Hardy-Ramanujan Journal 46 (2023), 63-89 submitted 20/11/2023, accepted 23/02/2024, revised 26,/02/2024

Class Number Formulas for Certain Biquadratic Fields

Elizabeth Athaide, Emma Cardwell and Christina Thompson

Abstract. We consider the class numbers of imaginary quadratic extensions F'(1/—p), for certain primes p, of totally real quadratic
fields F' which have class number one. Using seminal work of Shintani, we obtain two elementary class number formulas for many
such fields. The first expresses the class number as an alternating sum of terms that we generate from the coefficients of the power
series expansions of two simple rational functions that depend on the arithmetic of F' and p. The second makes use of expansions
of 1/p, where p is a prime such that p = 3 (mod 4) and p remains inert in F. More precisely, for a generator er of the totally
positive unit group of Op, the base-e p expansion of 1/p has period length £f ,, and our second class number formula expresses
the class number as a finite sum over disjoint cosets of size g ,.
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1. Introduction

The theory of class numbers has a rich history, beginning with Gauss’s effort to understand how
primes could be represented by positive definite binary quadratic forms [Cox89]. Gauss recognized that
SL2(Z) acts naturally on positive definite integral binary quadratic forms f(X,Y) = aX24+bXY +cY?
with fixed discriminant —d = b? —4ac. He proved that the set of equivalence classes under this action
is a finite abelian group; the order of this group is known as the class number h(—d). The class
group for quadratic forms of discriminant d is also isomorphic to the ideal class group for the ring of
integers of the quadratic field @(\/&) Therefore, it is natural to ask whether results about Gauss’s
class numbers are glimpses of results for the class numbers hx of more general number fields K. In
this spirit, we recall two surprising results for Gauss’s class numbers.

In the 1970s, Hirzebruch [Hir87] and Zagier [Zag75] found an elegant formula for h(—p), when
7<p=3 (mod 4) is prime and h(4p) = 1. If the simple continued fraction for \/p is written as

1
\/13=a0+—1=[6107a17---,(12t],
QT
as + —

where the repeating period begins with a; and has minimal even length 2¢, they proved that

2t

h-p) = 3 D (-1 (1.1)

k=1

More recently in the 1990s, Girstmair [Gir94] found another elegant formula as an alternating sum
of numbers that are even simpler to describe. Namely, if g is a primitive root modulo p, he examines
the base g expansion of 1/p, which is eventually periodic with period length p — 1 (see [HaWr2008],
Section 9.6). If this period is Z1Z3...2p—1, where 0 < z; < g — 1, then he proved that

p—1
M=) = — > (o (1.2)
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A priori, these results are unexpected relationships between combinatorial sums and class numbers
of binary quadratic forms with discriminant —p. Since class numbers of binary quadratic forms are also
examples of class numbers of number fields, it is natural to ask whether (1.1) and (1.2) are glimpses of
a more general theory where class numbers of number fields can be described as alternating sums of
combinatorial numbers. We show that this is indeed the case for a large class of imaginary quadratic
extensions of real quadratic fields F'. To make this precise, suppose that F' = Q(\/&), where d > 1 is
square-free. Throughout, we assume that its ring of integers Op has class number 1. We note that
Or = Z[0Fr], where we let

P Vd ifd=3 (mod 4)
PTIm4 ifd=1 (mod 4).

The imaginary quadratic extensions of F' that we consider are of the form F(,/—p), where p is
a prime for which 7 < p = 3 (mod 4) and (%) = —1. These conditions imply that the relative
discriminant ideal is the prime ideal pOp (see Lemma 2.3). Moreover, for convenience, we fix a
generator prp := a + bfr € O such that (Or/pOr)* = (prp + pOr) = IE‘;.

In this setting, we derive a class number formula for F'(,/—p) as an alternating sum that arises
from p and invariants of F. Our key observation is that the combinatorial structure that underlies
(1.1) and (1.2) can be reformulated in terms of recurrence relations that can be captured by the
coefficients of distinguished rational functions. Therefore, our goal is to define two rational functions
(reflecting that F' has degree 2 over Q) whose coefficients can be incorporated into an alternating sum
that yields the class number hp( /=5.

To this end, we use prj, = a + bfr to define integers

CF,P = a2 +ab - TI"F/Q(QF) + NOI"HIF/Q(QF)[)Q,
DFJ' =2a+b- TI‘F/Q(QF),

and in turn, to define the rational functions as

az — Cpp2?
Xpp(z) = x(m)z™ = P , 1.5
o) = S alm)" = g T (1.5
bz
Yr,(z) = m)z™ = . 1.6
)= S ulm) = (1.6

Moreover, we must delicately take into account the presence of nontrivial units as they inform class
number calculations. To make this precise, we recall that Dirichlet’s Unit Theorem implies that

= {ia%, j € Z}, where ep = s + t0p is the totally positive fundamental unit. We then define ¢
pairs of sequences, say {(z;(m),y;(m)) : m > 1}, where t is the coefficient of § in e, that encode
the action of ep by means of expressions involving x(m) and y(m) (see (3.13)). Finally, we find that
the analogues of the right hand side of (1.2) turn out to be obtained from the quadratic form

Qr(Y1,Ys) := TI"F/Q({-:F)Y12 +4Y1Ys + TrF/@(ep)Y22.
In terms of this data, we obtain the following theorem, which gives a formula for the class number
he(v=p)-
Theorem 1.1. Assuming the notation and hypotheses above, we have
1
hp(/=p) = 16122 Z (—=1D)"QF (zi(m),yi(m)) .

1<m<p?—1
1<i<t
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Remark. For real quadratic fields F' with Ay = 1, Theorem 1.1 applies for one-fourth of the primes.
This follows from the strong version of Dirichlet’s Theorem on primes in arithmetic progressions,
which implies that the primes p such that p =3 (mod 4) and (%) = —1 have density 1/4.

Example. Here we illustrate Theorem 1.1 with ' = Q(v/3) and p = 7. The field F(v/—7) has class
number hF( V=T = 2. Note that F' has class number 1, and its totally positive fundamental unit is

ep =243, and so t = 1. The prime p = 7 satisfies the required conditions that p = 3 (mod 4) and
(%) = —1. Therefore, we have that the principal ideal 70r C @ = Z[v/3] is prime, and so we have
that Op/70p = F49. One can check that pp, = 6 + V/3 generates the multiplicative cyclic group
(Qp/70p)* = Fuy. Thus we have a = 6,b = 1, and using (1.3) and (1.4), we find that Cp, = 33,

and D, = —12, which in turn by (1.5) and (1.6) give

62 — 3322
_ _ 2 3 4 _
Xpyp(Z) = Z x(m)zm =624 392" 4+ 2702° + 19532 4+ --- = m,
m>1
_ _ 2 3 4 _ z
Vip(2) = D plm)z" = 2 41227 411127 49362 - = T
m>1
Theorem 1.1 offers a formula for hj J/=7) as an alternating sum of 72 — 1 = 48 terms that are

assembled from the first 48 coefficients of Xp,(2) and Yp,(2). Furthermore, because t = 1, the
relevant pairs {z1(m),y1(m)} are merely reductions of the pairs of coefficients {x(m),y(m)} to a
specific fundamental domain, as given in (3.13). One finds that

.%'1(1) = 1, .%'1(2) = —5, ey .7]1(48) = —5,
(1) =—=5, n(2)=—-4, ..., y1(48)=—T7.

We now use Theorem 1.1 to calculate h F(/=7):

1
1<m<48

1
= oy (~84 476 - 300+ 52— 28+ - + 436) = 2.

We circle back to the fact that the class number formula in (1.2) makes use of the base g expansion
of 1/p. We stress that the number of terms in the sum, which is p — 1, is the length of the repeating
period of this expansion. Therefore, we ask whether the expression in Theorem 1.1 can be reformulated
so that the number of terms in the sum equals the period length of an analogous expansion of 1/p.
We find, indeed, that this is the case.

