
On Waring's Problem: 

R. BALASUBRAMANIAN 

§ 1. In [1], I proved that every integer is a sum of atmost 
21 biquadrates. The object of this paper is to prove a refine­
ment namely 

Theorem : Every positive integer is a sum of not more than 
twenty biqoadrates. 

Remarks: 

(1) Since 79 is not expressible as a sum of eighteen 
biquadrates, nineteen, if true, is best possible ; but we are 
unable to improve the theorem further at present. 

310 ' 
(2) All numbers upto 10 are sums of 19 b1quadrates. 

This is proved by Henry Thomas Jr. using extensive 
numerical calculation ([7], Th. 3.3). Our method yields that 

all numbers bigger than 10
700 

are sums of 19 biquadrates. 

( 3) For the history of the problem, we refer the reader 
to [1] 

Our work is based upon the papers of Chen Jing run [2] 
and Davenport [ 4]. The extensivct.J;:omputer work necessary 
Wal; done by Thomas ([b) and L 7]) and we have freely 
borrowed these results. 
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I 2. Notation : 

The following notation will be used throughout this paper. 

e (x) 

s · a,q = 

2"ix =e 

q 

I e{a~4} 
X= 1 

Let N (;> 1 o400
) be a given integer to be represented as 

a sum of twenty biquadrates. 

T {ol) = :2:- e (g(x 
4
) 

1 <;x<P 

Let m be an integer. (In I 9, we shali choose m = 10 ; In 
other sections, m can either be 9 or 1 0). 
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The singular series S (n) 

QD q 

• 2 2 (~)me (- ~) 
q ... 1 a=1 q 

(a,q) = 1 

The truncated singular series 

q 

s, (n) = 2 2 
1/2 

q<:P a=1 
(a, q) = 1 

p 
V (al) = f e(Jx4) dx 

0 

The major arc m is defined by 

{at : I aL - ~ I < S~P 3 for some q~P 1'
2 

and (h,q) = 1} 

The minor arc m is defined by 

{aL : 'cl-..!!. r <~for some q, p 
112 < q < 8 p

3 

q 8qP 

and (h, q) = 1} 

w 
0 

(N
0

) = f (T (cL) ) m e (- cL N
0

) daL 

1 m 
w (No> = I (T (cl) ) e (-at. No) d g( 
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oo m 
R (N

0
) = f <'It (al) ) e ( -clN 

0
) del 

-oo 

Each section contains a proposition, which is the main result 
of the section. Lemmas are subsidiary results needed to prove. 
the proposition. 

§ 3. Ala upper biJuod for S 
a, q 

q 4 

We recall that S "'e(aqx ) L . We define 

x=1 
a, q 

s (q) max ( s ) . 
a a, q 

(a, q) = 1 

In this section, we prove 

Prop. l : There holds I S(q) 1 ..;;; (4 .3)q
3

/
4 

In order to prove fhe proposition, we need 

Lemma 1 {a) S (q) is a multiplicative function of q 

(b) /fp ~ 2, and a~ 0 (mod p), 

I S ..;; (S - 1) p 
1 12 

a, P 

whereS = (4,p-1) 

(c) If p r!- 2, S v = p I I ., - -1 

a, P 
if 2 ~ , ~ 4 

(d) If p :> 2, _I s "I = p 
3

1 s " -4 a. p . a. p 

if , > 4 



s 
Proof: 

A proof can be found in Davenport [3] (Lemm::~ 6(page 31) 
Lemma 12 (page 42), Lemma 13 (page 43) and Lemma 14 
(page 44) ) 

From Lemma 1, it follows that 

s (q) 

3/4 q 

« 
~ 
P II q 

< «max ( 1, 
max 

p J. ;o.O 

which being a finite product can be evaluated and this gives the 
proposition. For further details, we refer the reader to 
Theorem 2.1 in page 38 of Thomas [6]. 

§ 4. A lmur bound fer R(N ) 
0 

Let us recall that 

'I' (ol.) 

