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PROOF OF SOME CONJECTURES ON THE
MEAN-VALUE OF TITCHMARSH SERIES-I
BY
R. BALASUBRAMANIAN AND K. RAMACHANDRA

§ 1. INTRODUCTION. When we are integrating a function related to a
geries which we call TITCHMARSH SERIES, (a function of a real variable
t) | F(it) |, or | F(it) |? from ¢t = 0 to t = H (H > 10) we encounter
the following situation. Let @ = A = 1 and {an} (n-= 1,2,3,---) be
a sequence of complex numbers and {\.} (n = 1,2,3,--:) an increasing
sequence of real numbers with & < Any1 — An < C for n > 1, where C
is a positive constant. We suppose a,, to depend on n and H such that
| an |< (nH)* for n > 2 and more generally we suppose that | a,, | n=4 is
bounded above by a suitable big function (of A and) H, where A is a positive
integer constant. (Also in the paper that follows K. Ramachandra [R];

considers the case where instead of these conditions Z | an | is bounded

n<X
above by suitable functions of X and H for all X > 2). We refer to all such

series (F(8) = Y _(an);?),8 = o+it,0 > A+2)as TITCHMARSH SERIES.
n=1

Trivially F(s) is analytic in o > A + 2 and we suppose that F(s) can be
continued analytically in (¢ > 0,0 < t < H) some times with some “growth
conditions on certain lines”.- We put B = A + 2. We prove in all five main
theorems (the last two are in [R],, the paper that follows) on Titchmarsh
series. Theorems 2 and 3 are sharper versions of two conjectures (stated by
K. Ramachandra [R}; in Durham Conference held in 1979). The last two
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main theorems esgentially due to K. Ramachandra [R]; are published in the
next paper. The first three are jointly due to R. Balasubramanian and K.
Ramachandra and are published in the present paper. We begin by stating
a main lemma.

§ 2. MAIN LEMMA. Let r be a positive integer H > (r + 5)U, U >
270(16B)? and N and M positive integers subject to N > M > 1. Let

bm(m < M) end eq(n > N) be complez numbers and A(s) = Y bmA;r.
m<M
Let B(s) = Y ea);* be absolutely convergent in o > A+2 and continuable
n>N
analytically in o > 0. Write g(s) = A(—s)B(s),

G(s) = U"./;Udu,---/ovdul(g(a+i)\))

(here and elsewhere A\ = uy + ug + --- + u,). Assume that there ezist real
numbers Ty and T, with0 < Ty < U,H - U < Ty < H, such that

| g(o +iT1) | + | g9(o +iT2) |< E"”E”’(ms
uniformly in 0 < o < B. (As stated already B = A+ 2). Let
An

Si= Y 1bmcnl()‘ Z2)Bor(Ulog 95)7"

m<Mn>N
and N
Sz = E | bmc,, l (f)B
Then

| JE-Y giyar | < | U [T dup - 7 dun SRSV g (i)t |
2B2U-10 1 54BU-L [H | g(it) | at

+(H + 64B?)S; + 16 B2 Ezp(— %) S2.

IA

To prove this main lemma we need five lemmas. After proving these we
complete the proof of the main lemma.

LEMMA 2.1. Let z = z + iy be a complez variable with | z |< §. Then,
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we have,
(a) | Ezp((Sin z)*) |[< €% < 2 for ally

and
(b) Iflyl>2,

| Ezp((Sin z)?) |< e%(EzpEzp |y 1)~ < 2(EzpEzp |y|)~".
PROOF. We have

Re(Sin z)?

Il

~1 Re { (ei(z+iy) _ e—i(1+iy))2}
= __% Re {8252-—2y + e—2r+2y 2}
= - 3{(e7® + e*) cos(2z)} .
But in | z |[< 1, we have cos(2z) = cos(| 2z |) > cos } > cos 3 239 The

rest of the proof is trivial since (i) cosh y is an increasing function of | y |
and (ii) for |y |> 2

Ezp(—-‘/—_e”‘") < (EzpEzp|y|)™*

since e? > (2.7)* and 3 < 818 — 4.8 and 50 €2 > 7— The lemma is
completely proved.

