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1S THE BINOMIAL COEFFICIENT (2,':) SQUAREFREE?
BY

G. VELAMMAL!

Absiract

In this paper, we provc the Erdos conjecture that the binomial

coefficient (":_") is never squarefree, for ail n > 4.
In this paper, we prove the Erdos ccnjecture that the binomial coefficient
(*™) is never squarefree, for all n > 4.
Sarkozy (1] has proved that (%) is never squarefree, for %, jarge enough.

In his proof he has utilised Jutila’s estimates [2‘; or 23(2“‘9 /p) to estimate
p<z

Z log pe?™/P_ Instead, b; applying Vaughan'’s identity and then using the

iz

theory of exponent pairs, we are able to get better estimates. By explicitly

calculating the constants involved, we can state that the result is true for
n> 28000_

The case 4 < n < 2899 ig attacked by simple direct methods.

'Supported by NBHM fellowship
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NOTATION
s e(x) stands for 2™
e {z} = fractional part of z = = — [z].

e C will denote an absolute constant whose absolute value is < 1, not

nessarily the same at each ocurrence.
o We will write (**) = (s(n))?q(n), where q(n) is squarefree.

THEOREM
8 2ny .
For n > 28000 (2%} ig never square free.

PROOF

21\\

n/?

In the prime factorisation of { let r, denote the exponent of the

prime p. Then

£ (3

where T' = [logy2n]

Note that,

o] a2 :{1 if {2} >4 )

0 otherwise

So if for some p,{—;‘;} and {;"; > 1,thenr, > 2. Then
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where the product runs over primes for which {n/p} {n/p?} > 1/2. Thus

log s(n) > Z logp (3)

b4
where the sum runs over primes for which {n/p} and {n/p®} > 1/2. There-

fore

log s(n) 2 > logp (4)
Va<p<von
{n/p} > 1/2

To incorporate the condition {n/p} > 1/2 into the summation, we use
the following lemma of Vinogradov [3].

LEMMA Let p,7,A , be real numbers satisfying

0<A< ¢ (5)
A<p-n<1-A (6)
Then there exists a periodic fumetion ¥(z), with period 1, satisfying
o (i)y(z)=1intheintervaln + A/2<z < p— A/2.
o (i) ¢(z) =0intheinterval p+ A/2 <z <14+ n—-A/2

e (iii) 0 < ¥(z) < 1 in the remainder of the interval n — A/2 < z <

1+n-A/2

e (iv) 9(z) has a Fourier expansion of the form,
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P(z)=(p—n)+ Z (am cos(2rmz) + by, 8in(2xz))

m=1
where
o] < =, lam| € 2p =), lom| < =%
Gml S 0 1Bml S AP —N), 8m| < "o ax
and
2 2
& = _ .
|bm]__ prs, Ibml 52(17 7’), |b‘m| < 2m2A

We use this lemma, with A = ¢,7 = 1/2 + €/2,p = 1 — ¢/2 .Then (5)
and (6) force ¢ < 1/4 and we get a periodic function F such that _

()F(z) =1in1/24+e<z<1-¢ (i)P(z) =0in0<z<1/2,
(iii)0 < z < 1 in the rest of the interval [0,1] and F(z + 1) = F(z). (iv)The

Fourier series of F(x) can be rewritten as

F(z)=(1/2~¢€) + i dme(mz)
m=—00
m#0

where

1 o o Lia g 0B 1WWE 1
|dm| = 5 |a,1m| + iblm‘l =3 (a'ml ks blml) < §T|ml % 2|m| ™)

and

1 /2 1 2%/ 1
(| = 5 (0 + Bhy) < (8)

— —— < me—
= 2x2m2¢  6m2e

So from (4) and the lemma
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log 8(n) > E F(n/p)logp

VR<p<Vin
= 3 (1/2-¢lgp+ Y, 3 dme(—rf;ll—) logp

Vr<p<van Vn<p<van | m = —o0
: m#0

=(1/2-¢ Y, logp+ Y. > dme(?)A(r)

Vn<p<Vin Vn<r<v2n m = —o0o
m#0
mn
= > (Z dme(T)lOgP) (9)
\/ﬁ < p:' < \/5;1‘ m#0
1> 2

