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Identities among some combinatorial objects involving
special values of multiple zeta functions

Lalit Vaishya

Abstract. In the article, we establish some identities involving special values of multiple zeta functions among the counting
functions of number of representations of an integer by a linear combination of figurate numbers such as triangular numbers,
square numbers, pentagonal numbers, etc. More precisely, we provide our result for dx(n), 7% (n) and N7 (n) (for a fixed a > 3),
the number of representations of n as a sum of k-triangular numbers, as a sum of k-square numbers and as a sum of k-higher
figurate numbers (for a fixed a > 3), respectively. Moreover, these identities also occur when one of 3 (n), 7(n) and Nf(n) is
replaced by the k-colored partition functions.
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1. Preliminaries

We define the ¢g-Pochhammer symbol, also known as the ¢-shifted factorial, given as the product of

the form
n—1

(a:9)n = [](1 = ag") = (1 = a)(1 —ag)(1 — ag®)--- (1 — ag" "), (1.1)
k=0

with (a;q)o = 1. It is a g-analogue of the Pochhammer symbol (z), = z(z +1)---(z +n — 1) for
x € RT and n € N, in the sense that

)
;l—{%(l—iq)” = (2)n- (1.2)

The g-Pochhammer symbol is a major building block in the theory of hypergeometric series and the
theory of integer partitions. The g-Pochhammer symbol can be extended to an infinite product given
by

o
(@9 = [[ (1 - ag®). (13)

k=0
Moreover, for a = ¢, (a;q)x is the Dedekind eta function 7(7) upto a multiple of g-power, where
q = €™ and 7 € H (complex upper half-plane), i.e., n(1) = q1/24(q;q)oo. A product of the form
Hnrd (dr); with r4 € Z, is commonly known as a eta-quotient of level N and weight %Zrd, in the
dIN d|N
theory of modular forms. These are the building blocks for finding the formulas for r(n), dx(n) and
Ng(n)(for a fixed a > 3) (See [RV23]).

For a fixed integer a > 1, we define the n''-figurate number by f,(n) := ‘m2+(+2)", following
Ono-Robins-Wahl [ORW95]. Note that the function f,(n) denotes the n'"-triangular number (resp.
square number and pentagonal number) when a = 1 (resp. 2 and 3). In the literature, the n'®
triangular number is denoted by Tj,, and for a fixed a > 3, the integer f,(n) is known as the n'P-
higher figurate number. These functions are associated with counting the number of vertices of some
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geometric objects. We denote the generating functions for these figurate numbers as ¥(7) (for
triangular numbers), 6(7) (for square numbers) and ®,(7) (for a > 3), and they are given respectively
by

= Zq”z, U(r) = an(n;l), and fora >3, ®4(7):= qu“(”). (1.4)

ne”Z n=0 neL

where ¢ € H. It is known from [ORWO95, Proposition 1, Theorem 10] that the generating function for
the figurate numbers defined in (1.4) are explicitly obtained from Jacobi triple product identity given
by

6(r) = ﬁ -y (@) ﬁ L—¢*")? _ (¢54)% (L5)

(1=gm2(1=¢*")?*  (9)3%(d% )% (1—q) (¢:0)0

n=1 n=1

and for a > 3,
H L= (1 =g (1 =g ) = (6" 0@ ¢o(a“ V50 (16)

Let 0x(n), mx(n) and N¢(n)(for a fixed a > 3) denote the number of representations of n as a sum of
k-triangular numbers, as a sum of k-square numbers and as a sum of k-higher figurate numbers (for
a fixed a > 3) respectively, i.e.,

k
ri(n) :#{(th@,---axk) e Z"| ”:szz},
i=1

k
() :#{m,@,...,xk) e 7¥| n=ZW}

i=1

k
and for a fixed integer a >3, N (n) = # {(xl,xg,...,xk) cZF n= Zfa(:vz)} .

i=1

It is easy to see that
[o.¢] o]
kT)zl—i-Zrk(n) q", \I/k(T):l—i-Zék( ¢" and ®F(r —1+ZNG q"
n=1 n=1

for a > 3. For more details on these arithmetical functions, we refer to [ORW95] and [RV23].

