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1 Summary of results

In [2] the modular transformation properties of the generalised eta function ηs(τ), defined by

ηs(τ) = e−πiζ(−s)τ
∞∏

m=1

(
1− e2πim

sτ
)
, (1.1)

where ζ(z) is the Riemann zeta function, were studied. It was proved that under the modular

S transformation, τ → −1/τ , ηs satisfies

ηs(τ) = (2π)
s−1
2

√
i/τ

∏
Im(z)>0
τzs=±1

η1/s(z) . (1.2)

In the above expression the product is taken over the roots of the two polynomials τzs = ±1

such that the imaginary part of the roots are positive.

In this paper we study the modular transformation properties of a further generalisation

of the Dedekind eta function where we replace the powers ms in the product in (1.1) with

polynomials. For each N = 2, 3, . . . we have a generalised eta function ηα,β(τ, α1, . . . , α2N−1)

defined by

ηα,β(τ, α1, . . . , α2N−1) = exp

(
−πi

N∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α)

)

×
∞∏

k∈Z+α
k>0

(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
,

(1.3)

where ζ(s, a) is the Hurwitz zeta function, defined in (B.7). The product in (1.3) converges for

Im(α2N−1τ
2N−1) > 0 and the Hurwitz zeta function is defined for a ̸= 0,−1, . . . . While ηα,β
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can be defined for α ∈ R \ {1, 2, . . . } and β ∈ R, we will restrict (α, β) to the four pairs (0, 0),(
0, 12
)
,
(
1
2 , 0
)
and

(
1
2 ,

1
2

)
since these functions are related to the Generalised Gibbs ensemble

of a free fermion in 2 dimensions as described below. We will additionally assume throughout

that Im(τ) > 0 but place no restriction on the α2n−1τ
2n−1 for n < N .

This is not the most general order 2N − 1 polynomial that one could include in (1.3),

we are restricting to odd polynomials. This restriction is because we will be interested in

the link between these generalised eta functions and the generalised Gibbs ensembles studied

in [1] (we will say more about this link below). The only polynomials that occur in these

generalised Gibbs ensembles are odd and in addition have a non-vanishing linear term i.e.

α1 = 1. Note that we can still relate our results to those of [2] by setting α2n−1 = 0 for

n < N , α2N−1 = 1 and τ2N−1 = τ ′, the condition Im(α2N−1τ
2N−1) > 0 implies Im(τ ′) > 0.

In this paper we will prove the following transformation properties for the generalised

eta function (1.3)

ηα,β(τ, α1, . . . , α2N−1) =

√
2
δ
α, 12

δβ,0−δα,0δβ, 12
√
i/τ

δα,0δβ,0
exp

(∫ ∞

0
log(1− e2πiβe2πi(

∑N
n=1 α2n−1(τx)2n−1))dx

)
×

∏
n∈Z+β

∏
zj(n)

Im(zj(n))>0

(1− e2πi(α+zj(n))) ,

(1.4)

where the zj(x), j = 1, . . . , 2N − 1 are the roots of the polynomial

N∑
n=1

α2n−1(τz)
2n−1 = x . (1.5)

This transformation formula is valid for the domain given by Im(τ) > 0, α1 ̸= 0 and

Im(α2N−1τ
2N−1). For the special case α2n−1 = 0 for all n < M ≤ N and α2M−1 ̸= 0

the transformation can be found by starting with (1.4) with α1 ̸= 0 and taking the limit

α1 → 0. Note that if one naively sets α2n−1 = 0 for all n < M ≤ N and α2M−1 ̸= 0 in (1.4)

then the transform is incorrect as factors corresponding to the roots zj(0) will be missed.