LEMMA 2.2. For any two real numbers k and o with 0 <| o |< 2B, we
have,

oo . 2(ik—a—iu1)) du < « ¥
/_lezp(Sm 5B FPp— i< 12+4log| |

PROOF. Split the integral into three parts Jy, J; and J3 corresponding to
| uy — k|>2B,| o |<| u1 — k |< 2B and | u; — k |< 0. The contribution to
Jy from | u; — k |> 16B is (by (b) of Lemma 2.1)

23* me Ezp(- "ﬁ) du1

es J5° Ezp(—u1)duy = Ezp(—3).

IA

]
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The contribution to Jy from 2B <|u; — k |< 16B is (by (a) of Lemma 2.1)

<e jug — k|t du; = 2¢3 Iog8:6e‘} log 2.

1
2z .
‘/ZBSIul —k|<16B

Now
3 1 1 1 1 1
— 1 5 02 V7 o2
e2logQ+Ezp< 2)<6( * % +2 22+6 22) <2+2,22+3,22)

1 3/2
e (-2-—7) < 8.

Thus | Jy |< 8. Using (a) of Lemma 2.1 we have | J [<41log |22 | . In
Js the integrand is at most e¥o~! in absolute value and o | J3 |< 2e? < 4.
Hence the lemma is completely proved.

LEMMA 2.3. If n > m, we have, for all real k,

U U A\ HE+Y) A\~
- o, < 9r i
| /0 e /o i (A,.) 1% ("’" Am)
PR.OOF. Trivial.
LEMMA 2.4. For all realt and all D > B, we have,
| G(D +it) |< Sy and | g(D +it) |< S,.

PROOF. We have, trivially,

16D +it)|< 3 | bmen ] (*—'")D

m<Mmn>N

: D
and the second result follows on observing that -'}:l < 1 and 8o (-’}3) <

()"
Next

U U
G(D +it) = U~ / du, - -- /0 dus(g(D + it + iX))
0

i(t+A)
=U-r Z mcﬂ( )/du, /dul( ) .
m<Mn>N
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. s A D A B ;
Using Lemma 2.3 and observing (f) < (ﬂ) the first result follows.
LEMMA 2.5 Let 0 < 0 < B and 2U <t < H - (r + 3)U. Then, for

H > (r+5)U and U > (20)}(16 B)?, we have,

H
| G(o +it) (<K BUT + U124+ 4tag,-2§) / | g(it) | dt
0

+16 Silog(2B) + 8BS3Ezp (--8%-) .
REMARK. (20)! < 27,

PROOF. We note, by Cauchy’s theorem, that
; o o B14iT, B4+1+4T; B+14iT: T
2rig{o + it +iA) = fm*’”’ 4 fBﬂ;’;Tf - ,-Tju - Jir)
{g(w)Ezp (Siﬂz (w—agBu—i’\)) w-—a‘fl:rt—-t'o\

J1+ J2 — J3g — Js4 say.

We write
2iG(o +it) = 2xiU~" [V du.--- [ dui(g(c + it + iA))
= U [J dup - f dur(Jy + T2~ J3 ~ Ja)
= Js+ Jg — Jr — Jg say.
Let uslook at Js. In Jy (alsoin Jg) | g(w) |< E:cpEzp(TéUg) (by the definition

of T and T3). Also by using Lemma 2.1 (b) (since | Rew~o |< B+1 < 2B,
and | Im(w — it — 1)) |> U > (20)!(16B)?), we have,

w—o0o—4it— 1t U
| E”((MBB )) <2 Ezp (“55)-

Hence
AR Ezp(Ea:p-ﬁ‘%_Ezp ) |
< ABH) poo (~ (Ea:p Tf;—'g) (E:cp 25 — 1))
g ¥ I, -
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since U > (20)!(16B)? and so Ezp 55 ~ 1 > 1 and Ezp (—Ezp TIGJE) <
Ezp (~Ezp Ut) < Eazp («U%) < (20)!U-1°, Thus | J5 |< JBU-10.
Similarly, | J7 |< %BU‘IO. Next

iTa U U U
Jg = U“"/ g(w)dw/ du,---/ duz/
Ty 0 0 0

Ez (s‘in’ (w —0—it— iA)) du,
* 8B W_o—it—ix

We note that w—o — it ~iA =dk—o—iuy wherek=Imw -t -uz---—u,.
Hence the u;-integral is in absolute value (by Lemma 2.2)

