
Hacdy-Ramanujan Journal 
Vol.18 (1995) 23-45 

IS THE BINOMIAL COEFFICIENT e:) SQUAREFREE~ 
BY 

G. VELAMMAL 1 

Ab;;i;ract 

In this paper , we prc;;·;; the Erdos conjecture that the binomial 
coefficient e:) is never squareh;e, for ail n > 4. 
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In this paper, we prove the Erdos rGnjecture that the binomial coefficient 

e;.) is never squarefree, for all 71 > 4. 

Sarkozy [1] has proved that e:) is never squarefree, for~ iarge enough. 

In his proof he has utilised Jutila's estimates [2] ~ur £eC2?ri9 jp) to estimate 
p:$z 

'L)ogpe2
"ili/P . Insteaci_, t:-y applying Vaughan's identity and then using the 

p < :z: 

theory of exponent pairs , we are able to get better estimates. By explicitly 

calculating tht: constants involved, we can state that the result is true for 

n 2:: 2sooo. 

The case 4 < n < 28000 , is attacked by simple direct methods . 

1 Supported by NBHM fellowship 
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NOTATION 

• e(x) stands for e2
'""'· 

• {z} =fractional part of z = z- [z]. 

• C will denote an absolute constant whose absolute value is ~ 1, not 

nessarily the same at each ocurrence. 

• We will write(~)= (s(n))2q(n), where q(n) is squarefree. 

THEOREM 

For n ~ 28000 , (~) is never square free. 

PROOF 

In the prime factorisation of (:) , let rv denote the exponent of the 

prime p. Then 

Tp = ~ ([~]- [~]) (1) 

where T = [logv2n] 

Note that, 

[2nl _ 2 [~] = { 1 if{~}~~ 
P' J P' 0 otherwise 

(2) 

So if for some p,{ ~}and{~} 2: !, then rv 2: 2. Then 
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where the product runs over primes for which {n/p} {n/p2 } ~ 1/2. Thus 

log&(n) ~ ~)ogp (3) 
p 

where the sum runs over primes for which {n/p} and {n/p2 } ~ 1/2. There-

fore 

log&(n) ~ L logp (4) 

y'n<p~ffn 
{n/p} ~ 1/2 c 

To incorporate the condition {n/p} ~ 1/2 into the summation, we use 

the following lenuna of Vinogradov (3] . 

LEMMA Let p, 'f/, D. , be real numbers satisfying 

1 
0<6<2 

D. ~ p-TJ~l-D. 

' 
Then there exists a periodic fumction t/J( z), with period 1, satisfying 

• (i) t/J(z) = 1 in the interval TJ + D./2 ~ z ~ p- D./2. 

• (ii) t/J(z) = 0 in the interval p + D./2 ~ z ~ 1 + 11- D./2 

(5) 

(6) 

• (ill) 0 ~ t/J(z) ~ 1 in the remainder of the interval 11- D./2 ~ z ~ 

1 + '1- A/2. 

• (iv) t/J(z) has a Fourier expansion of the form, 
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00 

,P(z) = (p- '7) + L (a,. cos(2nnz) + bm sin(2·u)) 
m=l 

where 
" 2 2 

Ia... I ~ ;:m• Ia... I ~ 2(p- '7), Ia... I < 11'2m2d 

and 

We use this lemma, with 6 = ~:, '1 = 1/2 + f/2, p = i - f/2 . Then (5) 

imd (6) force t: ~ 1/4 and we get a periodic function F such that 

(i)F(z) = 1 in 1/2 + f ~ z ~ 1- f, (ii)F(z) = 0 in 0 ~ z ~ 1/2 , 

(iii)O:::; z ~ 1 in the rest ofthe interval [0,1] and F(z + 1) = F(z). (iv)The 

Fourier series of F(x) can be rewritten as 

00 

F(z) = (1/2- t:) + d.ne(mz) 

m= -oo 
m#O 

where 

(7) 

and 

(8) 

So from ( 4) and the lemma 
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logs(n) ~ L F(n/p)logp 
Vn<P5. ffn 

(X) 