In the setting of Theorem 1.1, it is natural to consider the base-cp expansion of elements o € F'.
To be precise, there is a unique sequence of integers ay, an—1,...,a0,a-1,a_2,..., with 0 < a; < |ep],
for which

o= anep + %7167}71 + e dag+ a,legl + a,25;2 4 (1.7)
The above expression is called the base-cp expansion of a, and it is well-known that such expansions

are eventually periodic (see, for example, [Sch80]). To recast Theorem 1.1 in terms of these expansions,
we require the following finite set:

1
Rpy = {7’1 + rogp € EQF :r1 € QN (0,1],72 € QN 0, 1)}, (1.8)
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which is known as the Shintani set for F' at p, when p = 3 (mod 4) and (g) = —1. The totally

positive units define a group action of @;’Jr := (ep) onto R, as follows.

ep * (r1+roep) = (1 —r2) + {r1 + r2Trp/g(er) fer,

where {z} := x — |z] is the fractional part of x. Under this action, the set Ry, is a finite disjoint
union of orbits, say
Rpp= || OpTxr
reO N\Rp,
For r € Rp,\OF, we prove (see Lemma 4.8) that the number of elements in the orbit of r under ep
is equal to the period length of 1/p in base e, which we denote ¢f ). This allows us to now state

the desired class number formula as a sum over /f, terms, where we make the following abuse of
notation:

Qr(r1 +rer) = Qr(r1,r2).

Theorem 1.2. Assuming the notation and hypotheses from Theorem 1.1, we have

Lpp

1 .
heo=p = > > Xrwmpyr (rPOR) Qr(eh 1),

i=1 TEO;’Jr\RF’p

where X p(,/=p)/F S the unique quadratic Hecke character of conductor pOp.

Example. Now we illustrate Theorem 1.2 with F' = Q(v/3) and p = 7, where hr = 1 and ep = 2+/3
(so t =1). One can check (for example, using SageMath) that the base-ep expansion of 1/7 is

1 > , . , , , .
1=0

= 0.0132202230.

Thus, we see that the base ep expansion of 1/7 has period length fp7 = 8. Since |Rp7 — Of| =
tp? —t = 48 (see Lemmas 2.6 and 2.9), we deduce that (’);’Jr\(RF;— OF) contains 48/(r7 = 6 disjoint
orbits. One can also verify that the set

1,111 4 15 2.2 3
A A AN A A A A A

is a complete set of orbit representatives for (9;’+\(RF’7 — Op). Equipped with these values,
Theorem 1.2 states that

8
1 7
hem =70 DL Xewomyr (rPOF) Qr(ch + )
i=1 reRF,p\O;”L
_ 1 < 220 228 188 212 180 204> _9
-:(-Z 204 _

7+7 7+7 7+7

Remark. We do not believe that these results will be useful for improving the efficiency of algorithms
that compute class numbers.
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Theorems 1.1 and 1.2 are generalizations of the results from Hirzebruch-Zagier and Girstmair to
the setting of imaginary quadratic extensions of real quadratic fields F' with hr = 1. Within this new
setting, we prove our theorems by working with a class number formula analogous to the one used in
the quadratic setting by Hirzebruch, Zagier, and Girstmair.

Both (1.1) and (1.2) arise from a finite version of Dirichlet’s class number formula, which relates
the Dirichlet L-function, an infinite series, to the class number of Q(v/—d):

L(]-de) = (7d)7

B
wvVd
where w represents the number of roots of unity in Q(v/—d), and xq is a primitive Dirichlet character
of conductor d. Using the functional equation of this L-function, the above equation can be written
in terms of L(0, x4), which in turn allows us to use the Hurwitz {-function and the periodicity of
X4 to rewrite this class number formula as a finite sum of Bernoulli polynomials evaluated at integer
points. Our work uses an analogous formula of Shintani [Shi76], which expresses the class numbers of
totally imaginary quadratic extensions of totally real fields as finite sums assembled from Bernoulli
numbers.

In Section 2, we review the background needed to state Shintani’s class number formula for
imaginary quadratic extensions of real quadratic fields F' with hr = 1. These formulae involve
“Shintani sets,” which are something like fundamental domains for the action of the totally positive
units on £Op. The crux of our work relies on combinatorial properties of these sets, which we derive
in Section 2. Then, we prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4. Finally, in
Section 5, we use Theorems 1.1 and 1.2 to calculate class numbers of Q(+/3,/—p), where p = 3

(mod 4) is prime, (%) = —1, and p < 100.

2. Shintani’s Class Number Formula and Properties of Shintani Sets

In this section, we discuss the background needed to state Shintani’s class number formula. While
Shintani’s theorem is true for totally imaginary quadratic extensions of a totally real field of arbitrary
degree, we restrict the following commentary and definitions to the case that F' is quadratic with
class number 1. Throughout this section, we fix a real quadratic field F' of class number is 1 and a
totally imaginary quadratic extension of F'; which we denote K = F'(y/—p), where p =3 (mod 4).

2.A. Algebraic Background

Shintani’s formula can be used to calculate the relative class number hy /hp in terms of invariants
of F, K, and the extension K/F itself. Before stating the formula, we review the definitions of these
invariants.

The regulator Ry of a number field L measures the density of units in the ring of integers. The
regulator can be determined by considering the matrix

[Njlog(o(us))],

where each u; is a fundamental unit from the set uq, ..., u generating the unit group in Oy, each o;
is a unique Archimedian place of L, and NN is defined to be 1 if o; is real, and 2 if o; is complex. If
we define 1 and ry respectively to be the number of real and complex embeddings of L, by Dirichlet’s
unit theorem, we see that this matrix has dimension (r1 4+ 79 — 1) x (r1 +72). The regulator Ry, is the
determinant of the square submatrix which is formed by deleting any single column of this matrix.
Since the sum of the entries in each row of this matrix is 0, this determinant is independent of which
column is deleted. If we consider the rows of this matrix as forming a lattice in R™*72~! then the
regulator is directly proportional to the volume of the fundamental domain associated to this lattice.
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Next, we examine the unit groups of O and Op. Since F is a real quadratic field, and K is a
totally imaginary quadratic extension of F, Dirichlet’s unit theorem implies that Op and O are
both Z-modules of rank 1. More precisely, if we let up and px represent the groups of roots of
unity in F' and K respectively, there exists ep € Op and ex € Ok such that O = pup x (ep) and
O = pk % (k). Since F is real quadratic and any of e, —¢p, 6;;1, —E}l can generate the free part
of O, we can choose e to be totally positive and greater than 1.

Lemma 2.1. We have Oy = OF. In particular, we may choose ex = €.

Proof. A theorem by Frolich and Taylor shows that [Op : Ofug] = 1 or 2 (see Theorem 42 in
[FrTa91]). Since K = Q(Vd, /—p) for p > 7, ux = {£1}. Thus px = pr, so [OF : OF] =1 or 2.
Now, assume for the sake of contradiction that [0 : OF] = 2, so ex ¢ OF, and €% € Of.
Since K NR = F, we see that ¢ ¢ R. However, we know that e%( € O C R. Observe that both
ex € C— R and €% € R if and only if Re(ex) = 0. Additionally, Normp /q(ex) = £1, which implies
that ex = +i. However, this is a contradiction since i ¢ K, so we see that [0 : O] = 1, and hence
O = pur X (ep) = pr X (eF), so we can choose ex = ep. O

Equipped with the fact that ex = ep, we may now relate the regulators Rxg and Rp of K and F,
which we do in the lemma which follows.

Lemma 2.2. For F' and K as defined in the beginning of this section, we have that Rg = 2Rp.

Proof. Since ep = e by Lemma 2.1, the regulators of the fields F' and K as previously defined are
determined using the following matrices:

Rp: [logler|  log| —epl]
Ry : [2logler|  2log|—epl]

Thus Rr = log|ep| and Rix = 2log |ep| = 2Rp. O

Next, we review the definition of the relative discriminant ideal Dy for our fields K and F'.
Recall that I has class number 1, so D/ is principal. Since K/F' is quadratic, it is Galois, and its
Galois group consists of two elements: the identity and complex conjugation. In this setting, Dg
is given by

2
w w

where {w1, w2} is an integral basis of K/F. We know that an integral basis will exist in our case by
the following argument. From the structure theorem for finitely generated modules over a Dedekind
domain, we have that O = O% @ a, where a is an ideal of Op and n € Z>( (see Theorem 1.32 of
[Nar90]). Since hrp = 1, implying O is a principal ideal domain, Ok must be a free Op-module of
rank 2 = [K : F].

Lemma 2.3. The set {1, Hzﬂ} is an integral basis of K/F, and thus we have D /p = pOF.