We are interested in the transformation properties of ηα,β because of its relation to the

generalised Gibbs ensembles (GGEs) of free fermions. In [1] the modular properties of these

GGEs for free fermions was studied. These GGEs were denoted in [1] by

TrNS/R,±

(
e2πi(τI1+

∑
n=2 α2n−1τ2n−1I2n−1)

)
, (1.6)

where the conserved charges in the GGE are the KdV charges, I2n−1. A definition for the

traces TrNS/R,± can be found in appendix A of [1]. These GGEs are related to the generalised
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eta function as follows

η0,0(τ, 1, α3, . . . , α2N−1) = TrR,−

(
e2πi(τI1+

∑N
n=2 τ

2n−1α2n−1I2n−1)
)

,

η0,1/2(τ, 1, α3, . . . , α2N−1) = TrR,+

(
e2πi(τI1+

∑N
n=2 τ

2n−1α2n−1I2n−1)
)

,

η1/2,0(τ, 1, α3, . . . , α2N−1) = TrNS,−

(
e2πi(τI1+

∑N
n=2 τ

2n−1α2n−1I2n−1)
)

,

η1/2,1/2(τ, 1, α3, . . . , α2N−1) = TrNS,+

(
e2πi(τI1+

∑N
n=2 τ

2n−1α2n−1I2n−1)
)

.

(1.7)

In [1] we looked at the case with just the I3 charge inserted (only α1 and α3 non zero) and

using the thermodynamic Bethe ansatz (TBA) we conjectured the modular transformation for

(1.6) under τ → −1/τ . Our conjecture was the transformation (1.4) for ηα,β(τ, 1, α3). Note

that in [1] we only studied the three cases (α, β) =
(
0, 12
)
,
(
1
2 , 0
)
,
(
1
2 ,

1
2

)
but the conjecture

can naturally be extended to include (α, β) = (0, 0). In the companion paper [3] we show

how the transformations (1.4) can again be derived from the TBA. In [3] we also provide a

physical interpretation for the transformed GGEs in terms of a line defect.

In this paper we give a mathematical proof for the transformation (1.4). We will use the

techniques from [2] in our proof. By writing these expressions as sums over 1 dimensional

lattices we can use Poisson summation to find the modular transform. This approach involves

computing a Fourier transform and then deforming the integration contour to pick up poles,

much in the same way one deforms the integration contour in the TBA equations to pick up

the excited states. This suggests that it may be possible to adapt this method to study the

GGEs of other 2d CFTs, such as the minimal models. However the eigenvalues of the KdV

charges are not known in general for other theories so explicit calculations cannot be done at

this stage.

The paper is organised as follows. The main details of the proof of the transformation

(1.4) are presented in section 2. We then briefly discuss how this proof can be applied to

the case with an infinite collection of non zero α2n−1 in the GGE (1.6) in section 3. Two

appendices with technical results needed for the proof in section 2 have also been included.

2 Proof of modular transform for finite charges

Here we will prove the modular transform given in (1.4). To do this we will first restrict to

the case where α1 ̸= 0 and Im(α2n−1τ
2n−1) ≥ 0 for n < N and prove the transform (1.4). We

can then use analytic continuation to extend the transform (1.4) to the larger domain given

by Im(τ) > 0 and Im(α2N−1τ
2N−1) > 0. To begin the proof take the logarithm of ηα,β so the

product becomes a sum. If we introduce a suitable parameter, λ in (2.7), that we differentiate

with respect to twice we will be able to write this as a sum over the full lattice Z+ α. This

allows us to use Poisson summation to find the transformation. After computing the required

Fourier transform for the Poisson summation we can then integrate twice with respect to λ.

Fixing the integration constants using asymptotic expansions in λ will give us the final form

for the transformation.
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We start by repeating the definition of the generalisation of the Dedekind eta function

given in (1.3)

ηα,β(τ, α1, . . . , α2N−1) = exp

(
−πi

N∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α)

)

×
∞∏

k∈Z+α
k>0

(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
,

(2.1)

As discussed below (1.3) we will look at the four (α, β) pairings (0, 0),
(
0, 12
)
,
(
1
2 , 0
)
and(

1
2 ,

1
2

)
and the τ and α2N−1 variables will be restricted to the domains Im(τ) > 0 and

Im(τ2N−1α2N−1) > 0. Here we will also impose α1 ̸= 0 and Im(τ2N−1α2N−1) ≥ 0 for n < N

and analytically continue to the larger domain at the end.

In order to prove the transformation (1.4) we will take the logarithm of ηα,β. This will

turn the product into a sum that we can then perform Poisson summation on. Define the

function Hα,β as the logarithm of ηα,β

Hα,β(τ, α1, . . . , α2N−1) =− πi
N∑

n=2

α2n−1τ
2n−1ζ(1− 2n, 1− α)

+
∑

k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
.

