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ESTIMATE OF SUMS OF DIRICHLET SERIES
Shituo Lou and Qi Yao

§ 1. INTRODUCTION.

“Let z be a large positive number, £ be a small positive number and &
be a finite integer. Let y = 29,1/2 < 8 < 7/12,T = :c1 "“/2 and let
My, -, My and L be real numbers such that : -

M;---M,L=zj2 (1.1)
Ui,---,Ux and W be real numbers such that
W € LMV** (1.2)

and
v« MM 1<i<k (1.3)

Let A be a fixed integer, and | & | be the number of elements of set S.
We discuss the set S(Uy, - - -, Uy, W) which satisfies following conditions, for
1 <£i< k and j be a positive integer,

(14) | S(Us, -, U, W) | U7X (MI4+T)(log z)A and | S(Uy,- -, Uk, W) |€
W2(L7 + T)(log z)*;

(15) [ $(Uh, -+ Uk, W) € (U7 M7 + U7 % MIT)(log 2)4;

(1.6) | S(UL, -~ U, W) | € (W2 Li + W-8 LiT)(log z)4;
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(1-7) wi ! S(Uli"'7Uk7W) i‘( T(Iag z)A'

Let a; = log M;/log z. In § 2 we shall give some functions h;(a;,---,ax) for
1 €1 < 3, such that

Ur- - UeW | S(Uy, -+, Ui, W) | 222 4 ghilaromas) (1 g)

In § 3, we discuss those S(Uy, - - - ,Us, W)’s which satisfy one more inequality
cfor 1 <3<k,

| (U, -, Un, W) | WAUTH(METY? + MIHTYE L TyTe. (1.9)
If TV5 < M; < TV/3, we replace (1.9) by
| $(Ty, - Us, W) | WU M T34, (1.10)
and, if M; < T/5, we replace (1.9) by
[ S(Uy, Uk, W) | WAy 2Tite, (1.11)

In § 3 we will give h;{a1,---,0¢) for 4 <1 < 10 with {1.8}.
Heath-Brown and Iwaniec [1] discussed the gaps between comsecutive
primes using sieve method. The remainder term

R(z; My,--- , My} = E Gy ls" " s Qrag kT g ma s (1.12)
M <m; <My
1<i<h

_[r_{z—-¥
fd = {d] [ d ] ’
M; < y and | am;, i |< 1, be considered. Applying the method which is very
close to Heath-Brown and Iwaniec’s, in § 5, we will show that

where

R(z; My, -, M) < z%°¢, (1.13)

if {1.8) holds with :
hi(ala"'aak) < 1/2! (1'14)
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In fact, they proved that (see {1]) if 6 = 11/20 + ¢,k = 2, M; <« 2040,
and M, < z%%-¢, (1.13) holds. Consequently, they obtained that for y =
2%, 0> 11/20 + ¢,

1 y

x(z) —x(z - y) > 5% log el (1.15)

where #(z) be the number of primes < z.
In [2], Heath-Brown discussed some kind of products of Dirichlet series

ko
W(s) = X () [ [¥5(s),

j=1
where
X(s)= Z 7,
Lg<n<2Ly
Yi(a)= D, banibm|<1;
M;<n<2M;
and

ko »

L M, = -,

OH J 2

1

Using Heath-Brown’s method that was used in [2], in § 5, we shall show that

2T .
/ | W(% +it) | dt < z’}emp(—(log z)%(loglog z)§) (1.16)
T

for
Ty ST <217,
where @8 is a fixed positive constant with 1/2 < < 1, and

Ty = ezpl(log =)} (loglog z)°3),

if (1.8) holds with (1.14).
In {3}, and [4], we shall apply the results of this paper to investigate gaps
between consecutive primes and prove that {1.11) holds for 6§ = 11/20 + ¢



4 Shituo Lou and Qi Yao

in [3] and @ = 6/11 + ¢ in [4]. In Section 4, we also discuss the case of
# = 11/20 + ¢ that will be used in [3] to prove that '
¥ : ¥
99—"— < x(2) —x(z — ) < 1.0} ——.
ﬂgg!oy £ x(z) ~#(z - 9) log 2
In Section 4 we discuss the case of § = 6/11 + ¢ as well that will be used in-
|4] to prove that

1.031y
log z

0.969y
log z

<x(z)-x(z—y)<

]

for 0 =6/11 + €.
In this paper § be another positive small number with § € ¢ and may

be difference in some paragraphs. Also, we use

el < 8.

§ 2. ESTIMATE OF | S(U1,---,Ux, W) | .

In this section we estimate | S(Uy, -+, U, W) | . First we divide M, -- -, My,
and L into kp + 1 parts (in this paper 2 < kp < 6), denote the products of
elements in one part by Ny,--, Ny, and Lg, respectively. Also denote the
product of those Uy’s or W that correspond to Nj or Lo by U; or W, again.
We now replace (1.1), (1.2) and (1.3) by

M- Niylo=z, L2
1
Ui S N7 4;, 1<j<ko, (2.2)
and ,
W < LE Ao (2.3)

where 4; (or 4p) = 2% if L belongs to N; (or Lo), otherwise 4; = 1. Thus
we have that

—6
WHU < (LOHM) <zt (2.4)

i=1 =1
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1t is clear that if Lq satisfies (1.6) with ¢ = 2 and Ly < T2, then Lg
satisfies (1.7). In this paper, assume that
Lo« TY?if Ly # L. (2.5)

Replacing L by Lo, we shall show that the function | S(Uy,- -+, Urg, W) |
with (1.4), (1.5), (L.6), (1.7) and (2.4) such that (1.8).