Proof. Let A be the change-of-basis matrix from the integral basis {w;,ws} to the F-basis {1, @}

We see that
1 1+\2/—To
pOr = | det ) iy

2

2
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Since Of is a Dedekind domain, ideals in Of factor uniquely. Therefore since pOp is prime by
assumption, det A must be a unit in Op, so A € GLy(Op). Thus, {1, @} is an integral basis of
K/F. Using this integral basis, we see that

1—v=p 1+v=p\*
DK/F:< 9 P_ 5 p) Or = pOp.

g

Finally, since Gal(K/F') = Z/2Z, there is a unique nontrivial character x : Gal(K/F) — C*. By
class field theory, we can consider the precomposition of y with the Artin symbol to obtain a character
Xr/F of the group of fractional ideals that are relatively prime to Dg,/p. This is known as the Hecke
character of K/F with conductor D p. By definition of the Artin symbol (see, for example, [Cox89)
page 106), we can explicitly compute the value of x g/ for any prime ideal p:

1 p splits in O
XK/F(P) =4 —1 p remains inert in O
0 p ramifies in O.

Remark. Shintani’s class number formula relies on the narrow ideal class group character with
conductor Dy, evaluated at fractional ideals. This corresponds to a primitive Grossencharakter
with modulus Dg/r (see Prop. 6.9 in [Neull]). Since Gal(K/F) = Z/27Z, the nontrivial character
x : Gal(K/F) — C* is unique and injective, so class field theory implies that the primitive
Grossencharacter with modulus D is unique and corresponds to x. Hence, we can see that the
character used in Shintani’s formula is exactly the Grossencharakter. For more details, see Sections
6 and 10 in [Neull].

Remark. For any unit u € K and any ideal a C Ok, u-a = a, and hence xg/p(u - a) = Xg/r(a).

2.B. Shintani’s Class Number Formula

In this section, we prove a simplified version of Shintani’s formula for real quadratic base fields F
with hF = 1.

Proposition 2.4. For a totally real quadratic extension F of Q with hp = 1 and K = F(y/=p) a
totally imaginary quadratic extension of F' where 7 < p =3 (mod 4) remains inert in Op, Shintani’s
formula simplifies to the following:

1 By, (r1) By, (r _
hK:§ Z XK/F((T1+T26F)DK/F> Z By (r1) Bia 2)TTF/Q(EF)Z2 Y

Iq! Io!
reRp, 0<ly 2 <2
1 +1=2

where
RFJ):{T:T'l—i—TQEF :0<m<L,0<ry<,re %(’)F},

and By (z) is the degree n Bernoulli polynomial. As [F : Q] = 2, Shintani’s formula only requires the
following Bernoulli polynomials:

1 1
By(x) =1, Bi(zx)=z— X By(x) =22 —x + 5

Proof. We follow [Shi76] by first considering the embedding F — R? via

F—R? aw (a,a'),
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where a — ' is the nontrivial automorphism in Gal(F/Q). Shintani shows that the first quadrant
R2 :={(z,y) € R? : z,y > 0} can be decomposed as the following disjoint union:

R = |J ncru | nC

7]6(9;;’+ nGO;i”L
where C| is generated by the images of 1,ep in R? and Cy is generated by the image of 1:
Cr = {1, 1) + Xa(ep,efp) €R? A, h9 >0}, Oy ={A(1,1) € R? : X >0},

and n € O;’Jr acts by component-wise multiplication. Next, for each cone C;, Shintani defines the
set R(1, %(’)p) as the following vectors with components in Q N (0, 1]:

R(L%OF) = {(7“1,7“2) €Q®: 0<r,r <1, ri4mepe %OF}
rfufor) = {nee o <nstneior)

Let xg,r be the unique quadratic character of the narrow ideal class group of F' with conductor pOF,
associated to K. Then, assuming the notation above, we have the class number formula

SYww R By, (r1)By, (r —
hp = f FX - E XK/F((T’l + 12er) pOF Z WTrF/@ (6? 1)
Ry [OF 1 OF } reRr(1,50r) (l;’bgezzzo -
1+l2=

- > xx/r(rspOr)Bi(rs) |
T’3€R<2,%0F>

where wg is the number of roots of unity in K ([Shi76], Theorem 2).

We first simplify the coefficient term in this formula. Recall from Lemma 2.2 that Rp/Rxg = 1/2.
Since K = Q(v/d, /—p) for p > 7, we have wx = 2. Furthermore, since we may choose the fundamental
unit of F to be totally positive, we see that O = {£1} x O3, so we get [0 : O] = 2. Then,

2w Rp
Ry |0F: OF]

= 1.
Next, we reindex the sum. First we split the set R(1, %OF) into two parts. Consider the sets Ry, Ro
given by

Ry = {(7“1,7"2) S Q2 t0<r <1,0<rgo<1,ry +1r9ep € %OF}

Ry = {(rl,rg) €eQ?:0<m<l,rg=1,r +repe %OF}-

Additionally, for simplicity we denote the inner sum of Shintani’s formula by:

B B _
B(ri + reep) := Z MTQ:/Q (6% 1) .

2 - I11lo!
(ll,l2)€Z220
l1+12=2
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By splitting the sum with R(1, %OF) = Ry || R2, we see that

hi =) XK/F((H + 7“2€F)pOF>B(7”1 + roer)
reR;

+ > Xk/F ( (r1+ €F)P(9F) B(ri+er) — Y xrp(rpOrp)(r—1/2).  (2.9)
reR reRr(2,20r)

Since e € O and Xri/F has conductor pOp, we have XK/F(HPOF) = XK/F((Tl + EF)pOF).
Moreover, comparing B(r1) and B(r; + ep), we see that

r?—r1+1/3 ry—1/2
B(T‘l) — 114/TI'F/Q(5F) _ 12/
2
—r+1/3 —1/2
B(ry +ep) = rlTZ/TrF/Q(aF) + “2/ = B(r1) +r —1/2.

Thus (2.9) simplifies to

1 By, (1) By, (r2) lo—1
hi = B Z XK/F((Tl +12er) pOF Z Wﬁw@ (51«3 )
r€RE, (l1712)62220

1 +12=2

where Rp, is given by

RFjp:{r:rl—krgsp : O<7‘1§1,0§r2<1,r6%0F}.

Definition 2.5. We call Rg, the Shintani set associated to F' and p.

2.C. Properties of Shintani Sets

In this subsection, we identify a correspondence between R, and the finite field F,,2, which will play
an important role in our proof of Theorem 1.1. Namely, we make use of this correspondence and the
cyclic structure of the multiplicative group IF;Q to enumerate the elements of R, — OF using the

powers of a generator of F,.

Throughout this subsection, we fix a totally real quadratic field F' and an imaginary quadratic
extension K = F'(y/—p), where p =3 (mod 4) and p remains inert in Op. We let ep = s + t0p, and
to simplify notation, we denote

e:=cp and R:= Rpy,.
We begin by giving an explicit construction of the Shintani set:

Lemma 2.6. The Shintani set R can be written as:

A B
R:{t]o+w5 : A+sB=0 (modt),AE(O,tp]ﬂZ,BE[O,tp)ﬂZ}.
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Proof. By Lemma 2.3, we have Dy /p = pOp. As such, for any element r; + roe € %OF, we have

1
r1 4 rog = (7’1 + 87“2) + trofp € EOF

The set {1,0F} constitutes an integral basis of O, meaning we can write any element of the Shintani
set as r1 + roe = % + %HF € %OF, for some A’, B € Z. Note that

/

— =7r1+sry and — =try.
p
In particular, we have
B
rog = —
2 tp7
and since r9 € [0,1), we see that B € [0,¢p). Additionally, we see that
A tA'—sB A
r=——8rg = ——— = —
tp tp

where A :=tA’ — sB. We know that r € (0,1], so A € (0,tp|. Moreover, since

A B A+sB B 1
— + —& = +*9F€*OF,
tp  tp tp D D

we must also have A+ sB =0 (mod t). From the expression above, we can see that every element of
the form % + ga with A,B € Z, A € (0,tp], B € [0,tp), A+ sB =0 (mod t) is in the Shintani set.
This finishes the proof. O

Next, we want to identify R with the finite field F2. We begin with the work of Barquero-Sanchez,
Masri, and Tsai, who proved that R is a finite abelian group with respect to the following operation:
raor =r+1r +Z¢
(see Proposition 4.3 in [BMT21]). This allows us to prove the following proposition relating R to [z,

a property that is central to our proof of Theorem 1.1.