QO m 
R(N ) 

0 
f ('/'(cl.)) e(- oL N ) do( 

0 

W(N ) 
0 = 

Define 8 = 8 (ol) 

-ao 

1 m 
f (T (ol)) e (- J. N ) d.,{ 

0 0 

~p 
t2i.;.(l 

-11.1 ., . 
if I ol. I < P- 4 

-4 
if I c{ I > P 
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Lemmal: 

Let f(x) be a real function which is twice differentiable in 
A<: x < 8 ; suppose that in the interval A<: x <: 8, we have 
0 <;. f'(x) < l and f"(x) > 0. Then · 

8 
l e(f(n)) = f e(f(x))dx + 4e 

A<n<:8 A 

Proof: 

This is Lemma 13 (page 34) in Vinogradov [9) 

Lemma 3 

We have J 'f(cL) I < 8(ol) 

Proof: 

Clearly I 'f(cl) I < P. 

To prove that I '\lt(oL) I <: 2 I oL I - 1
/
4

, it suffices to prove 

the result for oL>O. Now a change ot variable o(x 
4 = y 

transforms the integral to 

and the result is immediate. 

Lemma 4: 

e (y) dy 

3/4 y 



1 
1- --· 

8P
3 

W (N
1
) = R (N

0
) + f ( T (ol) )me( oLN 1 )d~ 

1 
3 

8P 

Proof: 

1 
By Lemma 2, if J olj .;;;;-

3 
, we have 

8P 

4 p 4 
T{ol) = ~ e(.(x ) = f e(eL x ) dx + 4e 

l<x<P o 

Hence by Lemma 3, 

I (T(.t))m - ('/' (ol))m I < 4m (max (T(ol), '/'(ol)))rn -l 

< 4m (8 + 4)m-l 

1 
W(N ) = f (T(ol))m e (-c:LN

1 
)dc:l 

1 0 

I 1--

-- f 8P3 

1 

- 8P3 

(T (ol))rt1 e (-.(N l )del 



fl + 

I all< 

1 
1-~ f 8P ······ 

In the first integral, we replace (T (cl) )m by ('f (oL) )m with an 
errorE!" Then we replace e(-.tN

1
) bye(-cLN

0
)withan 

error E
2

. Now we extend the range of integration to [- oo. oo] 

with an error E
3

. Hence 

oe · m 
W(N 1)= f ('f(al)) e(-oLN

0
)d;( 

-00 

1 - 1 

=f 8 3 
P (T (cL) )m 

1 -8p3 

1 
1--

3 
= R (No) + f 1 8P (T (oL))m e ( -c( N l)dal. 

-
8P

3 

Now I E1 I ~ 
f (T (ct))m- ('f (CIOr) e (- a(Nl) dCI{ I 

1 
!ell~ 3 

8P 
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< f (4m) (B + 4)m-l dol 
-

1 
I oL" < 

SP
3 

< f (4m) (P + 4)m-1 d.:l I 
loLI<P-

4 

+ J ( 4rn) (2 I oL l 
-! m-1 

+ 4) d.:l 
1 -4 3 ;;;;oloLJ;;o.P 

SP 

10
5 Pm- 5 · · · I 9 10 < , srnce m rs ert 1er or 

Similarly, 

f (V (cOt\ e(-oLN1)- e(-oLN 0 ) \doll 
1 

loLl< -3 
SP 

1 
!ell< - -

- SP3 

-4 
\ g( \ < p 
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+ p3i (2 ") f (2 l.ll- i)m I aL 1 deL 

lcLI>P- 4 

1 
lo£1>~3 

8P 

m 
B deL 

This proves the. result. 

Lemma 5: 

3.3 

With M = [ ~ 
4 

] 

2 2 W(N 0 - A - B) = M
2 

R (N 0) 
l<A<M l<B<M 

Proof: 
In lemma 4, we take N 

1 
= N

0 
- A-Band sum over 

1 co; A ~ M and 1 < B < M. This gives 



1 1 
A B 

11 

W(N - A - B) = M 2 
R (N ) 

0 0 

Since I ~e (g{ A) I <:: 
11 
~ 

11 
, the integral appearing on 

the right, is bounded, in absolute value, by 

Lemma 6 

We havo 

2 
I< A < M 

> T m 

2 W ( N -A- B) 
l<B<M O 

( m ~ 1) 



where 

'Proof: 

T = m 

12 

< r <S/4)) 
m 

m 
r {1 +- 4 > 

By lemma 3 (page 22) of Vinogradov [9), the number of 

. . (N) 4 4 4 N . Integer solut1ons Kr of x
1 

+ x2 + ... ... + xr ::: IS 

given by 

r r - 1 
4 4 

K (N) = T N - e r N where 
r r 

T 
r 

Now, 

r 
( r 15/4) ) 

r 
r (1 +- 4) 