We now renew the notations a; = log N;/log z,i = 1,..-,kp,0 =
log Loj/logz=1—a1—---— a, and ¢ = log T/log z. Let
F=|8(Uh, U, W)|2~? (2.6)

We replace | S(Uy, -+, Uko, W) | by F, it makes that we can drop the factor
logAz in the right hand side of (1.4), (1.5), (1.6) and (1.7), and drop T* in

(1.9).
If F > 2U;7% N}, then we have that

N, T3 (2.7)
since F < U7 ¥(N? +T).
Suppose j such that
og<ty/jand j=2if ¢ > ty/2. (2.8)

Thus, if j > 2, we have o < ty/j, i.e. W < T. Then
Fegw™3r,
We prove following lemmas :
Lemma 2.1. Let kg = 2, we have
UrUs | S(Uy, Uz, W) | gholarea)+e/2 4 g1/2-6 (2.9)
where ho(ay, a2} = ho(az,a1),a; = maz{to,a:} and
1-e, 8 > 62> lo (2.10)

h() Q1,42) = 2
(e1,a2) %+ 2+ min {E*},% + 12?;} , otherwise. (2.11)
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Proof. We have that, by (1.4), (1.5) and (1.6),
F < min{U;3(Ny +T), Uy X(N2 +T), U7 2Ny + UL Ny T, Uy > N2 + U7 SN, T,
WYL} + WY LT, W-T}, |
and proceed to show that
U U W F & gholeiod) 236, (2.12)
We now consider four cases :
Case 1. F < 2U{2N; and F < 2U;*N,.
Choosing &' such that ZE' > T, we have F « W~*' L' and then
LWRWE € Uy UaW(U;2Np) T (72 Ny) T~ men (w-2% 55t
& (TUW)T (N3 NoLo) T 25
by {(2.4). Thus (2.12) holds. (Note : when a; > a2 > 5, we have that
F<2U7%N; and F < 2U;2N,
by (1.4) with i = 1. This completes the proof of (2.10).)

Case 2. F <2U Ny, F > 2U;%N,.
In this case we have that F « U;2T,F & U;8N,T and N, < T since
(1.4), (1.5) (take M; = N;) (2.7) and F > 2U;2N,. Thus

F < 2min{U{%Ny, Us*T, U7 SN, T, W3 13 W-2T)
+  2min{U7 2N, U 2T, U SN T, W3 LT, W-29T}
< 22U N)YAUSIT)H -G N T (W min{ 13, T})/%
+  2min{(U N YU AT -4 (g8 Ny T A3 (W -2 T )12
(U{’N1)1/2(U.;3T)(2i~1)/4j((]z—6 N, T 12 (=63 LgT)l,IGj}
€ (NWUW) AN Ara-112 g A g, Lé,T%‘
HUL U W)L (TN, 2 min (N;/“J‘ , N;/""L},f“) : (2.13)
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If Lo < T'/7, we have that
3 1 e 1
L} « T% and N7 L < T%.

Thus the first term on the right hand side of (2.13) is less than the second
term. If Lo 3 TY4, by (2.7), we have j = 2. We have that the first term on
the right hand side of (2.13) is less than the second term again. Then

Fe (U1U2W)"I(TN1)1/2min (N21/4:‘,N21/12i1:(1]/e) _
Thus (2.12) and (2.11) follows.
Case 3. F < 2U; 2Ny, F > 2U %Ny,
The proof here is the same as in Case 2.
Case 4. F > 2U[ %Ny, F > 2U; Ny,
We have that
F < 2min {U;f’-T, Us2T,UDS Ny T, Uy O Ny T, W2 L{;,W—ZiT}
+ 2min {U;2T, U7 T, U N T, Uy SNy T, W9 L], W—ij} ,
Then
F o< (U7 D)W L3)% (W-HT)% (U 1) % (U; *NaT )
+ (U{"T)i(W*ﬁngT)R'?(U;ZT)Z‘EL(U;GMT)T%;
< (U1UW)! (T“%Léﬁj’ + TLéwg'i‘T)
< (GU,W)'TLENT,
since N « T by (2.7) with j = 1. Thus we get {2.12) and (2.11) again.
Lemma 2.2. If Ny < T, we have
UsUW | S(Ur, Uz, W) | 2376 4 ghilaraa), (2.14)
where
41~ 1 ai+o; ato

hi(ay,az) = 2(i+2)t°+ (i +2) 2 4G+2)
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a} = maz{to, log N,/log 2z} and o; = maz {ﬁfﬁ, 1-~a~ dz} .
Proof. We consider {wo cases :
Case 1. F > 2U; 2N,
In this case, Na < T, then
F <« min {U;’zai U3 T, Uy N, T, W-z(‘“)z(‘“)fﬁ}
& (Up2zo )M 2 (W-2i+2) gl o126+ 0) (-2 ) 2+ /464 2) (-8 N, Ty /4G+2)
< Ul-l U._;'I W-1g(al +oa/2p(i+1)/2(i+2) N;/4(-'+2)

<« 3{1 U:E_l W -121/4(i+2) gai /201 ] 4(i+2) p(+1)/2(i+2) poi/2—0 [4(i+2) X

since Ny = ¢/NyLg = gl-a1-o,
Then (2.14] follows.

Case 2 F< 2U{2N,

i F < 2U; 2Ny, the proof of this lemma is same as Case 1 of Lemma 2.1.
If F > 2U[ %Ny, then Ny < T. Interchanging Ny with N, we may reduce
this case to Case 1.

Lemma 2.3. Letkg =3 ande< o =1—a; ~ az —az < /2, then

UWUUsW | S{Uh, U, Ua, W) | 278 + gM(81.82.08) (2.15)
where
a’l 0’2 + af, to g
hy(a1,02,00) = 5+ + 5=+ —+ 35, (2.16)
log Ny log N; t
P = 1 F oo 2 _ o
ay = g maz{ay,tp},a; = T maz {az, 5 }

log N}
F o SO N fn
and 63 = =7 = maz {a3, %}.

Proof. In this case we have that Ly < T*/2. Then
F < min{U7*(Ny 4+ T), U8 N3 + T),U;%(NS + T),W-*(L2+ T),

WALE + Wy LT, U ° NS + U ' N3T, U2 N)}.