Proposition 2.7. The Shintani set R has a structure as a Zle]-module. This structure admits a
surjective Z[e]-module homomorphism 7 : R — F 2.

Proof. We begin with the Z[e]-module structure on R. By definition, the fractional ideal %(’)F is an
Op-module, and since Z[¢] is a subring of O, we observe that %(’)F is a Zle]-module by restriction of
scalars. Furthermore, since Z[¢] is a Z[e]-submodule of ?1)0 r, we have that I%OF /Ze] is a Z[e]-module.
Moreover, R C %C’)F is a complete reduced set of coset representatives for %OF /Ze] (see Proposition
4.1 in [BMT21]). Thus R has the structure of a Z[e]-module and can be identified with ]%OF/Z[s].

Since R C %(’)F, multiplication by p defines an injective Z[¢]-module homomorphism
R— Op, r+—pr+pOp.
If we compose this map with the projection Op — Op/pOp, we obtain the map
m:R— Op/pOp, 1+ pr,

which is surjective, as shown in Proposition 4.4 of [BMT21]. If p remains inert in F, then pOp is
prime and thus maximal, so O /pOF is a finite field. Then, since F' is quadratic and O = Z[0F],
we know that

OF/pOF = Z[QF]/pZ[QF] = Fp[e] = FPQ.
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Remark. By the First Isomorphism Theorem,
R/ker(ﬂ) = (’)F/p(’)p

Note that this is an isomorphism of groups, and therefore pertains only to the structure of R as an
additive abelian group. We do not require a multiplicative structure within R here; rather we point
out that the map

m: R/ ker(m) — e

is bijective. We will make use of this bijective correspondence in the proof of Theorem 1.1.
Lemma 2.8. The elements of ker(w) are exactly those elements of R which are in Op.

Proof. Assume r € ker(m). Then, since I(7) = Op/pOp, we have

m(r)=0 < prepOp <= r € Op.

Now we are in a position to explicitly describe the elements in ker(rw).

Lemma 2.9. The kernel of the map m is given by

ker(ﬂ):{l—{stz}[ )+15\0§z‘§t—1}
0,1

In particular, we have that |ker(m)| = t.
Proof. Consider r € ker(7). Using Lemma 2.6 and noting that € = s+ tfp, we see that r has the form

A B A+sB B
=4 Ze= + Z0F.
tp  tp tp D

r

By Lemma 2.8, r € ker(r) <= r € RN Op, so we have that ‘L“trTfB € Z and 8 ¢ Z. The second
condition implies p|B, and since B € [0,tp) N Z by Lemma 2.6, we see that B = pi for i € [0,t) N Z.
The condition that A‘;TfB € Z implies that A = —sB = spi (mod tp). Since A € (0,tp]NZ by Lemma
2.6, A is uniquely determined by B. More precisely,

A=tp—(spi (mod tp))

where spi (mod tp) is the least positive residue of spi € Z modulo tp. We can further simplify this
expression; since
spt

spi (mod tp) = spi — tp {tJ ,
p

ker () C 1—{81} T ie[0,)NZy,
t 0,1) t

where {-} denotes the fractional part function {z};, defined as the unique element of I satisfying
x —A{x}; € Z. The converse containment is seen immediately from the fact that that ¢ = s+ t0p and
the definition of spi (mod ¢p). Thus, ker(7) has size exactly ¢. O

we have that

We will denote the elements of ker(7) as

ni::1—{82} vl for ie{0,1,...,t—1).
[0,1)
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3. Proof of Theorem 1.1

Equipped with these facts about the Shintani set described in the previous section, we now prove
Theorem 1.1. Our proof relies on features of the structure of the Shintani set which come from from
the bijection between Rr )/ ker(m) and 2, as well as some properties we derive of the Hecke character
across the Shintani set. Again, to simplify notation, we let € = ep, R = Rp,), and p = pry,.

We are now able to describe the Shintani set using the multiplicative structure of F; = (p+pOF).
Using the bijection from R/ ker(r) to F,2, we have

P2
p*-1
R = ker(m) U |_| 7™ + pOr)
m=1

For each m between 1 and p? — 1, choose one element in the coset 771(p™ + pOr), which we denote
Z(m) +y(m)e € R.

Next, we explicitly calculate each Z(m) and §(m) in terms of p™. Note that {1,0r} is a F)-basis
of Fp2, so we can write p” 4 pOFp := x(m) + y(m)fF for some integers x(m),y(m). Observe that,
since € = s + t0p, we have

8 .
P+ pOp = x(m) — + €.
Under multiplication by p and reduction modulo p, the point

. 1
2(m) s ylm) | ylm) 1,
P tp tp D

maps to p™ + pOp. Thus, if we subtract a suitable element of Z[¢] from this point, we obtain a point
#(m) + §(m)e € R that is a preimage of 77 1(p™ + pOr). In particular, we see that

o — {A;n) s i,;m }m? im) = {@/g)}m’n.

Since 7(z(m) + g(m)e) = p™ + pOp, we can construct the entire coset from this element:

L™ + pOp) = {(:ﬁ(m) +y(m)e)dr;:1<i< t}.
For simplicity, we write
Z;(m) + gi(m)e := (&(m) + y(m)e) ® k;. (3.10)

Using our explicit construction of ker(7) given in Lemma 2.9, we can similarly explicitly construct
each Z;(m), yi(m). We see that

oy = JEm) seym) o fsi
i(m) {p tp 1 {t}[o,n}(o,u

Gilm) = {ygf) " i}[o,n'

Thus, we can write R as the following disjoint union:

p*-1
R = ker(m) U |_| {:i'z(m) +gi(m)e:1<i< t}

m=1
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By Proposition 2.4, we simplify Shintani’s class number formula to obtain

hK - % Z XK/F <(f)§1(m) + @z(m)s) . pOF> . Z Bh (i'l(m)) Blz (gi(m))TrF/@(gF)IQ_l.

I I!
1<m<p?~1 0<ly,12<2
1<5i<t li+l2=2

(3.11)

We can also simplify the Hecke character term. Consider any element r; 4+ ree € R and any
element ki + koe € ker(mw). By Lemma 2.8, we have ky + koe € Op. Since the Hecke character has
conductor pOp, we have

XK/F <(T1 +r9e + k1 + kQE)POF> = XK/F < ((r1 +726)pOF) + POF) = XK/F ((Tl + Tzé?)P@F) :

Thus, the value of xg/p(71 + r2¢) depends only on the coset of 71 + roe in R/ ker(r). Therefore, we
have that

XK/F ((fi(m) + ?]i(m)€)P0F> = XK/F <(f(m) + ?J(m)€)P0F> :
By definition,
p(Z(m) +y(m)e) — p™ € pOp.
Using this and the multiplicativity of the Hecke character, we get
xk/F((Zi(m) + §i(m)e)pOr) = xk/r((p™ + pOr)OF) = xXr/r((p + pOF)OF)™.

If xg/r((p + pOF)OF) = 0, then since (Or/pOr)* = (p + pOr), we would have that
Xri/F(rpOr) = 0 for all r € R. However, this contradicts the definition of xg/p. Moreover,
X /F((p+pOr)OF) # 1, since we would then similarly have that x g/ p(rpOr) = 1 for all r € R—OF,
but xx/p is a non-trivial character by construction. Thus, we see that xx/r((p + pOr)OF) = —1,
which implies

o (@(rn) n @-(m)s)pop) — sy ((p + POR)OR)™ = (—1)™.