(2.2)

We will pick the branch cut of the logarithm such that log(−1) = −πi. However since

we will exponentiate the final result the choice of branch doesn’t matter. We want to use

Poisson summation on the series in Hα,β. However the series is only over the half lattice

k ∈ Z + α, k > 0, we need to extend it to the whole lattice (k ∈ Z + α) in order to use the

summation formula. To do this first note that

2
∑

k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)

=
∑

k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
+
∑

k∈Z+α
k<0

log
(
1− e−2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)

=
∑

k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)

+
∑

k∈Z+α
k<0

(
−2πi

(
1

2
+ β +

N∑
n=1

α2n−1(τk)
2n−1

)
+ log

(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

))
.

(2.3)

Since we are only considering (α, β) = (0, 0),
(
0, 12
)
,
(
1
2 , 0
)
,
(
1
2 ,

1
2

)
we can swap −α for α and

−β for β in the above series. Note that in the final line we have used the fact that we chose
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a branch cut for the logarithm such that log(−1) = −πi. The final sum in (2.3) is convergent

but if we split the series into two separate pieces

∑
k∈Z+α
k>0

(
1

2
+ β +

N∑
n=1

α2n−1(τk)
2n−1

)
,

∑
k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
, (2.4)

each series is individually divergent. However if we formally take the series∑
k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
, (2.5)

and the convergent series ∑
k∈Z+α
k>0

log
(
1− e2πi(β+

∑N
n=1 α2n−1(τk)2n−1)

)
, (2.6)

and sum them we get a series over the whole lattice which we can then apply Poisson summa-

tion to, at least formally. (Note that when α = 0 we have a k = 0 term which we will have to

deal with separately.) We can get this series over the full lattice by effectively differentiating

twice with respect to
∑N

n=1 α2n−1(τk)
2n−1 to remove this divergent series in the last line of

(2.3). We do this by introducing a positive real parameter λ into the sum in (2.2) as follows∑
k∈Z+α,k>0

log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)
. (2.7)

The series converges exponentially so we can differentiate term wise with respect to λ. Dif-

ferentiating twice with respect to λ yields

2

∞∑
k∈Z+α
k>0

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)

=
∑

k∈Z+α

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)
+ δα,0δβ,0

1

λ2
.

(2.8)

The second sum can be written over the whole lattice because the terms in the sum decay

exponentially as k → ±∞. Note that when (α, β) =
(
0, 12
)
the term k = 0 is independent of

λ and so vanishes. When (α, β) = (0, 0) the k = 0 term can be defined by taking the limit

k → 0 to get a finite value. However since our original series is over k > 0 we have to remove

the k = 0 term from the lattice sum which we have done in (2.8). Hence the sum of the series

over k > 0 and k < 0 can be written as a sum over k ∈ Z + α. We now use the Poisson

summation formula on this series.

The Poisson summation formula on the shifted integer lattice is∑
ν∈Z+α

f(νt) =
1

t

∑
m∈Z

f̃(m/t)e−2πimα , (2.9)
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where

f̃(y) =

∫ ∞

−∞
f(t)e2πitydt . (2.10)

In order to use the summation formula on the series∑
k∈Z+α

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)
, (2.11)

we first define the function

fλ(t) = log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(it)2n−1

)
, (2.12)

The series ∑
ν∈Z+α

∂2

∂λ2
fλ(νt) , (2.13)

converges for Im(α2N−1(it)
2N−1) > 0 and is related to (2.11) by setting t = −iτ . We will

use Poisson summation on (2.13) for t > 0 and then analytically continue the result into the

complex plane. We need to compute the Fourier transform of Fλ(t) =
∂2

∂λ2 fλ(t) with respect

to t. First we define

pλ(t) = 1− e2πiβe2πiλ
∑N

n=1 α2n−1(it)2n−1
, (2.14)

so fλ(t) = log(pλ(t)) and the Fourier transform of Fλ(t) is

F̃λ(y) =

∫ ∞

−∞

∂2

∂λ2
log(pλ(t))e

2πitydt . (2.15)