Estimate of sums 9

We consider two cases :
Case 1. F K 2W"4Lg.
Suppose F < 2U5SN§ and F < 2U;8N}. By (2.4), we have that
F < min{U7 N, WL3,U;°N;, U N3}

<« (U7PM)E B (U7OND) A (UTONG)E T (W4 LE)i—d

& (U1UaUsW) 115 (N Ny Ny Lo)t % < 287
Suppose F > 2U; 6N} and F > 2U; 5N}, then

N3 < T3, N3 « TV and F < U;8N3T,

since 2U; SN} < F < U78(N? + T),F < U;8N3T + U;°N3 for i =
2 or 3,Ly € T'/? and N < T'/3. Therefore

F o< (UPN)3(WL3)1 (U778 (U °T )% (U O N3T) %
< (LU UsW)-'TANINFLE , (2.17)
& (U1 U U W)~ 1gha(ar.az,as)

Suppose F > 2U; N3 and F < 2U;8N3, then

F o« (U7 N)HUFNDE (W4 L3)H (U7 ST)% (U5 P N3T) =
< (WUUW)NEINF LITH N < (UaUsW) Tehelaea)  (218)

since a§ = t9/3 and N3 <« T'/3 in this case. Suppose F < 2U;°N3 and
F>2U;7%N3.
On interchanging N, with N3, we may reduce this case to (2.18).

Case 2. F > 2W‘4L§.
We have that

F < (U2 N1)3(Uy ON2)s (U S N,3)s (W4T (W12 13T,
then

1 L 2 i
F g (U1U2U3W)‘1N12 N2' Na%T%Lé’ < (Ulvzgaw)—lzha(m ,a:,a;;)‘
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The proof of Lemma 2.3 is now completed.

Lemma 2.4. If ko = 3,a1 > to, a2 > 10/2, then

U\ U UsW | (U, Uz, Us, W) & 218 4 ghalermaa) (2.19)
e a+a 5 o o
hs(al,az,da) = —L-‘Z__": + %2!, + "89 + =,

ajy = log Nj/log z = maz{ig/4,a3} and 0 =1 — a1 — a2 — aa.

Proof. We have that
F & min{U7 Ny, U7 N2, U3 (NF+T),W—8(L3+T), w8 L3T+ w-oL3}.
Suppose F < 2W L3, we are in Case 1 of Lemma 2.1, 5o that
U, U2UsWF < 2379, ‘
Suppose F > 2W—SL3, then
F o< (UTN)3 (U5 NI (U5 %2%5 )5 (W-6T)& (W18 L3T) %
< (WUUW)INENF 2 $THI} < (U0 UaW)1ahs(oranas)
Thus the lemma follows.

§3. Lo = L.
In this section we discuss | S(Uy,---,Us, W) | with (1.4), (1.5), (1.6),
(1.7) and (1.9). We use the same notations as in § 2 and assume Lo = L.

Lemma 3.1. Let L = Lo. If Ly > TY/?%¢; then
U+ Uy W | S(UL, Uiy, W) | € 277°.

Proof. Take j such that
N{---NL >T.
We have
F < min{U; ™ .Uz ¥ N¥ W4T},
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ths F « (U¥ . -U¥N} ---N,fg)3/4(w-4T)1/4
< (U{zj . U.l;szfj . ij)’/zj(W“T)1f“
€ (Uy- U WY INI2 . NPT
since Uy --- U N} - N7 < 1. We obtain
Uy--- Uy, WF & /24
by Lo > T*/%+e,
Lemma 3.2. kg =2, N1 > T, N2 < T'/% and
LON;/z > i/2+e

then
U\U,W | S(Uy, U, W) | 2375,

Proof. We have that, choosing j such that N-j > T,
F & min{W~*U;2T,U? Ny, U, N7},
Thus
Foa (WU ) AU M) AUy Y NG
& (LU,W) NP NYATVA = (U0, W) (2 Lo N,) 2N/ /4
& 2176,
since LY/ Ny/* > T1/4+el2,
Lemma 3.3. kg = 2, Ny > T, Ny > TV/5 and
Ly T3/8+¢ N;IS,

then
U\UsW | S(Uh, Us, W) | 2375,

Proof. We have that, choosing j such that Nj > T,

F & min{W U723 N;* 134, U2 Ny, U Y N,
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Thus, by U; ¥ Nj < 1,
F <« (W—4U2—2N:/“Tsl&)l}&(yl-—z”l)1/2(U2-—25Ng)1/45‘
< (DU, W) P NN — (0,0, W)=Y (z/LoNo) /2 N3/ *OT3/18

& zl/2-6,
Write
q=t4t 3, .y 85 85 1 38 3 3
V7% T2 100 Ja 0T 8 45, 4js  8jy

c_l(l+..1_ _L_l)c__ e
1T %\G2 TG 2 2)'" T8 45, 4j3 84’

and
welilyl L
- 4j2  4is 8js 8
Define vy
N}:maz{N,-,T}'l?},iza'and 4 (3.1)

Lemma 3.4. Let Ko =4,a3 2 a4,19/3 2 a4 > to/S,U =1l-ay—~aa2—-as—
as > to/j1,j1 and ja, ja,ja be integers with ¢; > 0 (1 < i < 6), then

VLU UsUSW | S(Uy, Us, Us, Uy, W) | € 258 4 ghs(@aaasa)  (3.9)

where
! ’

ay @y  Bag 3t
h4(a1,a2,a3,a4)=__22+_f __I_ég '1‘60

a 5
+maz {—-21 + cgj2asz + (c5 + ¢g)to, caar + % + {e3 + C4)£o} ‘

Proof. We have that, by £,/3 > a4 > t9/5,0 > /5 and ag > aa,
Joa .
F & min{W-URANATY, UPY (N, + T), U7 T + U2 Ny U 2 (NP 4+ T)
U7 Ny + Uy P NPT, U ONS U ONS, W2 LR U2 N,
U (NP + T}



Estimate of sums 13

We discuss following cases
Case 1. F < 2U{ N and F < 2U; *2 N§*.
By (2.4), we have that

Be

155 g i\ T B
F o< (U7N)F = (U7 )™ (oNg) e
B¢
x (W-»ﬂ,ﬁ LS})T}?_K‘}G_
_1410e 1_bey