For positive integers ki, ko, ..., ky > 2, we define the multiple zeta function as follows:
1
Ckr, ko, oo k) = > T -
m1<mo<-<Muy My Mmy™ =My

(1.7)

1
and COdd(klakQa"'akw) = Z ki ks kw’

mip<mo<---<Mmy
m;—odd

When k; = k for all 4, we simply denote it as (k) and (2% (k), respectively. By convention, we write

C(k) = Gu(k), Go(k) = 1, (¥ (k) = ¢7*(k) and ¢§*(k) = 1.
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Trigonometric identities

For each z € C, we have the following trigonometric function with their product expansion and Taylor
series expansion given as follows

. - 2 = (=" 9n
San:ZH<1_n27r2) = Zmz y

n=1

B ﬁ <1 422 > _ i (=D" 2 "
cos z = 11 T en-122) “ (2n)! o
sin? z = H < - 2>2 = nil (S <2r2—7i 1)) (_(;7);!122” (1.9)
w1 ) - S (5 )

Here, (Z) denotes the number of ways to choose r objects from a set of n objects.

2. Identities for dx(n), rx(n) and N (n)

In this section, we establish certain identities for r4(n), dx(n) and N¢(n)(for a fixed a > 3) which
involves the special values of multiple zeta function. We make use of trigonometric functions to
prove our results. Before stating our results, we define the set S(n) as a collection of all possible
compositions of non-zero positive integers {ai, as,...,a,} such that a1 + as + -+ + a, = n, ie.,

S(n) ={{a1,a2,...,a,} | a; >0 for all 4, and a3 +az + -+ a, =n}.

For example, given n = 6, the elements {3,2,1}, {2,3,1} and {1,2,3} are different integer
compositions of S(n).
Now, we present our results.

Theorem 2.1. For a given positive integer n, we have the following identities for ri(n), dx(n) and
NE(n) (for a fized a > 3), respectively involving the special values of multiple zeta function (i (2) given
by

0 k
() = 3 L o)

OM8

2l<: + o (2.10)
} Z s CU Gt ) <1 ! ) |
= ¢ 2,2 2 ’
{s1,52,..,5¢}€S(n) ":nl Eizl;tzf;e 2 miyms - - - mjg m#mi,ma,...,my m2m2
> — (—1)"¢x(2)
Z %H ‘ Sai(n) = 7)r2,€52k(n)
k:(] k=0 (2.11)
B Z Z (—1)2 52(81)(52(32)"'52(38) H (1 _ 1 ) '
= Y 2,2 2
{s1,52,...,50}€S(n) 77211’:122%172&Z 2 mims - - -my m#mi,ma,...,my m2m2
and
D e e (CDRG)
Zm 2 (1) :Z? 2x(1)
k=0 0
(2.12)

k=

_ ) 3 (=) N5 (s1)N3 (s2) - - - N5 (s0) 11 (1 1 )
20 2,12 ... 2 2.2 :

{81,52,...,8¢}€S(n) M1M2> 0T T MAML,M2,...,My men

m; —distinct
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Proof. We prove the above result for r(.) and other identities can be obtained following similar argu-

ments. Let us consider the product formula of sinz given by
0 2 0 2
z z
sinz = ZH <1 — 7122) To get the required result, we consider the product H <1 — W)
n=1 n=1
and expand it in two different Ways by substituting the g-product of generating functlon for square
oo
1—
numbers, i.e., z = H (g™ 15 (given in (1.5)) and observe that 2k = ZTk( )¢". More
Lo (=g (1 —q') =
00 2
i ion of [ (1 - —— ) gives that
precisely, the expansion o H 33 gives tha
n=1
o0 o0 1 o
- ) _ R N PP
n2n? 2,2 2
n,; —distinct
Now, we substitute 22 ngk n)q" and see that the constant term (q°-th coefficient) and the

coefficient of ¢" (n > 0) is glven by;