L wcN0 -A- B) 
<B<M 

=I (K ( N -A-B)- K (N -A-B-1)) 
R m 0 m 0 

= Km (NO -A -1) - Km (N0 -A-M- 1) 

m m m-1 

4 4 4 
:: Tm [(N0 -A-1) - (N0 -A-M-1) ]+2me NO 

~- 1 
m- 1 4 

>Tm 4 MNo 

and l1ence the lemma. 
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Prop. 2 

We have, form= 9 or 10, 

m 
- 1 

R(N0) > 0.25 N ~ 

Proof: 

From lemmas 5 and 6, it follows that 

m 

(
T (m - 1) 5) - - 1 

R (N
0
) > m 

4 
- 10- N ~ 

and hence the result. 

§ 5: A lower bound for s
1 

(N
0 

): 

Let us reeall that S(n) = S(n, m) is given by 

S (n) 

00 q 

2 2 
q=1 a=l 

= ~A (n; q) 
q 

say 

Write X (n) = X (n; m) 
p p 

lemma 7: 

00 

2 
i = 1 

i 
A (n; p ). 

A (n ; q) is a multiplicative function of q and hence 

S (n:, = ~ ( 1 +--X p (n) ) 
p 
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Proof: 

We refer the reader to Lemma 2. I 1 (page 20) of 
Vaughan [8] 

Lemma 8: 

(a) For any prime p, and natural number X., let 

N (p X. , n) denote the number of solutions of m . 

4 4 4 X. x1 + x2 + ...... + xm !! n (mod p ), 

I <. x. <. pA and not all x. !'!!! 0 ( mod p) 
- ,- I 

Further set Y = 1 if p is odd and Y = 4 if p = 2. Let 
4r + s I d' 'd 0 3 p exact y 1v1 e n, < s <. • 

k
0 
= max (4r + s + 1, 4r + Y). Then 

A (n, pA.) = 0 for X. > k
0 

and 

1 + xp (n,m) = p-(m-l)Y Nm (py,O) rr I lp't(4-m)1 

t-c=O 5 
+ p (4-m) r- (m-l)Y N (py, np -4r) 

m 

where the empty sum is understood to be zero. 

(b) Let d = g.c.d. of (4, p-1). Then for p ;e 2, 

m 

I Nm(p, n)- Pm-1 1.:=:. (1- ~) (d- 1)m / 



IS 

Proof: 

For the proof of Lemma 8 (a), we refer the reader to 
Hilfsatz 293 of LANDAU [5] or Prop. 4. 3 of Thomas [6]. For 
the proof of lemma 8 (b), we refer to lemma 4 1 (page 91) of 
Thomas [6]. 

From Lemma 8, we have 

Lemma 9: 

Let K > 100; s2 = { p > K; p !!!! 3 (mod 4) } 

s4 = { p > K; p e l (mod 4) } . Then ford :z 2 or 4 

tt (1+X (n)) 
pES P 

d 
m 

:> exp ( -2 (d- l)m K 
1 

- 2 <1 + 2m~ s ) ) 

Lemma 10: 

W9 have tt (1 + Xp (n) ) ;;;.. 0.97 
p :> 114 

Since ft {1 + X (n) ) 
p;;;;. 114 p 

« (1 + X (n)) ft (1 +X (n) ) 
== p > 127 p p > 137 p 

p = 3 (mod 4) p !!!! 1 (mod 4) 

the result follows from Lemma 9. 

Lemma 11: 

We have 1f ( 1 +X (n) ) > 0.297. 
2<p< 113 p 
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Proof: 

This is easily verified using Lemma 8 (a). For details, we 
refer the reader to Thomas [6] 

Lemma 12: 

If n = n (mod 16), 2..;;;;; n..;;;;; m-2, then 

1 + x2 (n) 

45 
1 + x2 (n) ~ 64 

- m + 4 
2 . and hence 

Here { ~ ) is the binomial coefficient 
n 

Proof: 

This is straight forward . For details, we refer the reader to 
Theorem 4. 2 of Thomas [6] . 