B
<12+ 4 log 2—
o
This shows that

| Js |

IA

u-r f:TI;’ | g(w)dw | {U’"l (12 +4 log -"';5)}
Ut (12+4 log 22) [ | g(it) | dt

IN

Finally we consider Jg.

i Ve : —g—it—t )
JG = U fov duf Wi fg, d“l fBB_:ll,:}le g(W)Ezp (Slnz (L—EFL.—'\)) ;}—_:7{—;2—:
U U B+1l—o+iTy—it~iA '
= U~ [Vdu - ¥ du / W+ o+ 841
Jo dur---Jy' din Bl il —it—ik g(w+ o+ it +id)

Ezp(Sin® (%)) “'—wﬁ

Using Lemma 2.1 (b) we extend the range of integration of w to (B +1 —
o —100,B + 1 — o + 400) and this gives an error which is at most

174 U
U-'/ du,---/ dulf | g(w + o + it + i)
0 0 Im w|>U,Re w=B+1~0

o ()}
Ezp(Sm (83)) = ].
By Lemma 2.4 this is

v u w \ dw
<SU"/d ---jd / Bx (3'2—-)-— .
= 0 = 0 “ {Im w|>U,Re W=B+1_al i 8B/ w ‘
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Here the innermost integral is (by Lemma 2.1(b))

4 [ U
_ < -
< U-/U Ea:p( SB) du / Ezp( 5B )du 8B Ea:p( BB)

Thus the error does not exceed 8BSy Ezp (-— ) and so

B+1-0+4i00
o 1<1 0= J§ du - ¥ dua [,

+8BS, Exp(-%)

B+1~o+i00

=|U~" L e Ezp(Sin® (g5)) 2 [y duy - - fy durg(w+o+it+

iX) | +8BS, Ezp (- )

- g(wto+it+id)Ezp (Sin? (%)) %2 |

1-0—100

/B+1—-0'+zco

G(w it)Ezp (Sin? (X)) % | +8BS, E Ul.
Jourss, Glwtatit)Ezp (Sin? (35)) & | +8BS; Ezp (~d5)

Using the first part of Lemma 2.4 we obtain

B+1—o+ico p
ESESEYA . | Bep(Sin® (%)) % | +8B5:Eep (- )

< 5 (12+4log 52E) +8BS; Ezp (- )
by using Lemma 2.2, Thus

| Jo |< 1651l0g(2B) + 8BS: EzpEzp (_E'Uﬁ) 4

This completes the proof of the lemma.

We are now in a position to complete the proaf of the main lemma. We
first remark that

1
47 log 2do = 4B log 2 + 42 f§ (2)" do
<4(3+ z3r + 337)B + (8 x 1.415)B < 15B.

By Cauchy’s theorem, we have,

H-(r+3)U i(H—(r+3)U)
/ Glityidt = / G(s)ds
2U
(a+.(zU) B+i(H—(r+3)U)
= / G(s)ds + G(8)ds—
i) B+i(2U)
+i(H-(r+3)U)
- / G(8)ds
i(H—(r+3)U) ,

= Ji + J2 — J3 say.
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Using the estimate given in Lemma 2.5, we see that

|| < JP(BU-104 Qe 52) pHy oty | gy
+16(log(2B))S1 + 8BS; Ezp(—g5))do

B2y-10 4 12BRSB (5 | (g(it) | di + 16BS;log(2B)
+8B%S; Ezp (-—gby) .