€ (LWULUsUW) & (NN N3NeLo) ™% <« (U1UaUsUsW) 12772,
since ¢;/ca < 1/10.
Case 2. F > 2U; 2N, and F < 2U; *2 NP,

We use F < U; %N for i = 3 or 4. We have that, by 2 + 6¢s = 1,

1

1
5 1 v v e Ko oo ek
F « (W—4U;2N§T%) (o )™ (U5 mB )™ (o5 83 ™
x (UriT)e (Ut
D 2 S B %
& (ViUaUsUW) LN NE N N, NS Tig+eates
< (NUUsU W)~ 1zhi(eraaas,ad), (3.3)
Case 3. F < 2U;2N; and F > 2U; 22 NJ?,
Then we have that
1
o2 e 3BT C o2 x i\ BE Frr3s i\ T frre2 ap b
F < (W 4U4 2N4IT4) (U4 '"Nf‘)”‘ (U3 213N3.13) 7 (Ul ZNI)! X
x (v7%r)" (vp*aNgT)”
1 . 1 41 &
< (U1U2U3U4W)_1N15NZ”QN;2N4‘N;“TT%"’“"‘“‘
& (UL UsUsUgW)~1ghi(o1,02,03.84) (3.4)
as required.
Case 4. F > 2U2N; and F > 2U; 2 NP

In this case we have that Ny < T and N3 € T/%. Thus {3.3) and (3.4) are
true again, i.e. we get (3.1) again.



14 Shituo Lou and Qi Yao

If take j; == 2 and j3 = j4 = 5, then

s oy bag 3t a 3 o 3 a 7
he(ar, a2, a3,a5) = %3—+ Tt maz { 3 4 S + 12 e+ 5+ oot
(3.5)

Lemma 3.5. Suppose kp = 4,a4 < to/5,4; > to/5i,(3 = 2,3 and4) and

o> to/j wiih
1 1 1 1 1

j2 js da 372

then
U U UsUsW | S(Uy, U, Us, Us, W) | 235 4 zhslatasas.ar)
where :
to
hﬁ(al: a3, as, Gq) = —i- + + +

maz { + cej282 + (s + ¢ce)lo, a1 + = + (ca + u)to} (3.7

Proof. In the proof of Lemma 3.2 we replace (1 10) by (1.11). Then we-
replace 5a4/16 by to/16 and we get hs(a1, az, a3, a4) replace hy{as, as, a3, aq).
The lemma follows.

Lemma 3.8. If kg = 3,a1 2 #p and p/3 > a3 > /5, then
U UsW | S(Uh, Uz, Us, W) | . + ghe(a1.a2,a3)

where - 2 .
13 @
hG(aha?’aS):"Zg(i'f‘ = 2% +“—§‘

and ay = maz{az,t/3}.

Proof. We have
L 1
F < (W-"U;’z\ré21 T%) N A (A MU
< (N U2U3W)“1N1%N§%3?Tﬁ & (V1 U2 Us W) 1zhsler,a2,03,30),
Thus the lemma follows.

Lemma 3.7. If ko = 4 and the a;’s satisfy : (1) a1 + a3 + ag > tp; (2)
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az+as+ae < to; (3) ar+as < to, (4) 61 +as < lo; and (5) as < ag < to/5;
then

Uy U UsUW | S(Uy, Uz, Us, Uy, W) € . 4 g;hr(ﬁx.ﬂmﬂam_)’
where
| hi(ay, a2, a3, a4) = to + az/8.
Proof. W.L.O.G. we can agree that Us > Uy, then we have
F < min{WAU; 3T, U7 AU T, U 2 U 2002 T, U A N+ U O NG T U U2 U D2 N N3 N ).
If F < 2U; 2N, this is Case 1 of Lemma 2.1; if F > 2U; %N, from Uy > Uy,
we have
F <« (W08 (U705 T8 (U205 20,72T)k (U S N, T)E
1 - &
< (UleUaU.;W)'lTN{ Us %U} L 4 (UlUgUqu,W)_Izh’(“‘""""'“‘),

and the lemma follows.

Lemma 3.8. Suppose that kg = 6,t0/3 > a3 > --- > ag > tp/5 and
o+ Gy + ag > tgy, then

Uy -UW | S(Un,---,Us) |€ 235 4 pha(ar,~a6)

where

_ 19 as a4 15
hg(a1,---,a6) = TR TR TRET L

Proof. If F < Ug?U;2U;? NgN5 Ny, then

F < (UE’U{“‘U{’NgN,sN.,)i‘“}!!(W-zlfl‘zU;"'LoNlNz)%"}%(U;‘“Ng)fﬁ"rﬁ
& (WUs---U1) "M (LoNg--- Ny)i-% < z3-°.

If F > UgU;2U7 NgNs Ny, then

F < UgSU; U8 N NsN,T,
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and

1
I 1
F <« (W~4Ug=N§T%) (U{’U;"’U;’T)% (U7SU;PUG O Ny N5 NeT) ™ x
1 1
x (UtUg TR (UgPT)™
1 1 19
& (WUp--- Uﬁ)-lTi%N}’ NI NS & (WU, - .- Ug)~1zhslot,aa),
Lemma 3.9. Suppose that kg = 4,a1 > a3 > a3 > ag,a1+ a3 < fp <
a1 +aa + aq4,0 > tp/3 and 2a4 < tp/3, then
Uy---UgW | S(D,-- -, Ud) | 2378 4 gholermad)
where
hg(al,'- ) 1“4) =—lg+ — + —.

Proof. If F < 2U; 2N, then
1_1 . 11 2
F < (U72U2UZN NN F ™% (U720,) 3759 (WS L3) 10 & 45

by (2.4).
¥ F > 2U; 2Ny, then F < min{U;T,U;°N,T}. Thus

1
) 1 1 1
F < (W‘*U{‘N.?T%) (U727 (U72T)® (UB LT
< TRNINF  hioe0),
as required.