Thus, Equation 3.11 simplifies further:

1 By, (zi(m)) B, (g:(m _
hx = 5 Z (_1)m Z 1(ll'( )) 2([1'( ))TTF/Q(5F)12 1‘
1<m<p?~1 0<ly,l><2 v 2z
1<i<t l1+12=2

Next, we simplify the Bernoulli polynomial part of the class number formula. We consider

S Bulm) By

o<z ba!
l1+12=2
z;(m)? — &;(m) +1/6 ~ 1 ~ 1 G:(m)? — §i(m) + 1/6
— Trpya(e) RN I g (3 - 5 ) (tm) - 5 ) + Topy(e) BRI

N REIC N) BE T

for some constant cg. Since for any constant c,

1<m<p?—1
1<i<t
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we can ignore the constant term ¢y that arises in the inner sum of Bernoulli polynomials. We can
write the class number hx as

2 2
i = fl > o TrF/Q@)(@(m) - ;) +4(zi<m> - ;)(gxm) - §>+TrF/@<e><gi<m> - ;) ]
e (3.12)
If we define
zim) = tp(25:(m) — 1) and  yi(m) = tp(2§i(m) — 1), (3.13)

we can then rewrite the above equation as

hy = 1(31512172 Z (=nm [TrF/Q(E) <mz(m)>2 + 4(xz~(m)> (yi(m)> + Trp/g(e) <Z/i(m))2]_ (5.14)

Finally, by defining the quadratic form
Qr(Y1,Y2) := Trpg(e)Y? + AV1Ys + Trp/g(e) Yy,

we rewrite (3.14) as

1 m
b= ez 2 (V"R (ilm), ui(m)).
p 1<m<p?—1
C1<i<t

(3.15)

The last step is to derive recurrence relations for xz(m),y(m), the coefficients of p™ + pOp =
z(m) 4 y(m)0p. The minimal polynomial of Op is 2* — Tr(0p)z + Normpq(fr), which implies

0% = Trp/(0r)0r — Normpg(0p).

To simplify notation, let 7' = Trp/q(0r) and N = Normp/q(0F). Since p := a+be, we have the initial
conditions (1) = a and y(1) = b. Then, we get

Pt =2(m+ 1) + y(m + 1)0F = (2(m) +y(m)0r) - (a+ bOF)
=a-xz(m)— Nb-y(m)+ (b ~x(m) + <a + Tb) . y(m)) Op.
This implies the following recurrence relations:

z(m+1)=a-z(m)— Nb-y(m)
yim+1)=b-xz(m)+ (a +Tb) - y(m).

Then, consider functions X (z), Y (z) given by

X(z2) =Y x(m) 2", Y(z)=) y(m) 2" (3.16)

Using our recurrence relations, we can set up a system of equations to find explicit expressions for
X(2),Y(z) as rational functions determined by (1) and y(1). We see that
X(z)=z-[a-X(2) = Nb-Y(2)] +az

Y(2)=z- {b'X(z) + <a+Tb> -Y(z)} + bz,
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7T

which gives

az — (a® + abT + Nb?)z?

(a2 +abT + Nb2)z2 — (20 +bT)z + 1
bz

(a2 4 abT +b2N)22 — (2a +bT)z +1°

We simplify these by letting Cp,, := a® + abT + Nb* and D) := 2a + bT to get

— Cpp2? b
_ az Fp? oY) = 2z '
CF7pZ2 — DF,IJZ +1 C’F’pz2 — DF’pZ +1

X(2)

Note that the coefficients z(m),y(m) of the power series of these rational functions correspond to

those z(m), y(m) which we use to generate each z;(m), y;(m) using the formulas
zi(m) :=tp(2%;(m) —1) and  yi(m) :=tp(2g;(m) — 1).

This concludes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

Here we prove Theorem 1.2, which relies heavily on the structure of the Shintani set as a Z[e p|-module
and the related attributes of the base-er expansions of its elements. Through a series of preliminary
lemmas, we set up the proof of Theorem 1.2 by relating the base-cr expansion of 1/p to the orbit
of elements in Rp ), — ker(m) under the action of ep. This allows us to derive a finite sum analogous
to Girstmair’s (1.2), in which the number of summands is equal to the period length of the base ep

expansion of 1/p.

Throughout this section, we fix a totally real quadratic field F' and an imaginary quadratic
extension K := F(y/—p), where p =3 (mod 4) and p remains inert in Op. To simplify notation, we

also let
e:=cp and R := Rpy,.

Additionally, we denote » € R as r := 11 + roe.

4.A. Shintani Cycles

Recall from Section 2 that we can identify R with %OF/Z[e] to make it into a Z[e] module. In

particular, the multiplicative group (&) acts on %(’) r via scalar multiplication. If we denote the map

for this group action by

1 1
p:{e) x =Op — =0Op,
p p

we can compose i with the projection map
1 1
v:-0p — *OF/Z[E]
p p

to yield
1 1
pWoi=vopu:(e)x EOF — ];(’)F/Z[E].

Note that, since v is a Z[e]-module homomorphism, y’ constitutes a group action of () on %(’)F /Zle].
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Lemma 4.1. The map
1 1
s (e) X ];OF/Z[e] — EOF/ZH, (e,a+Z[e]) ¥ 1 (e, )

is a well-defined group action.

Proof. Since i/ is a group action, it is sufficient to show that  is well-defined. Take a,a’ € %OF
such that o + Z[e] = o + Z[e|. Thus, for any n € Z, we have

(e, a + Zle]) = W' (e", a + Z[e])
=e"a+ Zle] = " + Z[e]
=1(e", o + Zg)).

Thus, 7z is well-defined, so [z constitutes a group action of (g) on %(’)F /Zle]. O

We know from Proposition 4.1 in [BMT21] that R is a complete and reduced set of representatives
of %(’)F/Z[a]. Thus, we obtain a group action () ~ R given by (e,r) + € % r, where € x r = er + z,
and z is the unique element of Z[e] such that er + z € R. We define the Shintani cycle of any element
r € R to be the orbit of r under this action, and we denote this set as C, := (&) * r.

Remark. Note that e xr € Op <= r € Op. Thus, for any r € RN Op, every element in the
Shintani cycle of r is an element of Op. We will call Shintani cycles containing elements in R —Op the
nontrivial Shintani cycles of R. We refer to Shintani cycles of elements in RN Of as trivial Shintani
cycles because the elements in these cycles are weighted by a factor of 0 in Shintani’s class number
formula (see the remark in Section 4.C.), and hence for our purposes are “trivial.”

4.B. Epsilon Expansions

A base-¢ expansion is an analogue to the usual decimal expansion. The base-¢ expansion of any
element o € F is computed in the following way. Let n := |log.(«)|. Then we have

Oé:ané‘n—i-an_ls”_l+---+a0+a_15_1+--- ,
where
an = a/e"],an_1 = |(a — an5n)/5nilj7- ca = (e —ape™ — - — ai+1€i+l)/eij, ..

We observe that ¢ is an algebraic integer which is real since F' is real quadratic, and that € must
be > 1 since it is a totally positive fundamental unit. Moreover, € must have Galois conjugate with
absolute value < 1 since F' is a real quadratic field and € has norm 1. Thus, ¢ is a Pisot number by
definition, and by consequence, Theorem 3.1 in [Sch80] shows that any element of R has an eventually
periodic base-¢ expansion.

For some o € F' whose base € expansion can be written as

a=an"+ - Fag+aie o taje Ftag P4 fape P
we call P, the period length of the base-¢ expansion of «. Additionally, we will call the ordered set
{a—k—la s 7a—k—Pa}

the period set of the base-¢ expansion of . We can further observe that any element of F whose
base-¢ expansion is finite is an element of Z[e], by the following argument.

Lemma 4.2. If a € F has a finite base-c expansion, then o € Z[e].
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Proof. If v has a finite base-¢ expansion, we can express it as
K>
Y= E me’
i=K

where K1, Ky are integers. Using that ¢2 = Trp/g(e)e — 1 and that el = Trp/g(e) — &, we can
perform the following replacement on any term mye® where k # 0 or 1:

if k£ is an even positive integer

if k£ is a negative integer.

The third equality implies that any negative integer power of € can be converted to a linear
combination of positive integer powers of . Therefore, it suffices to show that a linear combination of
positive integer powers of € can be expressed as an element of Z[¢]. The first two equalities guarantee
that any positive power of € can be expressed a strictly lower positive power of €. Thus by induction,
any finite linear combination of (possibly negative) powers of € can be expressed as an element of
Zle]. O

Proposition 4.3. The repeating part in the base- expansion of any two elements in the same
Shintani cycle is the same.

To prove this lemma, we require some preliminaries. Consider some r € R, where r = r1 + ro¢, and
recall that 0 < r; <1and 0 <ry <1, r1,r9 € Q. Hence the action of € on R amounts to:

exr=c¢c-(r +re€)+ 21 + 226

where z; + z9¢ is the unique element in Z[e] such that € - (11 + roe) + 21 + 226 € R. We can explicitly
compute bounds for z; and zo:

Lemma 4.4. Ifex (r1 +1roe) =€ - (r1 + r2e) + 21 + 226, then
z1=1, and z=—[r1+nrTrple)].
Proof. The minimal polynomial of ¢ is
z? — Trp/g(e)z + Normp/g(e) = — Tregle)z + 1,

and thus
e? = Trg/g(e)e — 1.