Lemma 13: 

We have S (n) > 0.2025 

provided n = 2, 3, 4, 5, 6 or 7 (mod 16) 

Proof: 

This follows from lemmas 7, 10, 11 and 12. 



17 

We have 5 (n) - s
1 

(n) ~ 0.002 

PrHf: 

Since I 5 (n) - s1 (n) I = 

t 
q>p 

< 

q 5 m 

2( :q) e 

a= 1 
<- :>I 

(a, q) = 1 

~ q t m 
~ 2 ( 4.3 q -I ) ' 

i 
q>P a =1 

we are through. 

Prop 3 i 

There holds the inequality 

s1 (n) > 0. 2 

if n !!! I (mod 16), and I & (2. 3, 4, 5, 6, 7). 

:§ 6 : A lower bound for W 
0

- (N 
0

) : 

Let us recall that W 
0

(N
0

) = · 

J (T (al) )m e ( -.l N
0

) dal. 

,. 
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Lemma 15: 

1 
If I 13 I c;;. 3 , then 

Sq p 

S m 
(T( ~ + /3})m = {'f ((3) ~ ) I! 

q q 

+e. 4qm (4.3 B (/3)q -1 -i- <fq)m-l 

Proef: 

We have, 

q-1 

= I i 
v=O 

e( {: + f3) (qt + y)
4

) 

- t t e ( :4 +Jl (qt + y)4) 

- L e( av.
4

) o (z), say 
v . q v 

Now, using Lemma 2, 



D (z) 
y f 

y 

q 

q 

. 19 

e ({3 (qt + y)
4

) dt + '4e 

p 

1 f 4 q e ({3x ) dx + 4 a 
0 

I 
'It (/3) + 4e. q 

Hence T ( ~ + 13 ) 

s 
a, q 

= ~ 'It (/3) + 48q 
q 

The result follows from the following inequalities. 

s 
I : q I <; (4.3) q- ~ 

I .., ([3) I < B (/3) and 

m m m-1 m-1 
a -b <;m(a-b)max( ial ,lb i ) 

Lemmal6: 

We have 

Proof: 

Stnce the proof is similar to that of Lemma 4, we give only 
the sketch of the proof. 
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m 
wo <No) = J (T (.()) e ( -cl N0) daL 

= 

,. 
a 1 - + --q 8q p3 

q 

2~L .r (T (ell) ) m e (- N0 Gt) d cl 

qco;.P• a = 1 a 1 --
(a, q) = 1 q 8q p3 

1 

8q p3 
q 

L~2 
q,p~ a=1 

J (T{; +8 ))me( -N0(: +U) )d/J 

1 
(a, q)= 1 - --

Sq p3 

First we replace ( T {: +8} ) m by ( '/' (8) sa, q) m 
q 

and the error is, by Lemma 15, at most 10
12 Pm-

912 • Now 
we extend the range of integration of the intllgral to [- oo, oo] 

h. h . 10I2pm-9/2 H w rc g1ves an error at most · • ence 
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Prop 4 : We have 

provided N
0 

;;a 2, 3, 4, 5, 6 or 7 (mod 16) 

Proof: 

This follows from Prop. 2, Prop. 3 and Lemma 16. 

§ 7 : The estimate on the minor arc : 

-a -a -1 
We define f (n) = n '7f (1- p ) where a (>0) 

pfn 

is a constant. Ultimately we ~hall choose a = 0.1 

'\' J 
g (n) v f lnJ; h (n) = --= L 

g (!) 1/n 
n 

I< P; - < p 
I -

ca "" p 
( 1 +-

P(P:- I) ) 

Da 'K ( 1+ 
0-P-aJ-l-1 ) p p 

I 1 
k rm) --

h (d) 
d,'m 

Lemma 17 

Let A. (n) be a non negative multiplicative function with 

; { l + A. ~rV- ) convergent. Then 
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2: (n -/3 « (l + A (p)) < 2 « (I + · .,A .. (e} · )x'-~ ;~" 
n~x ~n P P 

if 113 I < 1 

Pro ~f: 

L (n -13 « (I + A (p)) :::::· L n -/3 L :p 2 (d) X (d) 

n ... x p/ n n~x d/n 

Z·p2 (d) A (d)· L n ~13 
d n..:.X 

n !!I 0 (mo~ d) 