Lemma 3.10. Suppose that kg = 3,a2 + a3 < {g,a1+ 0 > {5 and a3 < ty/5,
then ‘
Uy UsW | S(Us,- -, Ua) | 255 4 ghiolonme)

where

| L0 m
hlﬁ(ait ’ 534)-—t0+ 8 +24

Proof. We have that

F & min{W- U 2T, U7 T, U 2Uy 3 (T+ NaN3), Uy CUS O Na NaT +U 52U 2 N Ny,
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WU 2 Lo N1}
HF< 2U{2U3—2N2N3. then we go back to the Case 1 on Lemma 3.1, since
F « WU Loy, and Ny 2 2%, if F > 205205 Ny s, then
ad s aonld e e _ .
F & {F '—433—21-)i (0, °T)* (03705 zT)i (U5°u; (’}\Tzl\f:s'-'l')!1Il (U;5N.T)
- 4 {U1U3U3W)—1zhm(and2.a:)’ ‘

as required.

§ 4. SET E(0).
Let 8;(1 < j < r) be positive numbers with

EG,'{L

1<i<r

Denote {0;} = {f,61,--,6,} and

Divide the set of mimbers
{00161) WEY :or}

into three subsets and call the sums of terms in each subset a;,az and o,
where o is distinguished by being 6y if o > £7/2, and otherwise o < ty/2.
Since ay + az + o = 1, any two of ai, a2, determine the third. We attach
an exactly similar meaning to {a;, az, as, o} and {a;, az, a3, 64,0} . We refer
to {a1, @2, 0}, or {a1,62,a3,0}, or {a1, a2, 83, as, o} as set of complementary
partial sums. For {ay,---,ax,0} if there exists some h;(ai,---,az) which
satisfies (1.8) with |
hi(a1,---,ak) <1/2,

then we call it {a;, --,ax, 0} € E(8). For short, we write that {6;} € E(0
instead of {aj,---,ax, 0} € E(6). .-

Lemma 4.1. If there ezists at least one set of cqmpl,ementary pariial sums
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{a1,az2,0} (or {a1,a2,as,0}) of {8;} such that at least one of conditions
(4:1.1) - (4.1.4) (or (4.1.5)) holds, then {0;} € E(f). |
(4.1.1) ay > az >ty and 0 > ¢;

This situation is covered by (2.9) and (2.10) of Lemma 2.1

(4.1.2) a3 < a1 < tp and a3 < 4 — 8ip;
Using (2.11) of Lemma 2.1 with a; = tg and j = 2, we have that

ho(ay, az) = to + min{az/8,0/6 + az/24} < tg + a2/8 < 1/2.

(4.1.3) ay > {g,03 > %::—;%to and o > ;5_03-;
In this case, we use Lemma 2.2, a; = maz{ty/(i + 2),1 — a3 — a2} =
maz{to/(i + 2),0} = 0, and a} = a4, then

Mlowa) = sitlyto + by + 2350 +0)
itl 2
= 3 (;.+z'7t° + Gy s}u + 10 .i"yg (1—a2) < %
(414)az < a2 <tgf3< a1 <tg,o=1-a1—ar—azanda; +o/6 <1-1g.
By Lemma 2.3 with ot = mazx{io/3,82} = t9/3, a5 = maz{t/3,a3} =
to/3; then
ha(ay,a2,83) = 81/2+ (a3 +a3)/2+ /6 + 0/12
= a1/2+t/2+0/12 < 1/2.
Lemma 4.2. If there erists at least one set of complementary partial sums

{a1,a3,a3,0} of {8;} such that at least one of conditions (4.2.1) - (4.2.3)
holds, then {8;} € E(#).

(4.2.1). a1 > 9,82 > to/2,a3 > tp/4 and o > 2ip/7.
In this case, Lemma 2.4 is applied, we have ay = maz{as,to/4} = a3,
then

i

(a1 + a2 +as}/2 + /8 + 0 /16
= 1/24+ /8 T0/16 < 1/2,

hﬂ(al'p G2, a3)

since o > 2ty f1.

(4.2.2). a3 > to,az > a3 > to/3 and o > 260/5.
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Using Lemma 2.3, we have a3 = maz{to/3,az2} = a3z andaj = maz{ty/3,a3} =
a3, then
hs(ai,asz,a3) = (a1 +az+a3)/2+t/6+0/12
(1-0)/2+8/6+c/12
1/2 +13/6 - 50/12 < 1/2

Ml

i

since o > 24p/5.
(4.2.3). a1 > to,a2 > to/3 > a3 and to/2 > o > maz{2tp/5,410/5 — 6as/5}.

We use Lemma 2.3 with a3 = maz{to/3,a2} = a2, and ag = maz{tp/3,a3} =
to/3, then
(a1 +a2)/2+to/6+ 1o/6 + o/12
(1-0-a3)/2+t/3+ /12
1/2 + 10/3 — 50/12 — a3/3 < 1/2

ha(ai,a2,a3)

il

gince o > 410/5 — 6as/5.

Lemma 4.3. Suppose L = Lg (i.e. (1.9) holds). If o > to/2; then {0;} €
E(6).

It is covered by Lemma 3.1.
For a fixed o, denote

M,= sup {a;}andm, = {az}.
{8y .23,0)€{6} {a1,82,0}€(€)}
ag<ig<ay ag<ig<ay

Lemma 4.4. Suppose that {8;} satisfies the condition (4.4.1) : (4.4.1)
all of complementary partial sums {a1,az,0} with az < a1 < &y satisfies
{8} € E(8), (a2 < a; is not necessary). Then for a fized o, {8;} € E(8) if

mq < a2 < Mg- (4.4.2)

Moreover, we have that
m, +a2+ My =1, (4'4'3)
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forto/§ > o > 2tp/(2§ +1), | |
65 25~ 1
o - 4.
65 - 45
: ; 4.4.
and for 260/(27 +1) > ¢ > to/(F + 1),
2j ' o
18 R S 4.4,
M,>1 2j+1t0 o, (4.4.7)
£ — to. 448
me < g yto (4.4.8)
Proof. We use (4.13) with § = i + 1 to prove (4.4.8). Then we have (4.4.7)

by (4.4.3).
For # > 11/20; we can get much simple conditions for {ai,as,0} € E(6).
We will use it to discuss the gap between consecutive primes in [3].