IA

The same estimate holds for | J3 | also. For | J2 | we use the estimate given
in Lemma 2.4 to get

| Jo |< HSy.
This completes the proof of the main lemma.
§ 3. FIRST MAIN THEOREM. Let 4, B,C be as before0 <¢ < },r >
[(2004 + 200)e~1] ,| an [< nAH¥. Then F(s) = ia,.)\" i8 dnalytic in

n=1

o>A+2 Let K>30,U=H'"%+ 50B loglog Ky. Assume that
H> (120B202‘4+4(4r02)') « + (1007 B)®loglog K1,
and that there exist T1, Ty with0< Ty < U,H — U < T2 < H such that
| Flo+iTh) |+ | Flo +iT2) [ K

uniformly in 0 < o < B where F(3) is assumed to be analytically continuable
o > 0. Then

. _
/ | F(it) [2 dt > (H — 10rC?H'~% — 100rBloglog K1) 3 |a %,
(4]

ﬂsHl—-z
where .
Ky = ( ) lanlz\f)K+< > Ianlk,‘;’) :
n<H1-¢ n<Hi~¢
REMARK 1. We need the conditions H > (r + 5)U,U > 27°(16B)? in

the application of the main lemma. All such conditions are satisfied by our
lower bound choice for H. We have not attempted to obtain economical
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lower bounds.

REMARK 2. Taking F(s) = ({(} + it + iT))* in the first main theorem
we obtain the following as an immediate corollary. Let C(e,k)loglog T <
H < T. Then for all integers k > 1

LI e az (1-e) Y (dalm)n > (Cf-2¢)(tog H),
HJr n<H!-¢

where

00 2
Ch = (k% + )T {(1 - Y (mréfk§$)> p"’“} .
4 m=0 )
(This is because it is well-known that
3 @em)nt = {4+ 0 (75 ) } tog X)),

n<X

Our third main theorem gives a sharpeniug of this. The third main theorem
is sharper than the conjecture (stated by K. Ramachandra [R}; in Durham
conference 1979). The conjecture (as also the weaker form of the conjecture
proved by him in the conference) would only give

1 T+H 1 . 2% k’ «
= /T | (5 +it) [* dt >4 (log H)¥' in C(k)loglog T < H < T.

But the third main Theorem gives

T+H
5 L Gt ™ db > Cittog 1) +0 (22T (1og ) +0 ((tog 1))
T

where the O-constants depend only on £.

REMARK 3. The first main theorem gives a lower bound for % f7 ¥ |
¢(3 + it) |** dt uniformly in 1 < k < log H,T > H > 30 and C loglog T <
H < T. From this it follows (as was shown in [B],) that for C loglog T' <
H < T we have uniformly

/ log H )
T<t<T+H | €( 4] > Zup ( loglog H
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if C is choosen to be a large positive constant. On Riemann hypothesis we
can deduce from the first main theorem the following more general result. .
Let 6 be fixed and 0 < 8 < 2x. Put z = e®. Then (on Riemann hypothesis),

we have,
z log H
T<t<T+H | ((( +i)) > B p( V loglogH)

where the LHS is interpreted as hm o of the same expression with 3 5 + it
0’—'5"-

replaced by o + it. This result with § = § and 3} gives a quantitative
improvement of some results of J.H. Mueller [M].

PROOF. Write M = [H'"¢],N = M + LA(s) = 3. @m);', A(s) =

3" amA;?, B(s) = Y an);’. Then we have, in o > Amf ?;
m<M n>N
F(s) = A(s) + B(s).
Also,
| F(it) |2 = |7A(it) |2 +2 Re(A(—it)B(it))+ | B(it) |?

> |A(it) |* +2 Re(g(it))
where g(8) = A(—s)B(s). Hence

H—(r+3)U+A '
TV FGE) P dt > U—'fg’du,---fg’dm/w ) | F(it) |* dt
o v Ht(r+3)U+A
> U du Fn [ () P 42 Re glit)a

J1 + 2J3 say.

il

Now log (iﬁi) = —log (1 ~ (1 —- 2 ) > 2nt1-3= > (9702)-1, Hence by

/\.+1 w4l
Montgomery-Vaughan theorem,

L2 S Ty poa

> Y (H~(r+5)U~100C%n) | an |.
n<M

We have
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| 9(8) |=| A(—2)B(s) |=| A(~3)(F(s) - A(s)) |
2
S( >, |anlz\£’)K+( > Ianlkf)

< H!~¢ SHI—-:

=K 1.
By the main lemma, we have,

(Ja] < (U7 [V dup--- [V duy fEGHIU glinya |

B+ P 7 | g(it) | dt + (H + 64B%)51 + 16825, Ezp (— &) .(3.1)

IA

We simplify the last expression in (3.1). We can assume that [ | F(it) |2

dt<H Y |an|? (otherwise the result is trivially true). Hence
n_(_Hl"‘

Jo' oty | dt = 77| A(-it)B(it) | dt

< JH | A(~it) | dt+ [ | B(it) | dt

< [EVA(—it) |2 dt + [ | F(it) - A(it) |2 dt
<3 JFT | A(~it) [ dt+2 JfT | F(it) |2 dt

<3 (H+100Cn)|an | +2H ) |an |?
n<M n<M

<(300C?+5)H ) |an|*.
n<M

Sz < Y. lbmenl ('}’,’,‘)A“

m<Mn>N
A A+2

> lamenl (32)

m<Mmn>N
e i
mAHS nAfI?(szn 1)A+2

m<Mn>N

ol
H-{02A+4 Z m2A+2 2 n—?

m<M n>N

H¥+2A+3C2A+4 gince -3- -1<1.

A IA A

IA
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Now v\ ="
51 < (U log —'i) 2" Sy
AM
and Av _ 1Ay =2
N N — AM 23 ry—1
— D ———— >
logAM“2 or > (2C° M),
U log (ﬂ) > (2C*) 1 HE.
Am
Thus

| 73] < 285 +54B(300C* +5)HU Y |an |2
+(H + 64B2)H—§5+24+32¥(27gzj)4rcu+4
+16B2Ezp ('3%) H¥+2A+3CzA+4_(Note a1 =X =1).
So

(r+5)U +100C2H ¢+ 2| 2 | (Y lan |}
n<M

< (r +5)H"% + 100C2H'~* + 100Brloglog K,
+%§- + 108 B(300C? + 5)H  + 128(27)(2C?)" B? H2A+4—50A(24+4
+32B2C2A+4p)(8B) H2AYSHF -5

< 100 Br loglog K, +r02H1“f{rc',,; + %‘;ﬁ'ﬁz

4B% , 108B(300C*+15 2yr g2 g-1(12A+4 22A4+4,. r -1
+7?5_+—;I(T:¥—l+128(2')(20 )y B2H-1C?A+41 32 B2C2A+4,1(8B) H-1}
< 100Br loglog Ky + 10C°rH-%.

This completes the proof of the theorem.

§ 4. SECOND MAIN THEOREM. We assume the same conditions
as in the first main theorem ezcept that we change the definition of U to
U = Ht +50B loglog K». Then there holds

H
/ | F(it) | dt > H - 10 rHY —100r B loglog K3,
0
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where K; = K + 1.

REMARK. Conditions like H > (r + 5)U,U > 27(16B)? are taken care
of by the inequality for H.

PROOF. We have,
LTV FGt) | dt 2 U [ dun - J7 dua Sy §H0F | PG | dt
> U~ Re (J dur - J§ dur i3SI F(it)at)
= U~ Re{J§ dur - J§ dus [53 "1+ A(~it) B(3t))dt}

(where A(8) =1 (ie. @y =1 = M) and B(s) = F(8) — 1) = J; + Re J; say.
Clearly J1 > H — (7 4 5)U. For J; we use the main lemma.

9B? 548 [H , R U
€ — — 3 S
| 721< Frg + 2 [ 190it) |t + (H + 64B%)5, + 165 Ezp( 83) Ss.

(4.1)
As in the proof of the first main theorem we can agsume fOH V| F(it) |dt< H
and so [} | g(it) | dt < 2H. We have | g(s) |< K + 1 = K,. Now

Ss < Hff-+2A+3C2A+4‘
and U log (&‘ﬁ) =U log A > (2C)7'U,
S1 < 27855(U leg A3)™" < 27 Sa((2C)7 MUy

This shows that

(r+8)U+ | Tz |

< (r+5)U + 3 + P20 + GEAF o crara gt 24es

+16B? Ezp (- ) B ¥ 244302444

1 2
< r+5 2B 1088
< 100rB loglog K2 + rH? { R o + —;ﬁ-—

+(H + 64B%)2r C24+4y 42443+ H—(r+1)]
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+16B2C?A+4(8B) oI TH24+3-F
< 10rHE + 100rB loglog K,

when H satisfies the inequality of the theorem.