= z: (1/2- ~)logp + z: 
..fo< P5. ffn ..fo< P$. ffn m= -oo 

m :f 0 

00 

= (1;2 - ~) z: logp+ 1: 
../ii.<r5.ffn m = -oo 

m :f 0 

mn 
d,.e(-)A(r) 

r 

L (z: d,.e(mn)logp) 
Vn < pi ::::: v2n m;to p 

i ~ 2 

Since I Lm;to d,.e( n;,n )I ::; 1 ,the modulus of the last term is 

logp 

log2n "' 1 < -- ~ ogp - log2 
nl / i<p5.{2n) '/4 

::; log2n (o((2n)l/4)- O((n)l/4)) 
Jogn 

Vaughan's identity [4] states that 

27 

(9) 

(10) 
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A(r) = L l'(x)logy- L C,-

xy == r 
z5Z 

L r.,A(y) 

zy == r 
x,y ~ Z 

where Z can be chosen to be any integer s r, 

C:r. = L A(k)l'(l) and r., = L l'(d) 

k/ =X 

k,l5 z 
dlx 

d5 z 

Using the above identity, the second term in R.H.S of (9) is 

where 

00 

L: L: 2: 
mn 

s1 = dm p(x)Iogye(-) , zy 
vn<r<:.._fii; m = -oo zy = r 

m¥0 :csz 

m#O 

00 

L: L: L: mn s3 = elm r.,A(y)e(-) 
:cy 

y'n<r<:v'2n m= -oo xy= r 
m# 0 x,y?: Z 

To estimate S1, S2, S3 we will use the theory of exponent pairs. 

(11) 
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DEFINITION 

Consider sums of the form 

S = L e(/(t)) 
B<t~B+h 

where B > 1, 1 < h :5 Band f E C""[B,2B), for some r ~ 5. Suppose 

and 

(12) 

where A > 1/2. If (x, .A), 0 :::; x:::; ~ :5 .A :::; 1 is such that for any f satisfying 

the above conditions 

then (x, .\.)is said to be an exponent pair. The constant implied in the above 

inequality will depend on the constants k,., 1,. and the exponent pair (x, .A). 

We will denote it by c(!, x, .\.). (0, 1) is trivially an exponent pair. 

Also, if (x, .\.) is an exponent pair then, 

Rule A ( ~, ~ + 2x>:r 2 ) is an exponent pair; 

Rule B (.A- ~.x +~)is an exponent pair; 

Rule c· theconvexcombination(kx1 +(1-k)X2,k.\.t+(I - k).\.2),0 :5 k :51, 

of any two exponent pairs (x1,.At) and (x2,.A2) is an exponent pair. 



30 G. Velamm&l 

Detailed proof for the above statement can be found in chapter 2 of 

A.lvic's book [5]. For our purpose we need to calculate the constant c(/,x,>.) 

LEMMA 1 

Let f satisfy the conditions (12) with A~ 1. Then 

PROOF 

We will assume without loss of generality that f' is monotonically de-

creasing (if not, we consider S ) and that f'(B) = {3, f'(B + h) = a .Let 11 

be any real number such that 0 < 'I < 1. Suppose 

(14) 

By Euler's summation formula 

S = L e{f(n)) 
B<n~B+h 

fB+h IB+h 1 
= - JB e(f(t))d(x(t)) + JB e(f(t))dt, where x(t) = t- [tJ- 2 

{B+h {B+I• 
s = -e(J(t))(x(t))l~+h + ls x(t)e(f(t))2:c-if'(t)dt + ls e(f(t))dt 

Using the Fourier expansion for x(t) , 
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IB+h co 1 IB+h 
S = c + JB e(f(t))dt- 2i ~ m JB sin(2Tm)e(f(t})f'(t)dt (15) 

IB+h co i IB+h 
::: C + }B e(f(t)}dt + ~ m }B (e( -m)- e(m}) e(f(t})f'(t)dt 

i
B+h co 1 iB+h f'(t) 

= c + e(f(t))dt + L -2 . /'(t) d(e(f(t)- mt)) 
B m=l 'lnm B -m 

00 1 IB+h f'(t) 
-]; 2Tim Js f'(t) + m d(e(f(t) + mt)) 

With f' the function 1,(;f2,. is also monotonically decreasing. So, by 

the mean value theorem for integrals, the absolute value of the last term is 

~ f -2
1 -!!-I re d(e(f(t) + mt)l (for some { s B +h) 

m=l 1rfflp + m jB 

1 ( 
00 

2{3 )" ~ 2?r ]; m({J + m) 

~ ~ (,E~ + f.,mc/+m)) 
The above expression~ 2'!2lif{J ~ 2. Otherwise it is 
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~ ~ ( 2log(l + [3) + [pt- J ~ ; (2log(1 + {3) + 3) 

S 
. . .. 