For y ̸= 0 we integrate by parts and drop the boundary term which vanishes

F̃λ(y) =

∫ ∞

−∞

∂2

∂λ2
log(pλ(t))e

2πitydt = − 1

2πiy

∫ ∞

−∞

∂2

∂λ2

(
p′λ(t)

pλ(t)

)
e2πitydt (2.16)

where p′λ(t) =
∂
∂tpλ(t). In order to compute the integral

− 1

2πiy

∫ ∞

−∞

∂2

∂λ2

(
p′λ(t)

pλ(t)

)
e2πitydt , (2.17)

we close the contour either in the upper or lower half plane, depending on the sign of y, and

pick up the residues. These residues come from the zeros of p(t). (For a generic function p(t)

the integral (2.17) will also have contributions from the poles of p(t), but p(t) as defined in

(2.14) has no poles.)

For y > 0 we close the contour in the upper half plane. If p(t) has a zero of order M at

t = t0, which will depend on λ, in the upper half plane then the contribution to the integral

is

−M

y

∂2

∂λ2
e2πit0y . (2.18)
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This is because if we integrate anticlockwise around a contour that encloses the zero t0 and

no other zeros we can move the λ derivatives outside the integral and evaluate it to find

− 1

2πiy

∂2

∂λ2

∫
C(t0)

p′λ(t)

pλ(t)
e2πitydt = −M

y

∂2

∂λ2
e2πit0y . (2.19)

(Here C(t0) is the anticlockwise contour described above.) The zero t0 must satisfy the

following polynomial
N∑

n=1

α2n−1(it)
2n−1 =

n

λ
, n ∈ Z+ β , (2.20)

hence the order of the zero, M , is just the degeneracy of the root t0. Hence the Fourier

transform is given by the sum over all zeros of pλ(t) in the upper half plane

F̃λ(y) = −
∑

n∈Z+β

∑
z̃j(n/λ)

Im(z̃j(n/λ))>0

1

y

∂2

∂λ2
e2πiz̃j(n/λ)y , (2.21)

where z̃j(x), j = 1, . . . , 2N − 1, are the roots of

N∑
n=1

α2n−1(iz̃)
2n−1 = x , (2.22)

If we have a degenerate root then we sum over each copy separately in (2.21). Similarly for

y < 0 we close the contour in the lower half plane and the Fourier transform is

F̃λ(y) =
∑

n∈Z+β

∑
z̃j(nλ)

Im(z̃j(n/λ))<0

1

y

∂2

∂λ2
e2πiz̃j(n/λ)y , (2.23)

where again z̃j(n/λ), j = 1, . . . , 2N − 1, are the roots of (2.22). Note that here we are now

integrating around a clockwise contour so we pick up a minus sign. For y = 0 the Fourier

transform is simply given by the integral

F̃λ(0) =

∫ ∞

−∞

∂2

∂λ2
log(pλ(u))du =

∫ ∞

−∞

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=2 α2n−1(iu)2n−1

)
du . (2.24)

If we split the right hand side of (2.9) into a sum over m > 0, a sum over m < 0 and the

m = 0 term and use the expressions (2.21), (2.23) and (2.24) we have∑
k∈Z+α

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)
=

1

t

∫ ∞

−∞

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(iu)2n−1

)
du

−
∞∑

m=1

∑
n∈Z+β

 ∑
z̃j(n/λ)

Im(z̃j(n/λ))>0

∂2

∂λ2

e2πim(α+z̃j(n/λ)/t)

m
+

∑
z̃j(n/λ)

Im(z̃j(n/λ))<0

∂2

∂λ2

e2πim(α−z̃j(n/λ)/t)

m

 .

(2.25)
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Note we have written the sum over m < 0 as a sum over m > 0. We are free to swap −α

for α when doing this since α = 0 or α = 1
2 . We can swap the n and m summations in the

last line since the sums converge exponentially and then evaluate the sums over m to get a

logarithm∑
k∈Z+α

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τk)2n−1

)
=

1

t

∫ ∞

−∞

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(iu)2n−1)

)
du

+
∑

n∈Z+β

 ∑
z̃j(n/λ)

Im(z̃j(n/λ))>0

∂2

∂λ2
log
(
1− e2πi(α+z̃j(n/λ)/t)

)
+

∑
z̃j(n)

Im(z̃j(n))<0

∂2

∂λ2
log
(
1− e2πi(α−z̃j(n)/t)

)
)

 .