Since | 32, 2o dme("*)] < 1 ,the modulus of the last term is

<> ) logp

22 .5 <p§(21|)'17

< log 22n Z log p
nl/i<p<(2n)'/4

< 22 (o0(an)' ) - 6((n)'1)) (10)

Vaughan’s identity [4] states that
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Ar)= > u(@)logy— Y. Ca— Y. TA()
zy=r i zy=r
2<% T,y2 2

where Z can be chosen to be any integer < r,
Co= 3 Akp(l) and = Y pld)
kl=z¢ diz
ki< Z d< Z

Using the above identity, the second term in R.H.S of (9) is

=851~ 52-53 (11)

where

Si= ¥ Z dm Y. w(z)logye( )

VR<r<VIn m = —00 Ty=7r
m#0 z<Z

= Y Y Ay e
Vn<r<VIn m = —o0 zy=r
m#0

S= Y Y dn X wA@()

Va<r<vin m= —00 zy=r
m#£d zy>Z

To estimate 81,57, 53 we will use the theory of exponent pairs.
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DEFINITION

Consider sums of the form

S= Y e(f(t)

B<t<B-+h

where B> 1,1 < h< B and f ¢ CT[B,2B], for some r > 5 . Suppose
BAL|f() <hA

and

k. AB'™T < |fT(t)| < LAB'T (12)

where 4 > 1/2. If (x,)), 0 € x € 3 € X < 1is such that for any f satisfying
the above conditions

S| « AxB*
‘then (x, ) is said to be an exponent pair. The constant implied in the above
inequality will depend on the constants k,,l, and the exponent paﬁ (x,A)-
We will denote it by e(f,x,A). (0,1) is trivially an exponent pair.

Also, if (x, ) is an exponent pair then,
Rule A (iﬁz—é + fx’\Tf) is an exponent pair;
Rule B (A - },x + 1) is an exponent pair;

Rule C the convex combination (kx1+(1—k)Xz, kA1 +(1-k)A2),0 < k < 1,

of any two exponent pairs (x1,A1) and (X2, A2) is an exponent pair.
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Detailed proof for the above statement can be found in chapter 2 of

A Yvic’s book [5]. For our purpose we need to calculate the constant ¢(f, x,A)

LEMMA 1
Let f satisfy the conditions (12) with A > 1. Then

18] < {“’i/k_"’) JE+5h- )+ s} Al (1)

PROOF
We will assume without loss of generality that f’ is monotonically de-
creasing (if not, we consider S ) and that f/(B) = 8, f(B + k) = a Let n

be any real number such that 0 < < 1. Suppose

n-1<a<n (14)

By Euler’s summation formula

S§= ) elf(n)

B<n<B+h

B+h . Bth 1
= [ e+ [ elaat, where x®) = t-10- 3
B B

B+h B+h
5 = ~eFONE* + [ " e )2eif (Bt + / ™ eyt

Using the Fourier expansion for x(t) ,
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B+
S=c+ / e(f(t))dt ~ mz / sin(2xm)e( f(£)) f'(t)dt (15)

m—l

N |
" / "efenat+ 3 = / (e(~m) — e(m)) e(£(£)) ' ()t

m=1

B+h B+h t
=% / e(f(1))dt + Z o [ * f’(-:)(t_)md(e(f(t)—mt))

N T [0
- mzz:l 2xim -/B Fie) + md(e(f(t) + mt))

With f/ the function ,—,{;')(2; is also monotonically decreasing. So, by

the mean value theorem for integrals, the absolute value of the last term is

S":i; 2—1“73——‘/ d(e(f(t)+mt)‘ (forsome § < B+ h)
1 (& 28 i
Sﬁ(mglm(ﬂm))

m>f

1
x (m%% Z m(ﬁ+m))

The above expression < —ﬂ?—’-ifﬂ < 2. Otherwise it is

<‘(/ " / = 1)*)
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}r (2log(1+ﬂ) @I ) < —71;(2103(1 +8) +3)

2log(1
So, in any case, it is less than—oi(r—t@ + % (16)

24
55% ( ;:_Mm(m—ﬂ))