§ 5. THIRD MAIN THEOREM. Let {a.} and {\.} be as in the in-

troduction and | a,, |< (nH)A where A > 1 is an integer constant. Then
oo

F(s) = Y an);* is analytic in 0 > A+ 2. Suppose F(s) is analytically con-

n=1

tinuable in o > 0. Assume that (for some K > 30) there exist Ty and Ty with
0<Ty < HY, H—HY < T, < H such that| F(o+iTy) | + | F(o+iT2) |< K
uniformly in 0 < o0 < A+ 2. Let

H > (4C)*4" 4 520000 A2 loglog Kj.
Then

H
j | FGt) 2 dt> Y (H-(3C)°4 g F 130000 42 loglog K3—100C?n) | ay, 2,
0 >

n<aH

where a = (200C?)~12-84-20 gng

K3 = (): lanl&’f)KJr(E !annf)z.

n<H n<H
To prove this theorem we need the following two lemmas.

LEMMA 5.1. In the interval [aH,(1600C?)~*H] there ezists an X such

that
1
Y lelP<HTTY |an 3
X<n<X+HE o

provided H > 2100047 0504
PROOF. Assume that such an X does not exist. Then for all X in
[eH,(1600C%) "1 H],

S a5 HEYY et (5.1)

X<n<X+HY e
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Let L = aH,I; = [29-1L,27L) for j = 1,2,---,84 + 17. Also let I = (1, L].

Put S; = 3. |l an |2 (j = 0,1,2,---,84 + 17). For j > 1 divide the
-n€l;

interval I; into maximum number of disjoint sub-intervals each of length
Hi (discarding the bit at one end). Since the lemma is assumed to be false
the sum over each sub-interval is > H '%S,-_l. The number of sub-intervals
is > [27-1LH-%] 1> 29-2LH"% (provided 29-'LH~7 — 2 > 2-2LH"%,
ie. 2-2LH-t > 2ie. aHl > 4ie. H > (4a~')}). It follows that
S; > 2"'2LH“§55__1. By induction §; > (%LH‘%)jso. Since Sp > 1 we
have in particular

1 1 8A+17 1 8A+17 o
Sga+17 2 (EaIII) > (_2_&) HAA+FAT
On the other hand
Ssarir= . lanf’< 30 (nH)M,

aiH<n<az H n<aaH

where a; = 16-1(20002)~" and a, = 8-1(200C2)~1. Thus Sga417 < H44+1,
Combining the upper and lower bounds we are led to

H515 < (2a-1)84+17 (5.2)

provided H > (4a“1)t‘r (the latter condition is satisfied by the inequality for
H prescribed by the Lemma). But (5.2) contradicts the inequality prescribed
for H by the lemma. This contradiction proves the Lemma.

From now on we assume that X is as given by Lemma 5.1.

LEMMA 5.2. LetA(s) = D au);", E(s)= Y,  and;’andB(s) =
g X x<n<x+HY o
F(s)~A(s)— E(8). Clearlyino > A+2 we have B(s)= Y anA;*. Let
n2X+H}

H > 210004’ 0504 17 = HE 4 100 B loglog K3, K3 > 30 and H > (2r + 5)U.
Then we have the following five inequalities.

(a) JoT | A(ét) 1> dt < 100C°H Y | an 2,
n<X
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) St U\ A(it) R dt > Y (H - (2r + 5)U — 100C?n) | an 2,
n<X

() J& | B(it) P dt <100C?HE Y |aa 2,
n<X

(d) &' | B(it) I? dt < 1000C*H Y | an 2,
n<X
and firally
(e) Jo! | A(~it)B(it) | dt < 400C*H Y |an |2,
n<X

where (d) and (e) are true provided

/OHgF(it);*dtgHZ lan |2 .

n<X

PROOF. The inequalities (a) and (b) foliow from the Montgomery-Vaughan
theorem. From the same theorem

BB Pd < ) (H+100C%n)|a,
X<n<X+HY

100C2H ). |aa|?
X<n<X4+HY

IA

and hence (c) follows from Lemma 5.1. Since
| Bi2) < 9(1 FGt) I* + | AGit) I” + | EGe) )

the inequality (d) follows from (a) and (c). Lastly (e) follows from (a) and
(d). Thus the lemma is completely proved.