Consider
e(r1 +19e) = T1e +10E% = —ro + (11 + r2Trp/q(€))e.

To find € * (r; + rae), we must shift e(r1 + r2e) by some z1 + 226 € Ze] such that
—rg+2z1 € (0,1, and 71 +r2Trp/gle) + 22 € [0,1).

It is immediately apparent that zo = —[r1 + roTrp /Q(E)J. Further, since 11 + roe € R, we have that
ro € [0, 1), so we see that z; = 1. O
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Note that the above proposition and our bounds on r; and 72 imply that —Trp/g(e) < 22 < 0.
Before we show that the repeating part of the base € of elements in the same Shintani cycle is the
same, we require one more fact about €, which we now prove.

Lemma 4.5. We have that [e] = Trg/g(e).

Proof. Let € = s + tv/d. We start by showing Tr r/0(e) > [e]. Observe that

1
Trp)ge) =€+ R = Trpgle) > e = Trpsgle) > [e],

because the trace of an algebraic integer is always an element of Z.
Now we will show that Trp/g(e) < [e]. Assume for the sake of contradiction that Trp/g(e) >
[e] + 1. Then we have that

e2+1 9
>lel+l = 1l—e>¢ele]—e">0 = 1>e¢.

TrF/Q(a) >Jel+1 =
However, by definition, € > 1, so we see that
Trijg(e) < [e] +1 = Trpjg(e) < [el.
O

Now we proceed to prove that the repeating part in the base-¢ expansion of any two elements in
the same Shintani cycle is the same.

Proof of Proposition 4.3. Consider some element r € R, with base-¢ expansion
_ -1 -2 -3
r=a€+a +a-1e " +a—2e “t+a_3g " +---

Note that since r € R, |log.(r)] = 0 or 1, so the highest power of ¢ appearing in the base-¢ expansion
of r is at most 1. Given this base-¢ expansion of r, we have that

exr=c-r+zme+1l=a1e+ (ag + zz)sl + (a1 + 1)50 +a_se M +a_ze7?

+. (4.17)
Recall that in a base-e expansion, each digit (in this case a; for i € Z) must be an element of the set
A:={0,1,...,|e]}. We now consider the following two cases: in Case 1, both ag + 22 and a_; + 1
are in A; in Case 2, one or both of ag + 22 and a_; + 1 is not in A.

Case 1. In Case 1, the expression in (4.17) is already a valid base-e¢ expansion of € * r. We can
see that only a finite number of digits differ between the base-¢ expansion of € * r and the base-¢
expansion of r, so in this case the repeating part of € * » must be the same as r.

Case 2. Now we address Case 2, which we can split into Case 2.1 and Case 2.2. In Case 2.1,
ag+ 20 € A; in Case 2.2, a_1 + 1 € A.

Case 2.1. Assume that ag+ 22 ¢ A. Since ag is a digit in the base-¢ expansion of r, 0 < ag < |£]
by definition. ~Additionally, —Trp)g(e) < 22 < 0 by Lemma 4.4. Thus it always true that
~Trp/g(e) < ap+22 < Trpjg(e). Therefore if ag+ 22 € A, it must be that —Trp/g(e) < ag+22 < —1.
Then we have that 0 < ag + 29 + TrF/Q(e) < TrF/Q(g) — 1,80 a9+ 22+ TrF/@(a) € A and is hence an
acceptable digit. Since Trp/g(c) =&+ ¢!, we can rewrite (4.17) as

exr=(ay —1)e* + (ag + 2 + Trr/g(e))e +(a—1+1-1)+ a_se ' ta_ze i+
= (a1 — 1)e? + (ap + 22 + Trpg(e))e + a1+ a_se fa ze i 4 (4.18)
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Since 0 < ag+22+Trp/g(e) < Trp/g(e), the above base-¢ expansion is valid as long as 0 < a;—1 < |¢].
Since 0 < a; < |g], we know —1 < a; — 1 < |g] — 1. Thus unless a; — 1 = —1, it must be true that
0 <a; —1< |eg]. Let us assume for the sake of contradiction that a; —1 = —1. If we let

a=¢e2 and

B=(ap+2z+Trpge))e+a+a et +age 2+,
/Q

then (4.18) implies that € * 7 = —a + . However, it follows directly from the definition of a base-¢
expansion and the fact that € is a Pisot number that a > g. Thus e x r = —a + 5 < 0, which
contradicts the fact that € x » € R. Thus we have that 0 < a; —1 < |¢], so (4.18) is a valid base-¢
expansion of € xr. We can see that only a finite number of digits differ between the base-¢ expansion
of € * r and the base-¢ expansion of r. Therefore the repeating part of € * » must be the same as r.

Case 2.2 Assume a_1 + 1 ¢ A. By Case 2.1, we may assume without loss of generality that
ap+z2 € A. Since 0 < a_; < |e], we know that 1 <a_;+1 < [e]+1. Thusifa_;+1 ¢ A, it must be
that a_1+1 = |e] +1,s0 a_1 = |¢]. Since [e] = Trg/g(e) by Lemma 4.5, we have a_1 +1 = Trp/g(e).
Again using that Trp/g(e) = €+~ 1, we can rewrite (4.17) as

exr=a1e’+ (ag+ 20+ De+ (a_g+1)et +a_3e 24 (4.19)

Since 0 < ag+ 22 < |&] by assumption, if ap+ 22 +1 & A, then ap+22+1 = |£] + 1. This would imply
that exr > e+ 1, which contradicts the fact that exr € R. Thus it must be that 0 < ag+22+1 < [].
With this, we see that if a_s +1 € A, then 4.19 is a valid base-¢ expansion of € * r. Otherwise, if
a—2+1¢ A, then since a_3 € A, it must be that a5 = |¢], s0 a9+ 1 = [¢] = Trp/g(e). Using that
Trpg(e) =e+¢e1, we can rewrite 4.19 as

exr=ae’+ (ap+2+1e+14+ (a3 +1)e 2+ (4.20)

We note that by the same argument used before, if a; + 1 ¢ A for any i € Z, then a; = |g] =
Trp/g(e) — 1. Thus if we let j be the smallest positive integer such that a_; # [¢], then continuing
in the same manner, we see that

exr=a1e®+(ap+z+)e+l4+et+e 2+ 4+ 4 (aj+ D7 fajpe7 0 (4.21)

Since the base-¢ expansion of r must be finite or periodic, it is certainly possible to choose such an index
j. We can assume that  does not have repeating part ||, since |g]e? + |e|e"" 1 + |g]e?2 + ... = &it!
for any ¢ € Z. Thus in Case 2.2, we see that only a finite number of digits differ between the base-¢
expansion of € * r and the base-¢ expansion of r. Therefore the repeating part of € % r must be the
same as 7 in this case.

Now we have seen that in all cases, the repeating part of the base-& expansion of ¢ % r is the same
as that of r, which finishes the proof. O

In many of the results which follow, it will prove useful for us to note the following fact about the
map 7 as defined in Proposition 2.7.

Lemma 4.6. The map m is equivariant under the action of (€).

Proof. Since %(’) r is an ideal of Op, it is also a Op-module. Moreover, O is trivially an Op-module,
and pOp is a submodule of O since pOpr is an ideal of Op. Thus the map

1
qf) : ];OF — OF/pOF

defined by multiplication by p is an Op-module homomorphism. The kernel of this map is O, so
by the first isomorphism theorem, I%OF /Or = Op/pOr is an isomorphism of Op-modules. Since
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Zle] is a subring of Op, by restriction of scalars, %(’)F /Or = Op/pOF is also an isomorphism of
Z[e]-modules.
We can also observe that since O is a submodule of %OF, the projection map

1 1
—Or/Zle| — OF/Z[E]/(’)F/Z[S]
p p
is a surjective Z[e]-module homomorphism. By the third isomorphism theorem, we further have that

;OF/Z[E] / Op/Zje] = ;OF/OF,

which implies
1 1
: —0rp/Zle] - -Op/O
(0 » F/Z[e] ) r/OF

is a surjective Z[e]-module homomorphism. Since R C %(’) r and R constitutes a complete set of coset
representatives for %OF /Ze] (see [BMT21], Proposition 4.1), the identity map

1
t:R— EOF/Z[E]

is a Z[e]-module isomorphism. Now we can see that since m = ¢ o 1) 0 ¢, 7 is a surjective Z[e]-module
homomorphism. Thus 7 is equivariant under the action of (g). O

With this result, we may now examine more closely the action of ¢ on R. Namely, we can deduce
the following fact about nontrivial Shintani cycles.