B 8
+
(ﬂwszmszﬁ wlm—7) 2. )

28<m< oo m(m — B)

B+h
i T el f0) ~ mt)
>ﬂ+

<

N~

1 1 B
= +
ol (ﬁ+n<zr;<2ﬂ -8 E # )

28<m<oo o 'B)
1{1 RO+ gy © di
£ = —+/ ——+ﬂ/ =

*\n B4n t—1 [

29
The above expression is

S%(%+10g(2,6+1)+3) 8>3
< % (-:I-+log(2ﬂ+1)+3((2)> £H<3

So in any case the bound is% (% +log 9243 + 1) + 3((2)) . {1n
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© Also
L[ rorets - moa
1<m<ﬂ+n

1
= B2 d(e(f(t) - mt) + e(f(t) - mt)dt

2xi 1<m<ﬂ+n / 1<mz<ﬂ+ﬂ/

= ZgogB+n+1)+ Y / e(f(t) - mt)dt
1<m<B+n
So we have

0<m<p+n

§= 2 / e(f(t) mt)dt + c (1 + -(2103(1 +8)+ 3)

+2 (3 +10g(26 + 1)+ 5¢(2)) + S1og(B+ 7+ 1)

B+h
3 1 3 2
= Z / -e(f(t)—mt)dt+c (1 + -4+ — C( ) log(ﬂ +9+ 1))
0<m<f+n ﬂ‘l’
(18)
Suppose, contrary to (14), a ¢ (p—1,7) Thenif -1 <a-k < 7,
define h(t) = f(t) — k¢ .Then h satisfies the conditions asssumed in the first
paragraph, and the above proof goes through for h(t).
But

s=1 Y emm)

B<n<B+th
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-3 ( /B T ) - mt)dt> re (1 124 011( 3“2) log(2ﬂ' +n4

o' —n<m <A +n
where o/ =a — k,8/ = 8- k.

So

5< +

» / e(f(t) — mt)dt

a~n<m<<p+n

+C(14+ 8+ 2 + X2 4 S10g(2(8 - a) + 39 + 1))

If | f*(¢)! has a lower bound m, then

B+h l
] / e(f(i))dtg < 8/vm (by Lemma 2.2, [5] )
i+ B

Also, choosing n = 1/3 , and noting {8 — a}| < ({1 — &1)4,

8(ly — k1)A 16 < 4 4 )
N i —— 4 —log2 4 -1 — -1
S Ueap T T gapT oMt plett plslf e

L Bh k) 16 4
A /231/2 _____Al/2Bl/2 6 Al =% Al/?Bl/z
_—'*'——-\/kz +\/k—2 +c +1r(1 1)

< Al/2pliz (_(__\/_E__;"_)Jr\/_%:jL ~(h — k1)+6)

LEMMA 2
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If || < C(f, X, A)AXB* for all f satisfying conditions (12) then

x 1 A F o S
< o
1S|<e (f, 132 + T 2) ARFI Bt iis

where the constant in the line above is

e (c(f,1/2, 4 [4 { (1 * % +* I;%) + (212)16(y,x,k)} + 1] 1/2)

where g = f'/2l,.

Proof

We proceed, as in the proof of Lemma (2.8) of [5], except that we calcu-
late the constants explicitly ét every stage, to obtain the above result.

Now we can estimate Sy, Sa, Ss.

1< Y [ Y logre(T)
m= —00 2<Z oy fon ¥
m#0
< Y Y| Xl
m=—00 e<T | AfF cyg VIR ¥
m#£0

Since log y is monotonic, the modulus of the innermost sum is

I T 45

< log ==

for some £ € (JE ﬂz)

z!? =z
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So we need to estimate an exponential sum Z e(f(¢)) with B =
B<t<B+h
£<¥En, f(y) =22 ,A = |m|z, where f satisfies conditions (12) with

kl = 3k4=

N

Sl

1
ke = "ﬁika =

N =

L=1,L=2Il3=6,l;,=24

So

1S1< )0 ldml ) log Zw(f’x,)\)(lmlz)"(—\/g—ﬁ

m = —00 Bz
m#0

)4\
for any exponent pair (x,A).

a1 < 2B v LSS g o7, (Zz*—*)

m=—oo z<Z
m#£0
3 ) 2 (Z + 2)x-—«\+1
1S11 < C(f,x,A)27 1 3> ldmlimXlog(2n) | n2 oA+ D)
m = —00
m#0
(19)

where the parameter Z can be chosen to be any number < v/2n .