.r; 2 -Xl-[3 L P. 2 
(d) A (d) 

d d 

< 2 Xl-/31t (I+ A P(p)_) 
p 

Lemma 18 

We have 

(a) 
n ... x 
I t<n>< 2 c x1

-a 
a 

a 
(b) L g(n)o;;; 2 o x

1-2 
n< X a 

(c) L g(n) na
12 < 2 D X 

n~x a 

a 
"" . 1 + ' 

(d) L _!_<X 2 
n..;.X g (n) 

(d) L _I - < X 1 +a 
n._x f (n) 
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Proof: 

(a), (b), and (c) follow from Lemma 17 by the proper 
. 1 a/2 1 < a 

choice of A. (n) and /3; smce g (n) ~ n and f (n) - n , 

(d) and (e) follow. 

Lemma 19 : We have 

2 f(n) (h (n))
2 < 20P

2
- a C a o; {log P) 

n<P
2 

Proof : 

..;; 2 

2 f(n) h
2 

(n) ::::. I f(n) ( 2 
n< p2 n< p2 1/n 

2: 1 I 
g(/1) ,, 12 .... ,, 

2: 
P/2 

m.;;;; 
[/ 1 I I ] 

2 

n 
I~ P, 

1 
--- - ·- .. -
g (12) 

I f ( n) 
n <;. Pl

2 

I< p 

n !!!! 0 ( mod [ 1
1

, 1
2
]) 

1 

g{/2) 

f ( m) f ( [ 1
1 

, 1
2 

] ) 

I 2 

9<0) 
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2 1 

~ 
f ( [ /1, /2 ] ) 

( p 12 r -a --
<. 4 ca g u1> 

g (12) [/1, /2] ,, 
'2 

p1-a 2 2 1 

< 4 ca g {11) 
d {11, /2) = d 

2 (11/2) 

( ~ (' g 
d 

g (/2) 

2 2 4C 1-a 
g ( /1 ) g l /2) <:: p 

a d (/1,/2) "' d 

( g ( ,, ) g ( /2 ) )2 d 
1 - a 

2 1-a 
1 -a d 

<:: 4 c p 

g2{d) 
a d 

2 
1
2 

E 0 

'z <:: '1 

<::SD p1-a L 
a d 

2 2-a ) 1 < 16 C Da P .-. 
a d d 

g (d) /1 

2 g (! 1) 

1 -a 
/1 = 0 (mod d) /1 

g (/2) 

(mod d) 

L g(/1)/1a/2 
,, .... p 

!!£ 0 (mod d) 

1 -a 
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2 2-a < 20 C D P (log P). 
a a 

[emma :o: 

k k-1 
If f(x) =elk x + alk-l x + ...... ~0 and 

k-1 
g1 (x) = f (x +I)- f(x)=lk at~,? + ... , 

2 

then I I e(f(x)) .;;;;; 

X= J 
p p-I 

2 I L e (g1 (x)) + P 
X= 1 I= 1 

Proof : 

I xi e(f (x) ) 2 -

L L e(f(y)-f(x)) 
X y 
X= y 

+ 2 
L L e (f(y)- f(x)) 
X y 
y >X 

We write y = x + I in the second sum and simplify. This 
gives the result. 

Lemma 21: 

If I-I- 1 
and P < q .;;;;; 8P3, then 

8q p3 
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l/8 
0

tj2 
IT(ol)1<4C 

a a 

7+a 
8 

p 

1 

(log P) 4 

Proof: 

By Lemma 20, 

p p-I 

I T ( cL) 12 < 2 L 
I= 1 

I 3 
e ( 4cL I x + ... ) + P 

x= 1 

Hence 

T
1 

(ol) ::o: IT (a() 1
2

- P 

p-I p 

<2 2 L e( 4 a( I x
3 + ... ) 

I= 1 X ;;::: I 

p p 

I T 1 ( J. ) 1
2 < 4 ( L g ( I ) } ( 2 

1==1 1=1 

' ~ e ( 4J.. I X J + ... ) t ) 
1-

.:;SD P 
a 

a P 
2 ( L I 

I= 1 g(/) 

1 
~ 

g (I) 

I f e ( 4J:/x3 + ... ) r~ 

By Lemma 20 and 19 (d), 
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2 
1
r 1 (cl)j p 