Lemma 4.5. Suppose that to < 9/20. If there exists at least one set of
complemeniary partial sums {a1,a82,0} with a1 < iy, and a2 < ig, then
{4;} € E(8). Moreover, we have that '

M, —m, >0, if 0<0.1; (4.5.1}

and
Mg — My > 1 - 2tﬂ’ if o 2 0-1. (4.5-2)

Proof. Ifa; < a3, and az < 4 -84, it"is same as (5.1;8). Ifa, > az > 484,
using {2.11) of Lemma 2.1 with j = 2, we have

ho(ar,02) = to+ min{as/8,0/6 + az/24}
< to+ {4 —8ip)/24 + {1 - 2(4 — 8p))/6 < 1/2.
By (4.4.4), (4.4.5) and {4.4.6), we have that

28 9 28 20
M, -y >1— —tg— —0— | —tp — —tg ] 5.
o= Me 21—ty — 550 (2gt0 2gt°)' >0, {4.5.3)
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if o < to/5. When to/5 < ¢ < 0.1, we have that
8 8
M,—m,21~§tn-a~ 3t0>1-»2t0.

Then (4.5.1) holds. When to/(j +1) < @ < 249/(2§ + 1), by (4.4.4) and
(4.4.6),

2j 2j :
- >1—~ —a — >1 - . '4.5.4
M, —m, > 2j+1t° o 2,J_+1t0__1 24 {4.5.4)

When 2t0/(2j +1) € o < to/(j + 1), by (4.4.5) and (4.4.7)

6§ 2j -1 ( 6i 4j
~-My 2 1- to— - - -
M,—me 21 6j—1° 6j-1  \6j—-1° 61

a) > 1-2ty (4.5.5)

Thus (4.5.2) holds.

For @ > 6/11, we can get some simple conditions for {a;,as,0} € E(8). We
will use it to discuss the gap between consecutive primes in [3]. Moreover,
we have that

Corollary 4.5.1. Suppose that § > 6/11. (4.5.1) and (4.5.2) hold. If a3 <
a1 <1/2 and 0 =1 — a; — az < 1/2 — 8tp/9, then {8;} € E(9).

Proof. If a; > i, it is covered by (4.1.1); if a1 < o, we have that {§;} €
E(f) by (4.5.1); if a3 < {p < a1 < 1/2 and o > £3/5, then
ayg=1—-a;—-—o>1- 1/2 - (1/2 _ 8‘0/9) — Bto/g, )

thus {8;} € E(f) by (4.1.3). Ifas < #o < a1 < 1/2 and o < #o/5, using
(2.11) in Lemma 2.1 with j = 5, then
ho(a1,a3) = to/2+ a1/2+ min{az/8,0/6 + a;/60}
< to/2+a1/2+0/6+ a2/60
to/2+ a:/2 +'o'/'6 + (1 —a; — )/60
to/2 + 1/60 + 29a; /60 + 30 /20
to/2 + 1/60 + 29/120 + 315/100 < 1/2,

IA
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since a3 < 1/2 and o < ¢p/5.

Lemma 4.8. Suppose ty < 5/11. If there ezists at least one set of com-
plementary partial sums {ay,a2,0} (or {a1,a2,a3,0}) of {8;} such that at
least one of conditions (4.6.1) - (4.6.5) holds, then {0;} € E(@).

(4.6.1) az < a1 < tp and o < 1 — 20t/11.

Proof. When ¢ > #/3, we apply Lemma 2.2 with i = 1,
o1 = maz{te/3,1 — a3 — az} = maz{ty/3,0} = o and a} = iy, then

hi(as,a2) = fof3+1/12 + 102+ 0/2 — (a1 + 0)/12
< 5t/6+1/12 + 50/12 — a1 /12
< 5o/ + 1/24 + 11a/24
< 5te/6+1/24 +11(1 — 2060/11)/24 = 1/2,

gince gy >(1—-0)/2.(a1 > a2and gy + a2+ o =1).
+~When o <#p/3; we turn to (2.10) of Lemma 2.1 with j =2

ho(ar,82) < tot+a/6+ay/2d<tp+o+(1-0)/48
< to+ 5+ T0/48<1/2.
(4.6.2). a1 > aa > (2i + 2)to/(2i + 3) and 1 — 20tp/11 > & > 1o /i.

Proof. If a; > tp, it is already covered by (4.1.1). f a1 > &5 > a2 >
(2i + 2)to/(2i + 3), using (4.1.3). If ¢, > a3 > a3 > 8£y/9, using (4.2.1).
We can write (4.2.2) to be

(4.6.3). to > ay > (2i + 2)to/(2i + 3) and 1 — 204/11 > o > to/i. (It is not
necessary az < ay).

Proof. If a; > g, we are back to (4.1.3). If a; < g, it is covered by (4.2.2).

(464). tp<a; €£1/2,and e < 0 < 1/2 - 8p/9;

Proof. If o > 4y/5, then a3 = 1 — o ~ a7 > 84/9, {6;} € E(6) by (4.1.3)
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with i = 3. If & < to/5, we apply (2.10) with j = 5 in Lemma 2.1. We have

ho(ai,a2) = to/2+ a1/2+ o/6+ az/60
= t/2+0a1/2+ 0/6+ (1 — o - a,)/60
< to/2 + 29/120 + (9/60)(1/2 — 8to/9) + 1/60 < 1/2.

(4.6.5). az < a1 £ 1/2 and ¢ < 1/2 — 8ip/9.

Proof. If az > to, it is covfered by (4.1.1). If a; < 9, {8;} € E(#) by (4.1.5)
since ¢ < 1/2 — 8y/9 < 1 - 20¢p/11. If a2 < £y < ay < 1/2, the proof is
same as (4.5.6).