Similarly



Is the binomial coefficient ' 37

el 3 Ml AN X (D)
m=—00 d<Z |I<Z Va<dly<yin Y
m#0

Again, apply the theory of exponent pairs to estimate the exponential
sum. Here A = |m|dl, B = %,f(y) = iy and the constants L, K; are the

same as in 5.

152] < (10—5222) > ldal Y c(f,x,J\)(Imgdl)m(l/d_—l"_‘)Al

m= —00 d,l_(_z
m#0
- < f(_f’zx’_)\)logzn i |dm]|m|X! (Z d)a—,h) (Z l"“'\l)
m=—00 d<z i<z
m#0
C(f:Xa A = i " Z+2 2(x1—A1+1)
2 ——E—) Z |dm|[m|** | (log2n) o (—(x‘l‘j)mr (21)

m=—o0

m#0

To estimate S, we write it as

S ldnl(Ts + 1)

me=—oo

m#EQ

S3
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where
Y4

i

E 7= A(y)e(Zp)and |
2922
Va<ey<vin

z2y

o= Y 7 A@e(m)

VELay<Vin
z<y

.
In T3,Y? < zy < +/2n. Thatis y < (2n)"/4. The range of Y = [Z,(2n)'/4]
can be split into 1 intervals (Z,2Z), (2Z, 4Z) etc., where 1 = [13&(_22_%)1_/1] So
a typical interval is (U, U+U’) where U’ < U,Z < U,U + U’ < (2n)Y/4.

Note that

8%
1A
X
IA
<%
13

U<Y<2U =

By Cauchy-Schwarz’s inequality.

Tfslz[ > (A(y))‘} >0 Tze(%‘)z

U<y <U+U’ U<y<U+U’ 22y
Vn<zy<vin

we have

W

Z X o T e(m?,?)lz

U<Y<U4U!  VR<aysvan

Z (Z >y "'ze("nz;")) (Z 2y Tte(“"",,;")

U<Y SU+U' Va<zysvan Vadty<vin

. mn mn
2 U<ygU+U € Ty Tty
Vn<ay iy<vVin

IA

> X Imwl
R
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Here f(y) = 22 (32), 4 = I=lgl==l B < oU (whenever ¢ # z) and the

constants

k= i—,kz =5 %,ka == %,lm = %—%
L = Lt = 2,83 = 6,44 = 24
So
|m|n(z — &) A
Wy < dty > d=) (2U) +
. Ut
Bacli g5
L z>t

DA O VA D D OO N S ) (‘_’."l”—[](:z;"l)m(gy)&

el BafFE feecdi

U

where (xz,A2) is an exponent pair. So

Im|X2 [7A2—2x2 X EQ}
Wiy < 2im|X? g™ nX? y ZJ/— o z d(z)
" _2_" >t _
37 <t<7 ¥ <ac VI
+Uy )+
i<
X2 [A2—2x2 X2 d(z)

fE g2 B s
200U %<IS 1{3;.

I-x2
2n s
2
< | dnx2 phr-22 —————-—( - ) Iog-—-‘/‘?n
- 1- X2 U
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() oo (1))

< Imp2 {T},}; 1"—53,{-21'-) (ry u*’f*z“n (Von + 207 + Von (1og»f2’ﬁ)3]

Using Z (M) < (log(2n)!/4)*U, and the estimates for ¥, 5 d%(t)
U<y<U+U* : -
etc we obtain

T? < jmpes [*(‘;g 8 o g4 (VB 4 200+ tog(am)®1./ (o) |
(22)

Similarly, in 74 the range of z = {Z, 4/2n] is split into 1 intervals. Again,

applying the Cauchy-Schwarz’s inequality we get

T%sxz( 3 (n-.(z))“) > A(y)e(-)i’

VEz<V+V? V<z<V+V! ¥2s
Va<ay<vin
Then
mn —~mn
wa= 3 1 Awe) Y Ae—)
VSESV+V' »>x y y21 y

Va<zy<Vin VA<ty<Vin

% (56 9)

V<agV+V!