Lemma 4.7. All nontrivial Shintani cycles have length equal to the multiplicative order of € + pOp
in (Op/pOF).

Proof. Let M denote the multiplicative order of ¢ + pOp in Op/pOF, and consider r € R — Op. We
will show that |C,.| = M. Suppose that €™ x r = r for some m € Z*. Then by Lemma 4.6,

7(r)y=m(E"*xr) = (" +pOp)n(r) = (€™ — 1+ pOp)rn(r) =0.

By assumption r ¢ Op, so 7(r) # 0 by Lemma 2.8. Since Op/pOpF is a field, it must be that
(€™ — 14 pOp) = 0. Therefore €™ = 1 mod pOp, so M|m. As a consequence, if we denote the
stabilizer subgroup associated to r under the action of ¢ as {(¢),, then (¢), C (¢™). Moreover, we note
that since (¢), is a subgroup of (™), it must be that (¢), = (M) for some M’ such that M|M’.
Moreover, we also have that

Myr=r = (M =14 pOp)r(r) =0
where 7(r) # 0, so that €™’ = 1 mod pOp. Thus it must also be that M’|M, so M’ = M, and
hence (¢), = (¢M). In other words, (™) is the stabilizer subgroup of r for all € R — Op. By the
orbit-stabilizer theorem, we then have that |C,| = [(¢) : (¢M)] = M. O

In the lemma which follows, we equate M with the minimal period length of the base-¢ expansion
of r for all r € R— Op. This fact, combined with Lemma 4.7, will then imply that for all r € R— Op,
|Cr| = Py, where P, denotes the minimal period length of the base-¢ expansion of r.

Lemma 4.8. For any r € R— O, the minimal period length of the base-¢ expansion of r is equal to
the multiplicative order of € + pOp in (Op/pOF).
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Proof. Consider an element r = 1 + r9e € R — Op. We start by showing that P.|M. As mentioned
at the beginning of Section 4.B, the base-¢ expansion of r is always eventually periodic, say

N-1
r= Z ale™ + ¢ NZ are P 4 age P 4y ap eI T L), (4.22)
i=—1 7=0

We remind the reader that since r € R, |log.(r)] = 0 or 1, so the highest power of ¢ in (4.22) is 1.
Multiplying (4.22) by £, we obtain

N-1 oo
ghrp = aje ey (ma_(j_l)PT fage U-DE—1 oy apT&?_(j_l)Pr_PT“).
i=— 7=0

Reindexing (4.22), we get

- Z dle —z+5—NZ (alg G=DPr 4 goe=G=DP=1 4 ,,,+GPT€—<J'—1>PT—PT+1>.
i=—1 j=1

And thus

£ r—r—(g ale ”PT—a;aZ)—i—eN(alapr—kagsPT1+'-‘+aprs).
i=—1

Let

a= E a’ —+B o and f=— E ale™, and 7:8_N(a18P’“+a2€PT_1+-~+apre).
i=—1 1=—1

Note that, because «, 3, and ~ have finite ¢ expansions, we have that «, 3,7 € Z[e], and thus
a+B+y=clrr—rezf.

By definition, we know that

EPT*TzepTr—l—z

for some z € Z[e]. Thus, using Lemmas 2.8 and 4.6, we have

Py

lrsr—r—z=elrr—r = w(sr—r—2)=n(Elr—r) = (" +pOp — )z(r) = 0.

Since F' is a field in which 7(r) # 0 since r ¢ Op, we have that
P —14pO0p =0 = " =1 (mod pOr).

for any r € R — Op. Recall that M is the multiplicative order of € in Op/pOFp, so we see that M|P,.

Next, we show that P.|M. Since both r and e x r have periodic base-¢ expansions, we let Ny
represent the smallest integer such that the repeating part of the base-¢ expansion of r begins in the
e~ N1 place. Similarly, let Ny represent the smallest integer such that the repeating part of the base-¢
expansion of € % r begins in the e ™2 place.

Let S = max(Ny, Na) be the smallest integer such that the base-¢ expansion of both r and €  r
is periodic for all indices greater than S. Thus, the digits in the e, 751, ... e~ place of the
base-¢ expansion of r constitute a full period, and we let the ordered set

{z1,29,...,2p.}
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represent the period set of . As shown in Proposition 4.3, the operation ¢  r shifts the digits within
the repeating part of the base-¢ of r to the left by one index. In other words, the period set of € * r
is the ordered set

{z9,...,xp.,x1}.

Note that moving between the period set of r and the period set of exr can be represented by applying
the permutation

r=(12 - P)eSp

to the period set of r. Additionally, we have that » = eM % r, so the period sets of r and €™ 7 must
be equal. Thus,

TM{x17x27 s 7xPr} = {th?)' . '7]"Pr}7

which implies that 7 is the identity permutation. Since the order of 7 € Sp, is P,, we have that
P.|M. So, we see that P, = M. O

In our final lemma before we prove Theorem 1.2, we show that for any nontrivial Shintani cycle,
the sum of the coefficients r1 and r9 where r = r{ + roe of all the elements r in the Shintani cycle is
a constant. In fact, these coefficients sum to M.

Lemma 4.9. For anyr € R — Op, let v’ := 1] +rhe. Then,
Z (ry +15) = M.
r'eCyr
Proof. Let €'+ 1 :=r1(i) + ra(i)e, s0 71 (i + 1) + 12(i + 1)e = & * (r1 (i) + r2(i)e). Recall that
ex (r(i) +ra(i)e) = (1 = r2(d)) + {r1(d) + Trpyqle)ra(i)}e

by Lemma 4.4. Comparing coefficients, we see that ri(i+ 1) +72(i) = 1 for all ¢ € Z. Moreover, since
M = |C,| for all r € R — O by Lemma 4.7, we have that r1(m) = ri(m + M) for any integer m.
Using these facts, we see that

M M-1 M-1
D @) +ra(i) =D (r1(0) + (i) = r1(1) +r2(M) + D> i+ 1)+ > ra(d)
reCy =1 =1 =1
M—-1 !
=7 (M+1)+ro(M)+ Z (m(z‘ +1) —i—rz(z’)) =1+(M-1)=M.
=1

4.C. Proof of Theorem 1.2

Since (€) acts on R, R decomposes into a disjoint union of Shintani cycles, under this action. Letting
L denote a complete reduced set of Shintani cycle representatives for R, and recalling that C.. denotes
the Shintani cycle of r, we can rewrite Shintani’s formula as follows:

1 Bl1 (7’1) Bl2 (7’2) -
hie =35 > xkp(rpOp) > —t Trpyge)?

1 1
reR 0<l1,12<2 h! Ia!
l1+12=2
g ; By, (1) Bi,(r2) lo—1
=3 D> xxyp(erxr-pOp) Y I ol Trryq(e) (4.23)
i—1 rel 0<lilo<2 1V 2

l1+1o=2
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First, we show that x g, p(r’ - pOr) is constant for all 7' € C,.. By definition of € x r, we see that
e*xr =¢er+ z for some z € Op. Thus

XK/F(Ei xr-pOp) = XK/F((é‘iT‘ +2)-pOF) = XK/F(airp(’)F + zpOF).
Since zpOp C pOp, pOr|zpOF, and since pOp is the conductor of this Hecke character, we see that
Xk/r(E 1 - pOp) = Xk p(e'rpOF).

Additionally, ¢ is a unit, so we know ‘
rQ F = e'rO F

for any integer ¢. Therefore
Xk (e * 1 pOp) = Xi/p(e'rpOF) = Xk /1 (rpOF),

and thus the Hecke character value in (4.23) is constant throughout each Shintani cycle.

By Lemma 4.7, all nontrivial Shintani cycles in R contain the same number of elements. Since
1/p is an element of R — Op by Lemma 4.8, the period length ¢f, of the base-¢ expansion of 1/p is
equal to the length of each nontrivial cycle.

Remark. Note that, for all r € RN Op, the Hecke character x g/, r(rpOr) evaluates to 0, so elements
r € RN Op are all weighted by a factor of 0 in (4.23). Hence, we can ignore them in our calculations.

