n—B, 1+ X(p)< 2ﬂ(1 + 2.8 )X‘?ﬁlﬂﬁ”
n<X p/n P P

flBI<}
Pro.f:

S o xaixen=3 0Py ore
ns X p/n n< X d/n

=22 @n@ 2P
d n<X
n=0 (mod d)

< 2x'7B > 12 @) X ()
d d

- DN '
<2x1 Bw(l+—*(9)“)
AN P
Lemma 18

We have

@ 2 1m<2c, X'~
naX

a

a
l_—

(b) > gl 2 DX 2

n< X
/
© 2 omn*? <20 X
n<X

a

d z < X
L n<X gi(n)

1 1+a
@ ngx fm <*
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Proof:

(a), (b), and (c) follow from Lemma 17 by the proper
1 2
choice of X\ (n) and B; since ——, < na/ and f(1n) = na’

g (n) —
(d) and (e) follow. "

Lemma 19: We have

2 f(n) (h ()2 < 20272 c, b2 (log P)
n_f_P2

Proof :

}:zf(n)hz(n):nzzfm)(z ;(1,72

n<P <P /in

2 B
<2/1<Pg(/1) /2/1
2 f(n)

2
n<P/2
n —O(mod[/1,/2])

I - > 1

/ i
/ g( 1) /2 < /1 g(/z)

z TCI AV




1 f(07,,1,1) P/ 1=~a
. 1" "2 2
< 4cC 29/1)2 1) ([/ /])

a g (
3 / 2 1+ S
< 4c,  p @ g (/)
a —_ 1
d (U, 1) =d
(/,1,) _
g2 12 d 1-a
d (/)

1
1—32 z
p / ¢/
7 (19 = 9(1)9 2)

1 -
2

(g(/1)g(/2)) d —

g (d) /

1—-a g (/)
< 4C P1—a§ d z —_
a 1—a

d '92(d) I1 = 0 (mod d) I1

< 4C
a

a

g (1))
/2 = 0 (mod d)

/2</1

_ 1 a/2
<sp pl=® 2 22 2 el
a d d"'“g(d) /1<P
/150(modd)

2 2-a 1
1 e
< 16 Ca Dy P 3

o v
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2 2-a
< 20 Ca Da P (log P).
Lemma 20 :
ff(x) = olk xk + dk—l xk"1 I sow .;[0 and

g, (x) = (x + 1) = {(x)=lk L

P 2
then Z e(f(x)) <
x=1
P |P-1
2 5 > el 0] +P
I=1lx=1l :
Proof :
P 2
z e(f (x)) = z ze(f(v)—f(X))
x=1 X y
> 2 el(f(y) =f(x))
< |55
X =y
(f(y) —f(x))
s % %e (y )
y>x

We write y = x + / in the second sum and simplify. This
gives the result.

Lemma 21:

1
< 3 and P<q<8P3, then
8qP

L

l.’lq{—
q




18 12 ~
IT(d)l<4Ca/ a/ P (logP)?

Proof :

By Lemma 20,
P-/ 3
> e (4d/x + )

x =1

P

T2 <2 >
/=1

+P

Hence

T ()=1T(L) 1> =P

P P—1/
<2 ¥ S e(4dlx3+---)'
I=1 x =1
P p
T, DF<4(> gy 1
=1 I=1g(!)

, ‘%e(41/x3+...),2)

1 -§—
2 1

—

1 g(/)

2
D etaand +...>,)
X

(
<SDaP /

1

By Lemma 20 and 19 (d),



g
T3 ()] p
< I
T, () = 1_2. =1 9
8D P
a
{ ny Pk }
{2 | z e(lZal//1x2+...) +F
| l.=1 x=1
L J
P P}
2:1
L & 9 () L
/=1 1=
P'-/_/1 2 2-‘8
I zg e(12d /1 X"+ ) ! +P
x=1

B 2 +a 5 z I -
TS(J)—TZ(GU‘“P. < ’ g(/)

P—1—1
1 2
z e(12elll1x T+ ) |

¥ ==

n<“‘,:'
P

—/-—/1
max K
e(]2°[// X +.,....)
l 1. =mn L
1 x =1
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|T (a[)l <4(Zf(n)h (n))(zf(n)

max

1 =

2 2
/7 e(12.(//1x T eenens ) ‘ )

X

a
< (80P Ca Dz IogP)(Z

f (n)
- n
22 a
max z e(12<,lll1 x2+ ,,,,,, ) ‘2
/17 =n X
1
22—3 T3(J.)2 1
T,(dd) = < —
4 80P2 "2 ¢ D2 log P > f(n)
a a n
2 2
max 2 e(12l//7, x + ....0)
/1/, = n X 1
1
P=/=1
< z max 2 z
n f(") /1, =n =
1 b, =
P—i—1 -1,
| z e (24 e/l /yx+ o ) | +P
x =1
2 ) it
n
P—/~/ "
.. ? 1 - i + P3+Za
Lo ™ P o ean
//1 = n /2=l 1 2
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1

P3+2a
21'24L ml

<2 2 k(m).min(P, - ) +
m

3
One easily checks thaf k (m) < m? and m =/ /1 /2 < 2%, ;

We also have a = 0.1. Hence

a 1 3+2y
T, <2 2"‘ min (P, 33 24 qm ) P
3
m<P_
27
3 a
Ll ; - 1 34223
<2(27) 2 min (P, 2;‘“*—*‘24£m”)+ P
P>
m<27

For a given of, we know that there existh and g, (h, q) =1

h 1 3
such that J—E‘si*g , 0 < 8P.