< ¥ 3 ia@awe)
B Facp
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11
<(ogvEm): Y Y T e(Zd-D)
Bas oo | T

2 —¢t X2 "
< (1084211) > Z—; (|ﬂ'1|7:)(:’l15 )) @vys +
#@S’@E ﬁ <t< 4;

- |m|n(y — t) xa A
+ Y 1r 0Y 3 (—————vy ; (2v)
»=t By %’5(‘:5'1‘;;

2 1

< (log;n) 2 Y wvhapmpegny VA
_}g(ys_@ t<y
1-x2
2 ,/
< (logfn) AV 2222 |y a2 pxe Z (.72’2 3 2) +n
, W e
Therefore,

T? < |mpe (f;§ (log32n)? (log2n)* V~1+%-%2 n(24/2n)(v/2n 4 2V)1~ %

H (log32n)*(log2n)®

128 \fﬁV) (23)

by using the fact Z 72 < t(log2t)d.
z<t
Therefore,

Ss < 3, |dm{(T1 + T2) where T &Tp are as in (22) and (23).
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S1, 82,83 are of the order (logn)n*/2 ZX~*+1  (logn) n*t Z20xa —Ai+1)

and (logn)”/? nt/2+xa/4 z-1/2(x2=22+1) regpectively. To minimize G144 By +

Ss wechoose Z = n7/*(log2n)"/2,(x,\) = (1/2,1/2), (x1, A1) = (1/14,11/14) (x2,A9) =
(1/14,11/14). Alsolet ¢ = 1/8 and let n < 2%0%. Then we can get an
upper bound for S1, S2, 53 as follows.

C(f,1/2,1/2) is calculated using lemma 1. The exponent pair

(1/14,11/14) is got by applying the Van der Corput’s process (Rule A)
twice to (1/2,1/2). So C(f,1/14,11/14) can be calculated by using lemma
2. Weget C(£,1/2,1/2) = 81 interm S and C(f,1/14,11/14) = 31
in term S2 C(f,1/14,11/14) =51 in term S3.

Substituting all parameters,

o0
Z |dmim* < 6.3,0 < k < 1/2.(using7&8) and

m=— oo

m#0
S5i = O ((log2n)%/? n'7/%)
Sy = O ((log2n)® n®/110)
53 = O ((log2n)? n62/140)

In fact when n < 28000

51 < 1071952 5, < 001302, 55 < .00001n!/?
S0S1 + So+ S5 < .0014n/%

From (8), (10), (11) we get
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logs(n) > (1/2—€)(8v2n) - 8(v/n) — (51| + |Sa] + [Ss])

log®n) ((g(2n)1/4) ~ O((n)"/*)

Tog?
99m < f(m) < 1.002m for all m > 1319007 [6]. So logs(n) >
3/8(.39786)n'/2 — (.0014)n'/2 —1074%n1/2 5 0 for all n > 280%,
Theorem 2
Letn = ar41 P +... a2 P+a, where0 < a, < P, Pa prime. If atleast
two of the a/sare > £l then P? divides (*) .

Proof

& l.pi—l P+1 pi-l
fa > B, then (&} = sl > P11

1 :
2 > 2P > 3. Then it

follows from (1) and (2) that r, > 2, whenever two of the afs > Bf1.

Take P = 2, and consider the binary expansion of any n. The above
theorem says that except for n of form 27,2%|(*") .

So, we just have to verify that for n = 27,2 < j < 8000 some P?|(*")
. This we did, with the help of a computer. We have written a program to
find out the last few digits of 27, when written in base P, and to check if at
least two of these digits are greater than or equal to %ﬁ Thus, by applying
Theorem 2, we have been able to verify that for all 2,2 < j < 8000, there
is a prime P < 100, such that P?|(*") (except for j = 4). 3%(*?) (32,
even though 2% does not satisfy the hypothesis of Theorem 2.

This proves the conjecture.
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Here the author points out that G. Velammal, A. Granville and O. Ramaré
have proved independent of each other the conjeciure of P. Erdos solved by
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