<: 2: 1 
,.2 (cl) - 1- ~ 

~-·-

2 I= 1 g (/) 

80 p 
a 

p P-1 

<: 2 2 g ~I) 2 
1=1 I =1 

1 

~ P-1-11 I 2 e ( 12 g{ 111 l + ... ) 
x=l 

2 -t a 
+ p 

P - I- I I 2 1 e(12cl//1 / + ...... ) I 
X = 1 

<:2 2 h(n) 

p2 
n..;; 4 

P- /-/1 

max 1 "\:' e ( 12 r:J.. II x 2 
ll ::= n L 1 

1 X = 1 

+ ...... ) 1 



I T 3 ( J. ) ( < 4 ( 2 f ( n ) h 2 ( n ) ) ( 2 f (~) 
n n 

II ~a: n I 2 e , ~ 12 .( //1 / + ....... ) 12 ) 
X 

max I L e ( 12 a( I 11 l + ... ··· ) '
2 

I 11 = n x 

22-aT(cL)2 
--------~3~----- 1 

T 4 (a() = 80 P2 -a C 02 lo P ' L f(n) 
a a 9 n 

max I Lx e ( 12 a( 111 x 
2 

+ .. .... ) 1
2 

//1 =- n 

L 1 max f 2 P - ~- 11 

f( n) L 
n /11 "" n 12 = 1 

P-/-/1-/2 J 
L e ( 24 .L 11 1 12 x + ... ... ) I + P 

X = 1 

max 

I 1
1 

= n 

p _,_,1 
}. min (P, -2-1-24-~--111--/-.l ) 
- ; a 1 2 1 

12 = 1 
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" I 3 + 2a oe;; 2 L k (m) . min (P, ---- - --- ) + P 
111 2 I ' 24cl m II 

p3 
One easily checks thaf k {m) < rna and m "' 11

1 
1
2 

< 27; 

We also have a ,-: 0.1. Hence 

"" a 3 t 2~ 
T4 (ol)<2 Lm min(P,21 24Jmll )+P 

3 
m<~ 

27 

(p 1 p3+2a 
' i -~ I 24 ~ rn II ) + 

For a given cl, we knuw that there exist h and q, (h, q) = 1 

I h I 1 3 such that aL- -q < - -
3 

, q...; 8P. 
l::uP 

Let q' = ( 24~ q ) • Til e m-sum is divided into at most 

( 
p3 

27q, + 1) subinterva ls, each of length q'. In each sub-

interval, we check that the sum is atmost 2P + q' log q' + q' · 

Hence 

I T4(o!) I < 2 (;:O~l ez~:, + I) 
(2P + q' logq' + Q') + P

31-2
a 

.;; 25 p
3

·
3 

Jog P 



Hence 

Hence 

Hence 

I T 3 ( c() 1
2 

!T2(c()l 

which proves the result. 

Lemma 22 • 

30 

3 5·2 2 2 
< 10 P C a D a ( log P ) 

.2.6 i 
'"- (31.63 ) P c D ( !og P ) a a 

11 
4 

< ( 15.91) P c* o (Jog P)i a a 

If I aL - -q~ I < 
1 

and P l < q ~ P, 
8 qP3 

then I T (c() I c;;; 100 P
718• 

Proof: 

Arguing as in Lemma 9.5 of Thomas [6] or Lemma 9 of 
Davenport [3], we have the result. (Lemma 9.5 of Thomas [6] 

is proved under the restriction I J.. - ~~ c;;; 
1 

3 but the 
q 64qP 

same proof holds in our case). 

Proof: 
7 1 

8 1 
On the minor are I T {c() I < 40 P ( log P ) 

Proof: 

The proposition foliows from Lemmas 21 and 22 



§ 8 : A lower bound for the number of integen upto X 

rcprc~entable as a som of five fourth powers 

Lemma 23: 

Let P;;;;;. I 0
10

. Let M be the number of solutions of the 

equation x
4 + uh == y

4 
-1- uj, subject to ( i) P < x, y < 2P 

( ii) x = y (mod 2) (iii) uh, uj < P
3 

t- iJ and ( iv) 

u h , uj E fL£. Then 

1 + 3/l 

M < PU + P 4 u5/4 B. 

Here o < 1-' < l ; CU is a set of integers in [ o, p3 +P ]. 
U is the number uf elements of cu . 