We are now in a position to prove the theorem. We write (with A =
uy +u2 + - -+ + u, as usual)

H v U H—(r+3)U+A
/ | F(it) |? dt > U~ ] du, --- / duy / | F(it) [* dt
0 (4] (1] 22U+

(where (r +5)U < H and 0 < u; < U. In fact we assume (2r + 5)U < H).
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Now

| F(it) |2>] A(it) |2 +2Re(A(—it)B(it))+2Re( A(—it)E(it))+2 Re(B(-it)E(it)),

where B(s) is the analytic continuation of Y an);*. Accordingly
n>X+H ‘}

Y |
/ | Fit) [P dt > Jy+ Jo + T3 + Ja (5.3)
0 .

where & H
B /0 \A(it) |* dt, Jo = 2 Re /0 (A(—it) B(it))dt,

H H
Js =2 Re / (A(=it)E(it))dt and Jg = 2 Re jo (B(~it)E(it))dt.
0
By Lemma 5.2(b), we have,
Ji2 Y (H - (2r +5)U —100C%n) | an |* .
n<X )
Also by Lemma 5.2 ((a) and (c)), we have,
H 7 '
| Ja 1< 2/ | A(—it)E(it) | dt < 200C?HE S |an |2
¢ n<X
Similarly by Lemma 5.2 ((c) and (d)),

| Ja1<800C2HES fan|?.
n<X

For J, we use the main lemma. We choose U = H ¥ +100 B loglogK3. We
have g(s) = A(—38)B(s). We have

| g(s) I< (Z Ia.,uf)m(z Iannf) = K.

n<H n<H

By Lemma 5.2 ((e)) we have

H
[ 1960) 1 dt < 40007 Y | 0n P
0 n<X
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Again

In

A+2
Sz > lamlleal(3)
m<XnoX 4t
Z (mH)A(nH)A(szn—l)A+2
mSX.'nZX+H}
< (A 4A+3

IA

Put 7 = 3% —1 where N = [X + H|, M = [X]. Then 0 < & < 29¥=M)

—-——H—wj ki < :} under the conditions on H imposed in the theorem. Hence

AN AN — AM) U(N—-M—-S) i Hi-3 HE
5 i [ it & B e | S et Hs
viog (3) 2 3 (M) 2 7 (Fmr ) 257 (o) 2 3
(under the conditions on H imposed in the theorem). Thus
Sy < 27S, H-§(3C?)".

We choose r = 1004 + 100 and check that U > 27°(16B)?, and that H >
(2r + 5)U. Thus by applying the main Lemma we obtain

2 4 2\or 2A+4 174443
illeﬁ 23;0+§__§i(400023)+(H+64B )2'C : H
2 U ((3C?)-1HE)

+16B2E2p( ) CZA+4H4A+3 } Z I an '2
n<X

Hence 5
[ 1 F@ P2 S (- D - 10007 e 1,
n<ald
where
= (2r + 5)U + 1000C2H3 + 431;:. 4 43200C?BH |
+(H + 6432)2"“CZA+4(3C2)1'H4A+3_.;_
+328? Ezp (- ) CPA+H 4+

< 130000 A%loglog K3 + 405AHE + 100002 HE + 3642H%
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+43200C%(3A)H
+600A2H(2100A+101)02A+43100A+1000200A+200H4A+3—12A—12
+300A42C?A+4(720)(56)(24A)8H §

< 130000A4%l0glog K3 + H% {4054 + 1000C2 + 36 A2 + 120600AC?
£ 600A20406A3401A + 358A1006A} '

< 130000A%loglog K3 + (3C)'0004,

This proves the theorem completely.

The next two theorems due to K. Ramachandra belong to a different
class in the sense that restrictions of bounds like those involving K do not
appear. His paper follows ours.
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