© 1k
1+ Z 2k and Z (17)T2€;;k(2)7“2k(n)7 (2.13)

k=1
00 00 52
respectively. On the other hand, we first substitute 22 = r9(n)g" in 1-— to get
D y nz_:o 2(n)g }1( 27T2> g

H ((1 N n217r2> ¢’ - Z ::2(7]:2) qk> : (2.14)

n=1

We expand the product in (2.14) using the Cauchy product of infinite series to obtain the coefficients
of ¢". The coefficients of ¢” in this process is given by

5 5 CD'mlsnte) ont) g (o L
(51,59 o) €S(n) ™12 2t m%m% e m? m2n2 ) (2.15)
182,...,8¢ n) o stimet MFEM1,m2,...,mMy

Since the q Coeﬂicients given in (2.13) and (2.15) are the ¢"-coefficients of the expansions of the

o0
(1—q¢™)
product H ( ) by putting the value of z = T[[l A= )21 = ") Hence, we have the
required 1dent1ty The first equality is obvious by the Taylor series expansion of sin z. Thus, we have
the required result.

Theorem 2.2. For a given positive integer n, we have the following identities for ri(n), dx(n) and
N&(n)(for a fived a > 3), respectively involving the special values of multiple zeta function (2%(2)
given by

00 1\k a1k odd
o) = 3 G )
k=0 k=0

Vi
_ 3 (=4)" ra(s1)r2(s2) - - - m2(80) (1 1 )
- }: 20 2,2 2 ” 2.2 )0
0 mims---m mem
{81782,‘..,‘9[}65(71) m; ZLc}dgL%K’zmcil’:t{nct ! 2 ¢ m—odd m

(2.16)
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2 k) = 2 da(n)
k=0 k=0 2 17)
C 5 SRR he) (o LYy ®
{517327“"'54}65(”) mi—Oc’ld 8’5 (iistl;nct m#nf’#‘iz%’a“’ml
and

> (— > k4k40dd( ) a

Z (2 — Z 71'2k Qk(n)

k=0 =0

1) N (s IN@(59) - - N (s (2.18)
- Z Z (TF%) 2(1)22(22) 22(6) H (1—1>

2.2
mi,m9,..., mp 1 2 ¢
{s1,52,...,5¢}€5(n) m;—odd & distinct m—odd

Proof. We use the same arguments to prove the above result for d;(.) and the other identities. Let

oo
4 2
us consider the product formula of cosz given by cosz = H 1- = ). We expand the
oot (2n — 1)2n72
2

product H ( W) in two different ways by substituting the g-product of generating
=)’
function for triangular numbers, i.e., z = H ﬁ and observe that z* Z(Sk n)q" to get the
- —q
n=1 ~ )
. . . . 4z .
required result. More precisely, a simple expansion of H (1 — W) gives that

n=1

0 2 & k4k 1 ok
H 2.2 ) = Z 2k Z 2.2 2 | *
- 2n —1)27 - ningeny TN

= o n;—odd & distinct

i DHGHE)

oo
Now, we substitute 2%¢ = Z(Sgk (n)q" and see that the coefficient of ¢"

k kodd (9
1+Z j‘ﬂg 2 )52k(n). (2.19)

0 2
On the other hand, first we substitute 22 = ng(n in H < 2n—1)22> and then we expand

the product to obtain the coefficients of ¢". The Coefﬁments of ¢" in this process is given by

—4)! §5(s51)02(s2) - - - 62(s 1
Z Z (sz) 2l 1)22(22) 22( 2 H (1_m27r2>' (2.20)

mi,mo,..., m 1772 14
{51782""756}63(’”) miflodd?&distifwt m—odd

o, ¢]
4 2
Hence, comparing the ¢"- coefficients of the expansions of the product H (1 — (221)22) (in two
n—1)%mw

2.,2)\2
ways) by substituting z = %, we obtain the required result. The first equality is obvious from
the Taylor series expansion of cos z.
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2 2

Following the same arguments and using the product and sum expression for sin“z and cos” z

respectively (given in (1.9)), we have the following results.

Theorem 2.3. For a given positive integer n, we have the following identities for ri(n), ox(n) and
N (n) (for a fized a > 3) respectively.