1 
h 2log(1 +{3) ~ 

o, m any case, 1t ts ess t an + -
?r 3 

(16) 

1 IB+h f'(t) 1 ( 2{3 ) L 2?rim J1 f'(t)- md(e(f(t)- mt)) ~ 2?r L m(m- (:J) 
m~~+~ B m~~+~ 

<- "' -+ "' 1 ( 1 (:J ) 
- ?r L.. m- L mm-~+71$m$2~ (:J 213 <m<oo ( {3) 

< - -+ -+(:J -1 (1 1[2
13]+1 dt 1"" dt) 

- ?r '1 ~+'1 t - 1 [213] t2 

The above expression is 

~ .; G + log(2(:J + 1) + 3) if (:J 2: 3 

~ ; G + log(2{3 + 1) + 3((2)) if (:J < 3 

So in any case the bound is~ G + log 92(:J + 1) + 3((2)) . {17) 
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Also 

1 {B+h L m 
11 

f'(t)e(f(t)- mt)dt 
lSmSI:I+fl B 

1 1 1B+h . 1B+h = -. "X' - d(e(f(t)- mt) + L e(f(t)- mt)dt 
2rt L..J m B B 

lSmSI:I+fl lSm$/H" 

c IB+h 
= -(log(p + f1 + 1)) + L 

11 
e(f(t)- mt)dt 

r lSmS.B+'I B 

So we have 

B+h · ) 
S = L 1 e(J(t)- mt)dt + c (1 + ~(2log(1 + P) + 3 

0$m9H'I B 

c (1 ) c +- - + log(2.8 + 1) + 3((2} + -log(.8 + f1 + 1) 
r f1 r 

== E rB+h e(f(t)-mt}dt+c (1 +! + _!.._ + 3((
2
) + ~ log(P+ f1 + 1)) 

O$m$.B+'I 1 B r . fir r r 
(18} 

Suppose, contrary to (14}, a ¢ (fl- 1, fl) Then if f1- 1 < a - 1: ~ q., 

define h(t) = /(t) - .l:t .Then h satisfies the conditions asssumed in the first 

paragraph, and the above proof goes through for h(t). 

But 

S == I L e(h(n))l 
B<n$B+h 
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( 1
B+h ) ( 3 1 . 3((2) 4 L }

1 
e(h(t)- mt)dt +c 1 + ; + - + --;;:- + ; log(2,B' + TJ + 

a'-'1$m$tl'+'1 B T'j1r -

where ci =a- k,,B' = ,8- k. 

So 

rB+h 
S s L }

8 
e(f(t)- mt)dt t 

o:-'1<m<$tl+'1 

+C ( 1 + ~ + ,:._ + 3'l2
l + ~ log(2(,8- a)+ 31J + 1)) 

If lf"(t)/ has a lower bound m, then 

(by Lemma 2.2, [5] ) 

Also, choosing TJ == 1/3 , and noting 1(/1- a)i :S (/1 - kt)A, 

< + + c 4 + - lou 2 + - log(,B - cr - 1) 8(11 - kt)A 16 ( 4 4 ) 
- v'f;AB-1 .jk2AB 1 1r o 1r 

LEMMA 2 
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If lSI~ C(f,x,)t.)A"BA for all f satisfying conditions (12) then 

where the constant in the line above is 

maz (c(/,1/2,1/2), [4 { (1 + ~ + 4;J + (2l2)Xc(g,x,)t.)} + lr/2

) 

where g = f' /212. 

Proof 

We proceed, as in the proof of Lemma (2.8) of[5], except that we calcu-

late the constants explicitly at every stage, to obtain the above result. 