8aP

Letq' = (‘*—*“2: 0 The m-sum is dvided into at most
p3
(27q,‘ 5~ 1) subintcrvals, each of lengthq’. In each sub-

interval, we check that the sum is atmost P + g'logq’ + q’.
Hence
T 2 i (P3 1)
GRS 03 279t

(27)
(2P +q'logqg’ +4¢') + P3+2a

< 25 log P
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2 3 bB.2 2 2
Hence |T3(cl)| < 10P Ca‘Da (logP)

. 2.6
Hence l Tz(d)l < (31.63)P C: Da (!ogP)
71
. 4 3 i
Hence T1 (ol)l < (1591) P Ca Da(log P)

which proves the result,

Lemma 22 §

and P* < g« P,

o
If | d - = l"
q 8 qP°

then | T (o) | < 100 P7/8.

Proof :

Arguing as in Lemma 9.5 of Thomas [6] or Lemma 9 of
Davenport [3], we have the result. (Lemma 9.5 of Thomas [6]

h 1
is proved under the restriction | ol — "—l < 3 but the
91 6agp

same proof holds in our casse).

Proof :
71
8. 3
On the minor are | T () | < 40 P (logP)

Proof :

The proposition foliows from Lemmas 21 and 22
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§ 8: A lower bound for the number of integers upto X
representable as a sum of five fourth powers

Lemma 23 :
Let P>1010. Let M be the number of solutions of the
equation x4 + uh = y4 + uj ,Subjectto (i) P< x, y < 2P

3+ H

(ii) x=y(mod2) (iii) uh,uj<P and (iv)

up, uj € ‘U Then

M<PU+P 4 U

Here 0 < 4 < ) UWUjs a set of integers in [0, P3 +#

U is the number of elements of ‘U .

1.

B =1} max d4(m)
/P3+F
M < o2

Proof :

Even though this has not been explicitly stated anywhere,
this is essentially contained in Lemma 1 of Davenport [ 4 ] and
Lemma 7.1 of Thomas [ 6 ].

Lemma 24 : The number of solutions of the equation

a4+ b4= x4+y4,witha,b,x,y<A;

a=x (mod2); b=y (mod2) /s atmostAz(logA)4
provided A > 107,
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Proof :

We write x ta=2k; x—a=2/;, y+b=2m
y—-b=2n.
Then we have to find the number of solutions of the equation

k/(k2+/2)= m(m2 + n2),with k, m<A;/n< A2
The number of solutions are

> 2 1
k, / m, n

m n (m2+ n2) =kl(k2+I2)

2 2
Z d(k/(k +17))

i

]

) 2 )+ 2D g+
2

2 2
< 2 d(k) dK +19)

k< A
2 1
%3 2 3 Lk ;: 2z 2
" ks A jIKE 41
< 2A
2 1
" > d (k) 2 7
<2 k<A J<2A 12 02 2 0 (mod))
/<A

2
<2 S dw T P 4D
k< A j<2A .
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where P (j ) is the number of solutions of k2 + 12 = 0 (mod j),

1 < /<], forafixed k. We observe thatP () < l/ X (d),
d/j

where X is the Dirichlet character (mod 4 ) and hence we
easily check that

oy P-
Z ‘.(—J)<logA
i<2A l

2 PG <d4A
i< 2A

Z 2 A 3
and d (k) < 3 log (A +2)
k< A

This proves the result,

Lemma 25

Let /be0,1or2. The number of integers upto X,
representable as a sum of two biquadrates and belonging to

/ ( mod 16 ) is atleast XO'45pr0via’ed X = IO1 88 )
Proof :
Choose fo and f1 E (0, 1) such that fO + f1 =/,
) 4 4
Let r(m) be the number of solutionsof m = x + vy,

&
X, Y < ( ;‘(") ;x-sfo(mon);yEf1 (mod 2)

t
5 2
Then \4 i (i) = (( % ) -0
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, : } 4
.By lemma 24, Z r2~(m) < ( -2)2' ) (Ing%.) ,

< X 0.56424 ]

Hence the required estimate

> > 1> (zr(m))2

) 2
r(m)#0 Z r (m)
and we are through.