(2.26)

We will now rewrite the above expressions. We set zj(x) = iz̃j(x)/τ where τ = it. Recall

that t > 0 so Im(τ) > 0 and the sign of Im(zj) is the same as the sign of Im(z̃j). Hence (2.26)

becomes∑
ν∈Z+α

∂2

∂λ2
log(1− e2πiβe2πiλ

∑N
n=1 α2n−1(ντ)2n−1

)

=
i

τ

∫ ∞

−∞

∂2

∂λ2
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(iu)2n−1

)
du

+
∑

n∈Z+β

 ∑
zj(n/λ)

Im(zj(n/λ))>0

∂2

∂λ2
log
(
1− e2πi(α+zj(n/λ))

)
+

∑
zj(n/λ)

Im(zj(n/λ))<0

∂2

∂λ2
log
(
1− e2πi(α−zj(n/λ))

) ,

(2.27)

where the zj(x), j = 1, . . . , 2N − 1, are the roots of

N∑
n=1

α2n−1(τz)
2n−1 = x . (2.28)

As was shown in (2.8) the first sum in (2.27) can be written as a sum over the half lattice

with an extra term from ν = 0 when (α, β) = (0, 0). On the half lattice the sum converges

without the λ differentiation so we can move the derivatives outside the sum.

For the integral in (2.27) we change the integration variable to x = iu/τ . Recall τ = it

and t > 0 so the integral is still along the positive real axis. As a function of x the integrand

is an even function so the integral over the real line can be written as an integral over the

positive reals. Now if we remove the λ derivatives from the integrand the integral converges

so we can move the derivatives outside of the integral.
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Finally we look at the sum over the roots zj(x) in (2.27). As discussed in appendix A

one of the roots of (2.28) vanishes when x = 0. We label this root z0(x) and furthermore in

appendix A we showed it is an odd function of its argument and Im(z0(x)) < 0 for x > 0.

The other 2N − 2 roots come in pairs and in appendix A are labeled z±j (x), j = 1, . . . , N − 1.

We labelled them such that Im(z+i (x)) > 0 and Im(z−i (x)) < 0 for x > 0 and we have the

relation z+i (x) = −z−i (−x). Using these results for the roots allows us to rewrite the two

sums on the bottom line of (2.27) as

2
∂2

∂λ2

∑
n∈Z+β
n>0

 ∑
zj(n/λ)

Im(zj(n/λ))>0

log
(
1− e2πi(α+zj(n/λ))

)
+

∑
zj(n/λ)

Im(zj(n/λ))<0

log
(
1− e2πi(α−zj(n/λ))

) ,

(2.29)

where again we can move the λ derivatives outside of the sum since the sums converge

exponentially even without differentiating term wise.

Putting all this together means (2.27) becomes

∂2

∂λ2

∑
ν∈Z+α
ν>0

log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(ντ)2n−1

)
− δα,0δβ,0

1

2λ2

=
∂2

∂λ2

∫ ∞

0
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τx)2n−1

)
dx

+
∂2

∂λ2

∑
n∈Z+β
n>0

 ∑
zj(n/λ)

Im(zj(n/λ))>0

log
(
1− e2πi(α+zj(n/λ))

)
+

∑
zj(n/λ)

Im(zj(n/λ))<0

log
(
1− e2πi(α−zj(n/λ))

) .

(2.30)

We can now integrate (2.30) twice to obtain∑
ν∈Z+α
ν>0

log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(ντ)2n−1

)
+

1

2
δα,0δβ,0 log(λ) +Aλ+B

=

∫ ∞

0
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τx)2n−1

)
dx

+
∑

n∈Z+β
n>0

 ∑
zi(n/λ)

Im(zi(n/λ))>0

log
(
1− e2πi(α+zi(n/λ))

)
+

∑
zi(n/λ)

Im(zi(n/λ))<0

log
(
1− e−2πi(α+zi(n/λ))

) ,

(2.31)

where the two integration constants, A and B, will depend on α, β, τ and the α2n−1. We can

fix these two constants by looking at the asymptotic behaviour of (2.31) as λ → ∞. We will

find that the asymptotic expansion will only have a term proportional to λ and a constant
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term so we can then read off A and B. (When (α, β) = (0, 0) we will also have a log(λ) term

in the asymptotic expansion that cancels the one in (2.31).)