> (0 2k (—1)k1
Z<Z (2r+1>> @t ")

k=0 \r=0
(2.21)
* 1 2 1
- ZTQ(f)Z H T2m2 ra(se) + TAma r2(se) H [ Y R g )
f=1 1<e<t - m#Emi,ma,..., mp

and

gk

—( 2 (—DFt
(ZO (2r+1>> (2k)! Ni(m)

. (2.23)
2 a 1 a 2 1
H <_7T2m2N2 (se) + 7r4m§N2 (55)) H (1 T om2n2 + m47r4)) :

1<e<t

>
Il

=SS (
f=1

where >_.* denotes the double summation Z Z

{517527---,5e}65(n_f) MMy mye

m; —distinct

Theorem 2.4. For a given positive integer n, we have the following identities for ri(n), dx(n) and
NE(n) (for a fized a > 3) respectively.

# 2 1 9 1 (2.24)
X' I (e ) | M (=t )
lgege € € 77L#m%frz)%lé..,me
e k
2k\ \ (—=1)*
2 Z(m)) @iy 2
k=0 \r=0
4 9 9 1 (2.25)
= H( 2,7202(8¢e) + 452(Se)> 11 <1 m2n2 m47r4>
1<e<t € € m#m’ﬂll,:rczfi,&“,mz
and
(£ e
17 V2k
k=0 \r=0 2r (2k)
(2.26)
# 2 " 1 " 2 1
- H <_7r2m2N2(Se)+7r4m4 2(S€)> H (1_m27r2+m47r4>
1<e<¥t € e m#£mq :n%i,d,mg
where Z# denotes the summation Z Z

mi,m9,..., m
{81782,...,‘9@}65(’”) mi—c}dd 2& distl;nct
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3. Identities for k-colored partition functions:

Let n be a positive integer. For each k > 1, let py(n) denote the number of k-colored partition of n.
For k = 1, it is the usual partition function p(n), first considered by Ramanujan. We define pg(n), as
the counting function for the number of k-colored over-partition of a positive integer n, and pdy(n)
denotes the number of k-colored partition of n into distinct parts, and pox(n) denotes the number of
k-colored partition of n into odd parts. The generating function for these k-colored partition functions
is given in terms of ¢g-product as follows.

nzopk(n)q" = nl;[l i _1qn) (4:9)

a7 A+d") (g9

nz%pk(n)q - }_[1 L= (o’ a2)
> pdi(n)g" =[] 1 +¢" = (g 9)k,
n=0 n=1

o0 o0 1 B
and ZPOk(”)qn = H m = (q 1§q2)]§o-
n=0

For details on the partition functions and their combinatorial interpretations, we refer to [And98].
Similar identities obtained in Theorem 2.1 and Theorem 2.2, can be given for these k-colored partition
functions. The proof of these identities take place by substituting z = (—¢;¢) ( for pdx(n)),
z= (¢ ¢%) s (for pop(n)), z = m ( for px(n)) and z = % (for pr(n)) in the expression of
sin z and cos z and following the same arguments as in the proofs of Theorem 2.1 and Theorem 2.2.
Below, we state these identities only for pdy(n), and identities for others can be stated analogously.

Theorem 3.1. For a given positive integer n, we have the following identities for pdy(n) involving
the special values of multiple zeta function (i(2) given by

0 _1\k 0 \k
(;C_?mpdzk(n) = Z (17)T2%(2)pd2k(“)
k=0 k=0

(3.28)

_ ¥y § CU p(spdalen) - pdaler) T (1 - 1)
= 2 2.2 . 2 22 )
{51,582, 30} ES(m) ™1 T2 s mims my m#my,ma,...,myg mem

These identities also valid if pdy(n) is replaced by one of these k-colored partition functions among
pr(n), Pr(n) and poy(n).