Now we can estimate S1, S2, Ss. 

00 

m = -oo 
mfO 

~-- ~ mn ld.nl L..J L..J logye(-) 

m= -oo 
zy 

z$Z ~<II$"¥ 
mf 0 

Since logy is monotonic, the modulus of the innermost sum is 

v'2n 
~log-­

z 

for some~ E (':l'ji, ~) 
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So we need to estimate an exponential sum L e(f(t)) with B = 
B<t<B+h 

e ~ ~ , /(11) = ':;: ,A== jmj~, where f satisfies co;ditions (12) with 

h = l,l2 = 2,h = 6,14 = 24 

So 

00 

ldmi l_)og ~~(f,x,.\)(lmlxr~cv2n),\ 
~z x . 

m= -oo 
m#O 

for any exponent pair (;t,A). 

m= -oo 

00 

ldmllmlx c(f.x,.\) (2: zx-A) 
z$Z 

mtfO 

00 2: 
m= -oo 

(19) 

where the parameter Z can be chosen to be any number ~ v'2fi . 

Similarly 
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00 

m= -oo 
m#O 

Again, apply the theory of exponent pairs to estimate the exponential 

sum. Here A = lmldl, B = "{; ,f(y) = ~: and the constants l;, K; are the 

same as in sl. 

< c{/, x. ,\)log 2n 
- 2 

00 

ldml L c{!,x,.\)(lmldl)X1(:)A1 

d,l$Z m= -oo 

00 

L ldmllmlx' 

m= -oo 
m#O 

To estimate S3, we write it as 

00 

s3 = L ldmi(Tl + T2) 
m:=-oc 
m#O 
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where 
Tt = E T., A (r)e('.:)and 

.,,>Z 
~<·as...r. 

'"~" 

T2 = E T., A (r)e('.:) 
.. ,,>Z 

~<·is...r. 
z<JI 

~ 

In Tt,Y2 ~ zy ~ $n. That is 11 ~ (2n)l/4. The range ofY = [Z,(2n)114J 

can be split into 1 intervals (Z,2Z), (2Z, 4Z) etc., where 1 = [log{:;>''']. So 

a typical interval is (U, U+U') where U' ~ U,Z ~ U,U + U' ~ (2n)114 . 

Note that 

U ~ Y ~ 2U 

By Cauchy-Schwarz's inequality. 

we have 
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Here f(y) = m; (t ~),A = ~. B ~ 2U (whenever t i= x) and the 

constants 

So 

12 
i6 

24 

r 
L d(t) L d(x)(lm/n(x-t))n(2U)>.~+ 

.£!!: :fli!. U tx 
'l~<t$; un. fa<r'5,~ 

l :z:>t 

where (x2,.X2) is a.n exponent pair. So 

( 
'"""' d(t)) 
L f1C2 

,{!! < t < :/iii 
'Jl) - u 

+U L d2(t)+ 

~<ts-1i 

( L d(x)) 
•>• 

.£!!: :/iii 
21/ <:rs; u 

(~E~ d(t)) CE~ :~) 
~ (•n" u'' -'" (

(YJ!i + 2r-;(2 v2n)) 
-'---:------<-- log-

1- X2 U 

' ' . 
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( ( -;;n + 2) log": + u ~ ( 1og2 -;;n)') . 
$ !mjX2 [-4- log2{2n) (n)X' u-2+~2-X2 (J2n + 2U)2-xa + v'2fi(logy'2ji)3] 

1- X2 4 

Using L (A(u}}2 $ {log(2n)114 ) 2U,a.ndtheestimatesfor:Et5zd'(t) 
U<v:SU+U' 

etc we obtain 

Ti s !mr~2 (~~g:(~~? n"2 u-1+>-2 (v'2ii + 2U)2
-"2 + log(2n)3.u.y'(2n)] 

(22} 

Similarly, in T:l the range of z ; [Z, 4v'2n] is split into 1 intervals. Again, 

applying the Cauchy-Schwarz's inequality we get 

Then 

I A (y) 1\ (t)l 
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$ (log<Vin>>2 2: 2: 2: 
(;<vs:ifi ~<ts4& ..fn<<;;,;t~ffn 

(
mn 1 1) e -(---Y 

:1: Jl t 

Therefore, 

Tf $ lmF"2 
( 

1
!