ILemma 26 :

Let X>0: P = [_>_<_]i +1; Let £,B and U,
17

satisfy the following conditions

() O<H<}
4
. @) B =1}, max - d, (m)
' 1 3+ p
LR T
; 3+ ¢ .
(iiiy The number of integers upto P which are

sums of | biquadrates and belonging to fo (mod 16) is atleast

U

A}

0 for every fo € (0,1,2,...7)

v B* < Us pd =38
Then the humber of integers upto X which are sum of (| + 1 )
PU
0

biquadrates and belonging to f (mod 16) /s at/east e for
everyf € (0,1,2, ...... (/4+1)).
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Proof :
Let f0 €(0,1,2 ...... /) and f1 € (0,1) such that

fo+f, =f Let U= {n<P i : n issum of / biquadrates

0o 1
and n = f0 ( mod 16 ) } ; U be the number of elem=nts of 7 ;

By (iii), U> U0 .
Let r (m) be thz number of solutions of m = x4 + uh,

P<x<2P; x=_*==f1 (mt)dZ)anduh € (. The number N

of integers upto X, waich ar2 reprasentab!é asasumof (/ + 1)
biquadrates and = f (mad 16) is atleast

Z 1

r(m) #0
XN AP

Now, using lemma 23

2 1+30
N > (529) /rurpr 4 uts

2 + )
PU — B4
0
v,_) /PUO+P 4 U, B
2
143+ 5/4
B< PU..
By (v, P 4 0 0

2
|

PU. \2
Hence N > ( 0 ) / 2 PU >
> 0



Lemma 27 :

Letfbhe 0,1, 2 or3. Thenthe number of integers upto X,
representable as a sum of three biquadrates belonging to

f(mod 16) /s atleast XO'603 provided X > 10236.

Proof :

] 5
We choose / = 2 ; # = 0.20096 and Uy = P(3 - M) (0.45)

in lemma 26 ; since 84 < 1012 P(3 FH (0'235), we verify
(iv) in lemma 26. This gives that the required estimate

.9

1 ( )0.610108
> PUO > T 17

> X0‘603 '

Lemma 28 :

Letfhe 0,1,2,30r4. Then ths number of integers
upto X, representable as a sum of 4 biquadrates and belonging

G
to f (mod 16) is atleast XO'7095 provided X > 10 i

Proef :

We choose /= 3; # = 00869 ; My = P(3+1“) (0.603 )

) ' 5
i lemma 26, We have to use B < 1017 pB +#) (0.225)

This yields the result.
Prop 6 1

Lettbe 0,1,2,3,40rS5. Then the number of integers
upto X representable as a sum of 5 biquadrates and b2longing

7795
t0 % ok 16 Is atiagst X000 promitlad ® Sn FUSID
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Proof :

3 7095
We take / = 4 ; # = 0.01133; and U j= pG+#) (07 )

We use B4 < (15)x 1023 . This gives th2 result.

§ 9. Conclusion eof the proof :

Temma 30 :

If N> 10412 , then N can be written as a sum of at most

twenty hiquadrates.

Proof :
Choose f € (0,1,2,3,4,5) and
/&€ (2,3,4,5 6,7) such that

N—-2f=/(modl6)

AN

N
Let ff = { n 4 : n is representable as a sum of

five biquadrates: n = f (myd 16) }

Let U (d) — b} e(ud)
u & G
1
r 10 s /1\\2 / I
Ny = 5 (T L)) (ulely) el —iNd)ddd

0
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It suffices to prove that r(N) > 0

Now r(N) = f + f
m m

Now, using Proposition 4,

’ 1
[= 2 Jan®e=m-u, -uydad
m u1’u2m

= 3 WO(N—-U1—u2)

g # ¥y

> 001 U2 F’6

1 the other hand, using Proposition 5 and 6,

lf(T(4))1°(u<4))2e(—Na)))d1 I

m
1
10 ’ 2
< max T(A)) fiu(d)l dod
AE mM 0
71
10 5 25
< (40) p (logP) U
71 07795
10 o ‘ 25 2 /‘E\
< (40) P~ (logP) Uu / \4 s

11 10 /5.757

4" 1010 p U%lag B>
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102
It suffices to to verify that, for P < 10 y

; 6
11 10 P5757

4" 10 (IogP)25 < 001P

and this is true.
Lemma @ 31

/TN < 1041 £ ,then N can be written as a sum of atmost

20 biquadrates.

Proof :

4
it N<10M? then N = [Nt ] < 10370 4nd hence

representable as a sum of atmost 19 biquadrates by Th. 3.3 of
Thomas [7]

Thus the proof of the theorem is complete.
Note :

Some doubts have been raised about the correctness of
lemma 31 and the author has not verified the calculations given
in [7]. But even a weaker result, compared to lemma 31, will
suffice for our purpose and we shall return to this subject at a
later date.
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