From Lemma 4.3 and (4.6.1), we have, for 0 < 1 — 20¢y/11, (4.4.3) -
(4.4.8) hold. Moreover, (4.5.3}, (4.5.4) and (4.5.5) with ¢, < 5/11 can imply
that

M, —m, > 0o, if 0 < £3/5; (4.6.6)

and
M, —m, > to/5, if & > to/5 (4.6.7)

since 1 — 2¢p > ¢5/5.
(4.6.6) tg < a; < 1/2 and ap < 2 — 4tp;
In this case, we use Lemma 2.1. By (2.11) with 7 = 2 and a} = a;,

ho(al,az) Ca1/2+1t5/2+ a2/8 <1/4 +1tp/2+ /20 < 1/2.

Lemma 4.7. Suppose that tg < 5/11 and L = Lg. If there ezists at least
one set of complementary partial surns {a;,az,0} (or {a:1,a2,a3,0}) of {8;}
such that at least one of conditions (4.7.1) - (4.7.6) holds, then {6,} € E(6).

(4~7-1)- ko =3,1/2> a3 > t9,2p/5 > a2 > /3, and to/4 > a3 > to/5.

Proof. We use Lemma 3.6 with aj = maz{a2,t5/3} = az; then

ha(a1,a2,a3) = 13ty/48 + (a1 + a2)/2 + a3 /16
< 13ty/48 + 1/4 4+ t5/5 + 5ip/64 < 1/2.
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(4"7‘2)' k() i 41 a; < 3‘0/9» a2 .'.(. 4t0/91 and a4 S a3 ﬁ t0/4‘
Proof. Using (3.5), we have that, ay = aj = iof4 and

29 3 e To @ 3az ¢ 1
hy(ay,a2,03,a4) = ‘G“zto +m{iﬁ“‘ + 0 + -2—6'.-% ot 20 + T%} < 3

(4.7.3). kg = 4,01 +az+ ag > tp,a2 + ag + ag < lp,a1 + a3 < tg,a1 + a4 <
to,a4 < a3 < 1g/5 and as < 4 — Bip.

Proof. Using Lemma 3.7, since ¢z < 4 ~ 8fp, we have
hy(ay,az2,a3,04) = tp + a2/8 < 1/2

(4.74). ko = 6,2t0/T> a1 > -+ > ag 2 to/5 and @ + a1 + a3 > to.
Proof. Using Lemma 3.8, we have that

15 as @ 19 15, ¢ 19 1
halar, .26} = Teto+ 35 + 75 + 06 S Tpho+ o + ot < 5

(4.15). 260/562 8y > -~ 2 04 2 1-2080/11,260/5 2 1~ 6y —---— 0 > 01,2
1~ 20i5/11, and 85 > 05,205 < 2p/3,81 + 07 + 65 <'lo < Oy + 82+ 05 + G-

Proof, In Lemma 3.9, take a3 = 8y + 83,03 = 03 + 04,23 = 05, and a4 = G5,
then

il

@4

965%(05"!"06)5% 1—-91—--'-—94—- 1-—23“
1<i<8
< (1 -5a)/2

and _
ho{a,---,84) < 15t5/16 + _azls +5(1 ol 5&2)/16 »
< 15to/16 + 5/16 — 23a5/16 < 1/2.

(4.76). ko = 4,a1 + a4 < do,a2 = a3 < ¥p,0 + @1 > Ig,a3 < 4o/5,a2 < 1/3
and ay < £g/5. .

Proof. In Lemma 3’.i0,

hio(ay,--- ,a{) =tg+az/8+asf2d < p+1/24 + 10/120 < 1/2



Estimate of sums 25

(4.7.7). ko = 5,a3 < a3 < a1 < to/2, and a5 < a4 < to/4.

Proof. If as + a; > 8%9/9, we replace a; by a2 +a; and s by a5 with kg = 2,
then {6;} € E by (4.6.3). If aa + a; < 85/9, then a3 > 42,/9 it is covered
by (4.7.2).

(4.7.8) kg = 2,01 > 19/2,a3 < to/5, and o + aa/2 > tp/2.
See Lemma 3.2.

(4.7.9). ko = 2,a; > to,10/3 > a2 > 15/5, and o > az/8+ 3tg/8.

See Lemma 3.3.

§ 5. ANALYTIC FORM OFR(z; M; - -- M).

We shall examine the remainder term R(z;My,---, M) (see (1.12))
which was used in [1]. Let z be a large number, y = z with 1/2 < 8 < 7/12,
and A = {n:z — y < n < z}. For convenience we define an,;; = 0, unless
M; < m < 2M;. We rewrite (1.12) :

Rieit - M= 3 oo ([ ] - [

my,-,Mg
and we write
L = MM
sy = ) I,
L2 <I<3L
Mi(s) = Z Gm;im; ", for 1 < i<k,
M;<m;<2M; :

and

9(s) = L(s) [T Mi(s),

1<i<k

where k is a positive integer.

Theorem 2. Suppose {#;} € E(0), then

R(z; My, -, M) € zf-e.
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Proof. Lemma 3.12 of Titchmarsh [7} is applied to the function g(s), to
yield
1 c+iT - 2t — (2 —y)* 1--1;
Z a"‘ll : amhk . g(s)—u-(TJ‘)—.ds+o( T )2

iy 21'1 e—sT

Imy-mg€

(5.1)
where ¢ = 1 + (log z)™! and T > 0. The conditions I'm;---mz € A and
M; < m; < 2M; imply that L/2* < I < 3L, and so that the sum on the left

of (5.1) becomes

5 ama-oma ([7m] - [a])
0 Sk \ | ] T
o My -~ M my--- My

- . : Gng 1" " Bmy k

= R{z; M1,---, My) -y Z '—“‘—-"'-'r;;;"—
bt BRI

' For Ty < L, in the range {s = ¢ + it :} £ |< Ty < L}, we have

(3L)l—';‘ (L/%)ln. + O(L—c)

by Theorem 4.11 of Titchmarsh {7]. Moreover if Toy < z,

L(s) =

z" ~ (2 - y) - yz:—l _ O(‘ 3 l yzzc—-Z) & yzc-»l'

3
Hence - ( . )
1 cte 2% — (2 — v &
i) T P
1 e+iTy 2 (2 — 1) : :
= i ———-—g-——-—gl—Ml(s) .o Mi(8)z*Yds + O(E,) + O(E,),
Tt Je—iTy s
where