8 
(log32n)3 (log2n)4 v-1+A2 -x2 n(2Vin)(v'2fi + 2V)1

-.\2 

(log32n )3(log2n )3 r:::v) 
+ 128 vn (23) 

by using the fact Er; $ t(log2t)3. 

Therefore, 
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sl, s2, Sa are of the order (logn)nA/2 zx-A+l, (logn) n~t z2(xt-At+l) 

and (logn)712 n1 /2+x~/4 z-l/2(X2 -A2 +1) respectively. To minimize sl + s2 + 

S3 we choose Z = n7140(1og2nf12,(x,..\) = (l/2,1/2),(Xl>..\I) = (l/14,11/14)(x2,..\a) =o 

{1/14, 11/14). Also let e = 1/8 and let n ~ 28000 . Then we can get an 

upper bound for S1, S2, Sa as follows. 

C(f, 1/2, 1/2) is calculated using lemma 1. The exponent pair 

(1/14, 11/14) is got by applying the Van der Corput's process (Rule A) 

twice to (1/2, 1/2). So C(f, 1/14, 11/14) can be calculated by using lemma 

2. We get C(f, 1/2, 1/2) = 31 in term S1 and C(f, 1/14, 11/14) = 31 

in term S2 C(f, 1/14, 11/14) =51 in term S3. 

Substituting all parameters, 

00 

L ldmlmk ~ 6.3, 0 ~ k ~ 1/2.(using7&8) and 

"'.:io 

In fact when n ~ 28000 

St = 0 ((log2n)912 n17140) 

s2 = 0 ((log2n)3 n691140
) 

s3 0 ((log2n?n691140
) 

l''rom (9), (10), (ll) we get 
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logs(n) ;::: (1/2- €)(9$n)- O(.fii)- (IS1I + IS2I + ISs!) 

lofo~;') ((0(2n)lf4) _ O((n)l/4)) 
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.99m :::; O(m) :::; 1.002m for all m ;::: 1319007 [6) . So logs(n) ;::: 

3/8(.39786)n1/2 - (.0014)n112 -10- 400 n112 > 0 for all n;::: ~. 

Theorem 2 

Let n = a,.+1pr + ... lt2 P +a, where 0 :::; a,. < P, Pa prime. H atleast 

two of the a;s are ;::: t:p., then P 2 divides e:) . 
Proof 

H n· >_ E.±.l2·1, then {..!!.} = a;P; - ot ... ao > (P+l)P; - o > 1 Then it 
"" P• P• - 2P• - 2 · 

follows from (1} and (2) that rp ;::: 2, whenever two of the a;s ~ t:p. 

Take P = 2, and consider the binary expansion of any n. The above 

theorem says that except for n of form 2j, 22
1 e:) . 

So, we just have to verify that for n = 2i, 2 < j ~ 8000 some P 2 j e:) 
This we did, with the help of a computer. We have written a progran1 to 

find out the last few digits of 2;, when written in base P, and to check if at 

least two of these digits are greater than or equal to Efl. Thus, by applying 

Theorem 2, we have been able to verify that for all 2i, 2 < j ~ 8000, there 

is a prime P < 100, such that P2 1(~) (except for j = 4) . 32 ie:) (~~), 

even though 24 does not satisfy the hypothesis of Theorem 2. 

This proves the conjecture. 



44 G. Vela.mmal 

I am very greatly indebted to my teacher Dr.R. Balasubra.ma.nian for 

suggesting thls problem and for his guidance while solving it. 
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P.S. When this paper was in the course of publication the following paper 

has appeared. 

J.W. SANDER, Prime power divisors of multinomial coefficients and Artin's 

conjecture, J . Number Theory, 46 (1994) , 372-384. 

Here the author points out that G. Velammal, A. Granville and 0. Ramare 

have proved independent of each other the conjecture of P. Erdos solved by 

G. Velammal in the present paper. Tl1e referee to Velanunal's paper has 

also pointed out this . 
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