Proof: 

Even though thb lw s not been explicitly stated anywhere, 
this is essentially contuincd in Lemma 1 of Duvenport [ 4 ] and 
Lemma 7.1 of Thomas [ G ] . 

Lemma 24 : The number of solutions of the equation 

4 4 4 4 -a -t b :::; x + y , With a, b, x, y < A; 

a ~ x ( mod 2 ) i b "'!!! y ( mod 2 ) is at most A 
2 

( log A ) 
4 

1 -
provided A > 10 u. 
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Proof : 

We write x + a ::: 2 k ; x - a "" 2 I ; y + b = 2 m 
y- b c. 2 n. 

Then we have to find the number of solutions of tho equation 

k I ( k 
2 + 12

) = m ( m
2 + n

2 
), with k, m ' A ; I, n <; A/2. 

The number of solutions are 

:::: I I 1 
k, I m, n 

mn ( m2 + n2) = k I ( k
2 + 12 ) 

I 
k, I 

<; I 

< I 
k <;A 

.;;;2 

2 2 
d(kl(k +I )) 

d
2 

( k) + d2 
(/) 

2 2 
d(k +I ) 

2 

2 2 2 
d (k) d(k +I) 

2 
d (k) 2: 

I 

1 

2: 1 

k
2 +P = O(modj) 

I.;. A 

d2 ( k ) I p ( j ) ( A + 1 ) 

j<2A 
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where P ( j ) is the number of solutions of k
2 + 12 

!! 0 (mod j), 
1 <; I~ j, for a fixed k. We observe that P ( j ) <; l X (d), 

djj 

where X is the D1richlet character ( mod 4 ) and hence we 
easily check that 

2. P(j) 
'log A 

j<2A 

2. p (j) <.4A 
j<.2A 

2 2 A 3 
and d (k) < 3 

log (A f 2) 
k <;A 

This proves tlte result. 

Lemma 25: 

Let I be 0, 1 or 2. The number of integers upto X, 
representable as a sum of two biquadrates and belonging to 

I ( mod 16 ) is at/east x0
.4

5 
provided X :> 10188 . 

Proof: 

Choose t
0 

and t
1 

E (0, 1) such that f
0 

+ t
1 

:a /. 

4 4 
Let r(tn) be the number of solutions of m =· x + y I 

x, y ~ ( i- ) i ; x • f
0 

(mod 2) ; y !!! t
1 

(mod 2) 



2 ( X )i 1 4 
. By lemma 24, Z r :( m ) < 2 ( log X ) 

X 
0.5424 ..;;; . 

Hence the required estimate 

" 2 > L 1;;;. ( Lr(~_)j_ 

r (m) ;o6 0 L ? ( m ) 

and we are through. 

lemma 26: 

Let X> 0; P = [ ~ ]' + 1 ; Let P, B and U0 

satisfy the following conditions 

(i) O<P<i 

(ii) 
4. 

B = t. max 
1 3 + p 

m< 192 
p 

(iii) The number of integers upto P
3 -+ p which are 

sums of I biquadrates and belonging to t
0 

(mod 16) is at/east 

u
0 

for every t
0 
~ (0, 1, 2, ...... I) 

(iv) 84 40; U p3 - 3 P. 
0 

Then the number of integers upto X which are sum of (I+ 1 ) 
PU

0 
biquadrates and belonging to f (mod 16) is at/east 

8 
for 

every f e ( 0, 1, 2, ...... (I + 1 ) ). 
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Proof: 

Let t
0 

£ (0, 1, 2, ...... /) and t
1 

£ (0, 1) such that 

f
0 

+f
1 

:: f. Let fU = { n < P 3 + fl : n is sum of lbiquadrate3 

and n !!!!! 'o ( mod 16) } ; u be the number of elem3nts of ru; 
By ( iii ), U ;;.. U O . 

Let r (m) be th3 number of solutions of m = x 
4 + uh, 

P < x < 2 P; x !:! f
1 

(mc>d 2) and uh 6 'U· The number N 

of integers upto X, w:1ic1 ar~ rapras9ntab!e as a surn of (I + 1) 
biquadrates and o: f (m:>d 16) is atleast 

m 

r (m) ~ 0 

Now, using lemma 23 

( i~ )
2 

I 
1 + 3ft 

N> PU + P 4 

)2 1 + 3fl 

( ~~_Q I 
- "-

> PU
0 

+ P 4 
2 

1 + 3/l 5/4 
B < PU

0
. 