B = f F7n H M;(c— it} | yz=~ldt € ToM; - -- Myyz 2,

. 1<<k
and
o
B = / L= | T] Mile—it) | y?zo~2dt « ToL'~(My --- My ) —yzo~2
—To

1<i<k
< Toy?z~1.
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Moreover, on integrating termwise as in the proof of Lemma 3.1 in Titch-
marsh [7], we have

c4iTg o—2 _ _ a)® ’ i
1 g (z-v) M;(8)--- My(s)z* 'ds

‘2_11: c—3iTp -8
s 5 “_m_ri'____J,o( )
ey, TBLMEER To
l-!mn.EA

1t follows from the above estimate, choosing Tp = L'/%, that

R(::;er,u-,Mk_), i (/j'-m /C-HT) 9(-’) ( b’ ds+0(z°"°).

+1T5
(5:2)
We divide the 1atter range into at most 2 log z subintervals of type [T, T5],
where T3 < 277 and bound the interval over such a range by a sum over
well spaced points Th < & < -+ < € < Toltrgr — & > 1). Thus, for some
Ty with Ty < Ty < T, and some set of ¢,, we have '

R(z; My -+~ My) € 2°7° + (log z)yz=? Z gle +it,). (5.3)
1<r<k

In the following sections we shall estimate (5.3).
We denote the right hand-side of (5.3) by R(z; Ny,---, Ni, ). We have

9(s) = Ny(s) - - Ny (8)L(s), (5.4)
where the definition of N;(s) or Lo(s) is the same as (5.1) and one of N;(s)
or Lo(s) is equal L(s)M;, (s)--- M;_(s).

We trivially have
| Lo(e+it) 1< 4, and | Nyfet i) 1S4 G <)
Hence those ¢, for which
| Lo(e +it,) |< 272, or | Nj(c+it,) <27 (j<ko)

contribute a total
<& (log 2)yz®! Thz~? < 2%*
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to R(z; Ny,---,{Ny,). Such points may therefore be»neglected. We now
divide the remaining ¢, into at most (4 log z)**! sets S(Us,-- ., Ug,, W) for
which .

Ui < NEY2|Ne+it,)|<2Uni=1, -, ko,

W o< LSV Lo(e+it,) |< 2W,

where 272 < LY2 W < 2% < 1, for some integer 4 and similarly for
Uy, -+, Uy It follows that

R(z; N1, ;,Nh) < =% *+(log a:)"““y:n"”zUl oUW | S(Ur, -+ Uy, W) |
(5.5)

for some 7', some Uy, - -, Uy, , W and some well-spaced set S(U1,---,Ur,, W)

having the property (1.4) - (1.7): the mean-value technique of Montgomery

(8]
| S(U1,-- -, Uny W) € U7 (N} + TYlog*z,1 < i< ko,  (56)

where A is constant; Halasz’s method in the form due to Huxley
[ S(UL, -, Uiy, W) | (U2 N 4 U7Y N loghe; (5.7)
while from the inequality
| Lo(c+ it,) *> U2L3 %,
we have
| S(U1, -, Uy, W) | (WALE + W2 L2T )(log z)4. (5.8)

Our last estimate for | S(Uy, - -, Uy, W) | depend on the formula
1 »,
1 F—ct+il' L\? dz i
I . z = e =—C
O =50 LcoiT (o +2) ((3“ (2") ) z +O (Lg fog Z)
for 8 = ¢ +it,Ty <1 < 2T). This yield, if Lg = L,

W S(Uh, -, Uy, WYL LE2S | Lo(c + it,) |*< T(log z)*. (5.9
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Deshonillers and Iwaniec [6] proved: if N > 1,T > 1, the coefficients d,,
are complex numbers and ¢ > 0, then

2T -
/’ | C(%-Ht) o z dn* 2 dt < T‘(N3T1/2+N5/4T3/4+T) z | d, |?
~2T n<n<2N n<n<2N
(5.10)
From (4.1), we have

WAU? | S(U1, -+, Ukgy W) IS L¥T2N2Y " [ Lc +dt,) [ Nj(e +it,) [P

dt

T 1 ' 1
4e—2 pr2c-1 — it 4 L2—4GN!'-2¢ Nif—+i 2
< sty [ 1O 1 PN N i) P

+ [ SO, - Uiy W) [[ (log 2) [*< TENETY? 4 NPT 4 T)  (5.11)
whence, for 1 < k < j,
| 5(Us, -« -, Uiy, W) | € WAUTHNETI? 4 NATIA L )T, (5.12)
We have that
Up--UhW | S(U1, -+, Uiy, W) | &€ 21275 4 gho110%) (5.13)

with h(ai,---,ar,) < 1/2 for a certain constant ¢ > 0 since {§;} € E(6).
This will complete the proof of

R(z; My,--- , M) € 5.

Theorem 3. Suppose {0;} € E(8). then

A el s
/i‘" | W(-2— +it) | dt € 277°, (5.14)

for

T, € T ¢ gi-0te

where 8 is a fired positive constant, and

Ti = exp ((log z)‘}(loglog z)‘§) 5
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Proof. Defined S{U;,---, U, W) be a set of . into for which
Ui < MV Mierit,) (<20 i=1,- ko,
W< L5V Lo(e+ i) < 2W,

where z-2 < LY*°W < 2~* < 1, for some integer u and similarly for
Ui,--+,Us. In Lemma 16 of [8], Heath-Brown proved

1T )
/ 4 W(-l- +it) | dt < 2i 420 | S(Uh, - Uk, W)
" 2

where Y runs over (Uh,---,Us, W) such that (1.1), (1.2) and (1.3), and
| S{Uy,---,Us, W) | satisfies (1.4), {1.5), (1.6), (1.7) and (1.9). Since {4;} €
E(f), we have that o

| 81, -, Up, W) [< 257,

then
S 18U, U W) (< 2575,

since at most (4 fog z)*t! terms in above ¥Y.”. Thus (5.14) follows.
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