Theorem 3.2. For a given positive integer n, we have the following identities for pdi(n) involving
the special values of multiple zeta function C"dd( ) given by

o0 k gk Fodd (o
Z 'pd2 n) = Z#pd%(n)

k= k=0

S s C ) o pi(s) T <1 -
- 20 2,12 2 2.2
{s1,82,...,80€S(n) _ ML20 T ey men
yTLr m;—odd & distinct m—odd

> | (3.29)

These identities also valid if pdy(n) is replaced by one of these k-colored partition functions among
pr(n), pr(n) and poy(n).
Remark 3.1. The identities appearing in the Theorem 2.3 and Theorem 2.4 can be given for each

of these k-colored partition functions pi(n), Pr(n), pdr(n) and pox(n) by replacing the arithmetical
function ri(n) by one of the above k-colored partition functions.
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3.A. k-colored identities associated to Rogers-Ramanujan partition functions:

For a positive integer n, Let [A;, Ao, -+, A;] such that n = Ay + Ay + -+ + A, 7 € N and each
Ai > Air1 > 0, denote a partition of n. We define the following partition functions given by

RR(n) := #{partiton [A1, A2, ..., A\r] of n | \; — Aiy1 > 2 for each i} and

3.30
RS(n) := #{partiton [A1, A2,..., A\] of n | \i — Aiy1 > 2, and A\; > 2 for each i}. (8:30)
The generating function for these is given by
oo o0 n2 (o] o0 qn2+n
RR(n)q" = and RS(n)q" = . 3.31
,;) ,;) (¢ @)n 7;) ; (¢, Dn (3:31)
Let R1(n) denote the numbers of partition [Aj, Ag,..., ;] of n such that each \; = +1(mod 5),
and R2(n) denote the numbers of partition [A1, Ag,..., ] of n such that each \; = +2(mod 5),
respectively. The generating function of these is given by
Rl n qn — e
2B = 1 5= ~ i
1 1
nz:% () ,El (1= 2)(1=¢""?)  (¢*0°)oc(@®;0°)oo
respectively. Then, Rogers-Ramanujan identities say that
RR(n) = R1(n) and  RS(n) = R2(n). (3.33)
To prove the Rogers-Ramanujan identities, it is equivalent to show the following
o0 2
q" 1 1
= and , 3.34
7;) (@D (@36°)0(d"¢°) o0 Z In o (6%4°)00(¢% ¢%)o0 (3.34)

respectively. For details, we refer to [And98]. Now, we define the following k-colored Rogers-
Ramanujan type partitioned functions as follows: R1x(n) denote the numbers of partition [A1, Ag, ..., A/
of n such that each A\; = £1(mod 5) and its part is colored by at most k-colours, and R2;(n) denote
the numbers of partition [A1, Ag, ..., A;] of n such that each A\; = £2(mod 5) and its part is colored
by at most k-colours, respectively. The generating functions are given by

D vy D D L rerrey o D

respectively. Here, we state our result without proof as it follows exactly the same arguments as in
the proofs of Theorem 2.1 and Theorem 2.2, respectively.

Theorem 3.3. For a given positive integer n, we have the following identities for R1ly(n) involving
the special values of multiple zeta function (i(2) given by

o0

%Rlzk(n) =y MR%( )
k=0

—1)f R15(s1)R1a(s2) - - - Rla(s 1
B, e T ()

mim. -m
{s1,52,...,8¢}€S(n) ml 2505y 1e2 4 m#msi,ma,...,my

—distinct

w0 (3.36)

These identities also valid if R1x(n) is replaced by R2,(n).
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Theorem 3.4. For a given positive integer n, we have the following identities for Rly(n) involving
the special values of multiple zeta function ngd(2) given by

e e k4k‘<odd( )

Z ((; - Z 2k —— — Rla(n)

k=0 k=0

Z Z (;§2€R12(51)‘R212(252)"'2R12(S€) H (1_1>' (3.37)

mims---m
{s1,52,...,50}€S(n) nLiTgc,lZ’O&:Hd’;:tl;nct ¢ mAML MY, My

These identities also valid if R1x(n) is replaced by R2,(n).

Remark 3.2. The identities appearing in the Theorem 2.3 and Theorem 2.4 can be given for Rl (n)
and R2(n).
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