By (iv), P 4 Uo 

Hence N > { PUO )
2 
I 

2 
2 PU 

0 

US/4 B 

5f 4 
u0 _B. 

PU
0 . >~s-· · 
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Lemma 11 : 

Let f be 0, 1, 2, or 3. Then the number of integers upto X, 
representable as a sum of three biquadrates' belonging tn 

f(mod 16) is at/east x0
·
603 

provided X :> 1 o236
• 

Proof: 

We choose I= 2; f.l = 0.20096 and u
0 

= p<H-f') (0.4S) 

· I 2£ · s4 1012 P(J +- fl) (0.235) vcrt"fy tn emma " ; stnce < , we 
(iv) in lemma 26. This gives that the required estimate 

l ( X )0.610108 
Pu ._ -=- _ X0.603 > 0 , 8 17 > . 

Lemma 28: 

Let f be 0, I, 2, 3 or 4. Then th<J number of integers 
upto X, representable as a sum of 4 biquadrates and belonging 

tot (mod 16)is at/east x0
·
7095 

provided X:> to107 

Proef: 

We choose I= 3; f.l = 0.086'}; u
0 

= p( 3+fl) (0·603 ) 

in lemma 26. We have to use o4 < 10 14 p(3 1 fl) <
0·225) 

This yields the result. 

Prop 6 I 

Let f be 0, 1, 2, 3, 4 or 5. Then the number of intagers 
upto X representable as a sum of 5 biquadrates and belonoinq 

' 16 . I x0 ·7795 
"d d X 10410 

to f ~mod ) ts at east prov1 ·e . > 
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Proof: 

(3 + ,U) (0.7095) 
We take I= 4; ,U = 0.01133; <1nd U

0
= P · 

We use s4 < (I :i) x 10
23 

. This qives th'1 result . 

§ 9. Conclusion of tht' proof : 

l Fmma 30 : 

If N > 1 o412 
, then N can be written as a sum of at most 

twenty biquadrates. 

Proof: 

Choose f E ( 0, 1, 2, 3, 4, 5 ) and 

IE ( 2, 3, 4, 5, 6, 7) such that 

N - 2 f ~ I ( mod 1 () ) 

Let 1U = N 
; n is representable as a sum of 

4 

five hiqu.1rlrat•B: n '!! f ( rn )d 16) } 

Lr:t U (J) :-· l 1: ( II cJ. ) 
u E 'll 

I 

• { 1\1\ -. \ .. , -
( 10 2 

J { T ( ,1 ) ) . ( u ( d. ) ) e ( - ~~ .:.( ) d,l 

() 
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It suffices to prove that r (N) > 0 

Now r {N) = f + f 
m m 

Now, using Proposition 4, 

f 
m 

w
0
(N-u

1
-u

2
) 

> o.ot u2 
p

6 

1 the other hand, using Proposition 5 and 6, 

I J 10 2 
( T ( .J..)) ( U ( .J..) } e (- N ol) ) ) di 

m 

1 

I 1

10 

f i 
2 

< max T (wl} ) u (.J..) I d.J.. 

J.Em 0 

71 
10 - 2.5 

< ( 40) p 8 (log P ) u 

71 I I~ '0 7795 10 0 2.5 2 
< ( 40) p v t log P > u I \ 4 ' 

~ 
411 1010 p5.757 U

2
(loJ P/5 
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102 
It suffices to to verify that. for P < 10 , 

4 11 1010 p5.757 (log p )25 < 0.01 P6 

and this is true. 

Lemma : 31 

If N < 1 o412 
, then N can be writttn as a sum of atmost 

20 biquadrates. 

Proof: 

4 
If N .;;;; 10

412
, then N - [ N± ] ..;;; 10

310 
and hence 

representable as a sum of atmost 19 biquadrates by Th. 3 3 of 
Thomas [7] 

Thus the proof of the theorem is complete. 

Note : 

Some doubts have been raised about the correctness of 
lemma 31 and the author has not verified the calculations given 
in [7]. But even a weaker result, compared to lemma 31, will 
suffice for our purpose and we shall return to this subject at a 
later date. 
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