Using these facts, we obtain

1 & By, (r1) By, (o)
l 1 [ 2 _
hi = 52 ZXK/F(TPOF) Z } , ; , Trpq(e)? " (4.24)
=1 rer o<l <2V >

l1+12=2
As shown in [BMT21], we have that

> xx/r(rpOr) = > xxp(rpOr) + Y Xx/p(rpOr) = 0.
reR reRNOp reR—Op

For all 7 € Op, we have already seen that xx/p(rpOr) = 0. Thus,

0= Z Xr/r(rpOr) = Z Xrc/F(rPOF) - tpp = Lpp Z Xrc/F(rPOF),
reR—0Op reL—0Op reL—Op
which yields

> xw/r(rpOr) =0.
reL—Op

In other words, we have character orthogonality across the elements r € £L — Op. With this, we
consider the sum over Bernoulli polynomials within this formula. Letting

,_ By, (r1)Biy (r2) lo—1
B(Tl + T2€) = Z TT‘I‘F/Q (5 2 ) )
0<l1,l2<2
l1+1o=2
we see that
2 —r 4 & 1 1 T2 — 1y 4 &
B(ri +rye) = +——— 6 21 STy pgle) + 2(7“1 — 2) (7"2 - 2) + 2foBTrF/Q(&:)

_ TI“F/Q(é“)

1 1
5 <r% +75 — (r1+712) + 3> +2r1ra = (11 +72) + 5. (4.25)
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Recall that by Lemmas 4.9, for all r € £ — Op,

Z r'l—i—r’Q:M.

r'eCl
Thus, we can further simplify (4.25) to
Tr € 1 1
B(Tl + 7”28) = F/ZQ( ) <7’% + 7’% - M+ 3> +2rirg — M — 5 (4'26)

Because we have character orthogonality over £ — Op, we can add a constant to the inner Bernoulli
sum of (4.24) without changing the value of the whole expression. In particular, if we let

Tr
o TrRE) (1Y L
2 3 2

we see that (4.26) can be rewritten as

TI‘F/Q(€)

B(T1+T25) = B)

<r% + T%) +2rire + ¢

1

=5 <Trp/@(€)r% + 4y + TrF/Q(s)r§> +ec.

Using these results and letting & x r := r1(i) + r2(i)e, we obtain

Lrp

=1y 2 XK/F<”90F> (TYF/@@)m(i)?+4m<z‘>r2<z'>+TYF/@<€>7”2<“2>'

i=1relL—0Op

Recall that Qp(Y1,Y2) = TrF/Q(z—:)Yf + 4Y1Ys + TrF/Q(e)YQZ. Thus if we make a slight abuse of
notation by letting Qp(e” * ) = Trp/q(e)(r1(i)* + 4r1(i)ra(i) + Trp/g(e)r2(i)?, then we can express
hg as

lrp
1 .
hy = 1 E E Xk /F(rpOr)Q(e" * r).
i=1relL—0Op

5. Examples

Here we illustrate Theorems 1.1 and 1.2 for Q(v/3,1/—p), where p is prime. Note that the ring of
integers of F = Q(v/3) is given by Z[v/3], and its totally positive unit group (’);’Jr is generated by
er = 2+1/3. We require that p = 3 (mod 4), (%) = —1, and 7 < p. The first two conditions imply that

the relative discriminant ideal is the prime ideal pZ[v/3]. Consequently, Z[v/3]/pZ[v/3] = F,[V/3].

5.A. Theorem 1.1 with F = Q(v/3)

Let prp = a+bv/3 be a generator of F,[v/3]. Table 1 lists values of pr, as computed with SageMath.
Using these values, we use (1.3) and (1.4) to calculate Cr;, and Dy, then use (1.5) and (1.6) to find
the corresponding rational functions Xp,(2) and Yr,(2), which are also displayed in Table 1.

We extract the first p? — 1 coefficients from our rational functions by taking the k* derivative of
X(z) and Y (2), evaluating each function at z = 0, and dividing by k!. Note that in this case, since
t = 1, we obtain only 1 sequence z1(m), and y;(m), from each of Xp,(2) and Yr,(z) respectively.
Since Trp/q(er) = 4, we have

Qr(Y1,Ys) =AY + 4V1Y, + 4Y5.
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Now we may apply Theorem 1.1 to obtain

b = g 2 (U7 (m(m)n(m)

1<m<p2-1

The smallest suitable prime for which we can apply Theorem 1.1 here is p = 7, for which we calculate

1
hF(ﬁ):@(—84—1-76—300—1—52—28—1—436—100+148—196+52—108+124—84+148

— 36+ 172 — 284124 — 124 76 — 196 + 172 — 4 + 156 — 84 + 76 — 300 4 52 — 28
+ 156 — 100 4 316 — 196 + 52 — 108 + 124 — 84 + 316 — 36 + 228 — 28 + 124 — 12
476 — 196 + 228 — 4 + 436) = 2.

In Table 1, we list some terms of our alternating sum for the class numbers of all such primes less
than 100, along with the corresponding class numbers calculated using Theorem 1.1 and verified using

SageMath.

D PFp Xrp(2) Yrp(2) hg y=p) Calculation

7| 6+V3 3355—_135511 33z2—2122+1 7814<_84+76_"'+436>:2

19| 1+4v3 —476;2t417zf+ 1| —4722 izmz 71| w ( SR 3892) :2

31 | 1+6v3 _1;7;18722: : _107226f T | < — 1084+ 676 — -+ + 10804> —6
43 | 1+5V3 _742;_7422: : _74225_222 — | == < — 3556 + 4836 — - - + 21172) =6
67 | 2+5v3 _ﬁijjzi : _71;;25_242 — | mm < 77242212 — 4 52276) =6
79 | 2+6V3 —1?;1; 1_0151 - | =5 4226i T | ( — 16068 + 7372 — - + 73012) = 30

Table 1: Theorem 1.1 for primes p < 100.

5.B. Theorem 1.2 with F = Q(v/3)

We illustrate Theorem 1.2 in the same setting. Letting ' = Q(v/3), we calculate hx for p = 3
(mod 4) where 7 < p and (]%) = —1. We remind the reader that ez = 2+ /3, so t = 1. Thus by
Lemma 2.9, ker(7) = Rp, N Op = {1}.

In the case that p = 7, we first calculate the base-ep expansion of 1/7,

1
7

= 0.0132202230.

5= 6;72 + 35}3 + 26}_;4 + 25}6 + 25}7 + 35}8 + 35;}1 + 25;12 + 25}—714 + 25}15 + 361—716 T
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Noticing that 1/7 has period length ¢z 7 = 8, by Lemma 4.8, we can then deduce that there are

|RF’7—OF| _1-72—1

= =6
EF,? 8

disjoint Shintani cycles which comprise Rrp7 — Op. We can generate these Shintani cycles explicitly,
by calculating 5% xr for 0 <i <8 forr € Rp7 — Op. One can verify that

is a complete reduced set of representatives for all 6 distinct nontrivial cycles in Rp7. With these
values, we now calculate hF(ﬁ) using Theorem 1.2. Noting that TrF/Q(gp) =450 Qp(Y1,Ys) =

4YE + 4Y1Ys + 4YE, we compute

25: ZEIEXF

T/ F (rpOF) (47"1 (1) + 471 (1)ro (i) + 4T2(i)2>
i=1 reLl

220 204)
+") =2

1 __4447+_228 188_+
4 7 7 7 7 7 7

212 180

In Table 2, we carry out the same procedure for all suitable primes less than 100.

P Base ep Expansion of 1/p lry hF(\/jp) Calculation
29909920 1 220 228 188 212 180 204 | _
7 | 0.0132202230 8 4(-— 2042818822 ,7-+7,> =2
99921 1 396 400 360 332 328
19 | 0.00222231 5 4< o i 19+~~~+19-%19>::2
31 | 0.0012132023120322221002303200122 | 32 i( 6 _ 3788 _ 3784 _ ... 3§%+-&%0> =6
2230
43 | 0.00102311222230 11 i(1;3-+ B+ 15+ +»¥ﬁ?<+“§4> =6
67 | 0.00023110011313222221320122102312 | 34 i<:908 2z 82944~--+3§?+'“§0> =6
222231
79 | 0.0002 122101031011213031211013010 | 80 1(2%gm —-ZK”4-+---——2%§2-+-2¥§0> =30
122113222222010012113021100303001
12031121001022222231

Table 2: Theorem 1.2 for primes p < 100.
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