We first note that the series∑
ν∈Z+α
ν>0

log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(ντ)2n−1

)
, (2.32)

has a vanishing asymptotic expansion as λ → ∞ since each term in the sum is exponentially

suppressed. Hence it doesn’t contribute to the constants A and B.

The integral ∫ ∞

0
log
(
1− e2πiβe2πiλ

∑N
n=1 α2n−1(τx)2n−1

)
dx , (2.33)

has an asymptotic expansion in powers of 1/λ. To see this we first perform a change of

variables in the integral. Recall that z0(x) is the root of (2.28) that vanishes when x = 0. So

if we change the integration variable to be x = z0
(

iu
2πλ

)
then the integral becomes∫ ∞

0

(
d

du
z0
(

iu
2πλ

))
log(1− e2πiβe−u)du , (2.34)

where we are able to move the integration contour back onto the positive real line since the

only singularities in u are on the imaginary axis which the contour doesn’t cross. Integrating

by parts then gives

−
∫ ∞

0

z0
(

iu
2πλ

)
e2πiβ+u − 1

du . (2.35)

We can then expand z0(x) as a power series in x

z0(x) =
∞∑
n=1

z0,2n−1x
2n−1 , (2.36)

and swap the sum and integral. Since the radius of convergence of the power series may be

finite swaping the sum and integral leads to an expression that in general will be asymptotic.

The asymptotic expansion of the integral as a power series in λ is

∞∑
n=1

i(−1)nz0,2n−1

(2πλ)2n−1

∫ ∞

0

u2n−1

e2πiβ+u − 1
du . (2.37)

For n ∈ N and β = 0, 12 the integral can be evaluated in terms of the Hurwitz zeta function∫ ∞

0

u2n−1

e2πiβ+u − 1
du =

(−1)n

2
(2π)2nζ(1− 2n, 1− β) , (2.38)

so we have the final asymptotic expansion for the integral in (2.31) as λ → ∞∫ ∞

0
log
(
1− e2πiβe2πiλ

∑N
n=2 α2n−1(τx)2n−1

)
dx ∼ πi

∞∑
n=1

ζ(1− 2n, 1− β)
z0,2n−1

λ2n−1
. (2.39)
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Finally we need to find the asymptotic expansion of

∑
n∈Z+β
n>0

 ∑
zj(n/λ)

Im(zj(n/λ))>0

log
(
1− e2πi(α+zj(n/λ))

)
+

∑
zj(n/λ)

Im(zj(n/λ))<0

log
(
1− e−2πi(α+zj(n/λ))

) ,

(2.40)

as λ → ∞. It will be easier to instead define λ̃ = 1/λ and find the asymptotic expansion as

λ̃ → 0+ of

∑
n∈Z+β
n>0


∑

zj(nλ̃)

Im(zj(nλ̃))>0

log
(
1− e2πi(α+zj(nλ̃))

)
+

∑
zj(nλ̃)

Im(zj(nλ̃))<0

log
(
1− e2πi(α−zj(nλ̃))

)
 . (2.41)

To do this we use the following results about asymptotic expansions from [4] (which we

reproduce in appendix B). If we start with a function f(t) which has the asymptotic expansion

f(t) ∼
∞∑
n=0

bnt
n , t → 0 , (2.42)

then we have the following asymptotic expansion

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx+

∞∑
n=0

ζ(−n, a)bnt
n , t → 0+ (2.43)

where ζ(−n, a) is the Hurwitz zeta function (B.7). Since β = 0, 12 we only need to consider

the cases a = 1
2 , 1 in (2.43) which leads to a simplification. Noting that

ζ(−2n, a) = 0 , n = 1, 2, . . . , a =
1

2
, 1 , (2.44)

and

ζ(0, 1) = −1

2
, ζ

(
0,

1

2

)
= 0 , (2.45)

the asymptotic expansion (2.43) becomes, for a = 1
2 , 1,

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx− 1

2
b0δa,1 +

∞∑
n=1

ζ(1− 2n, a)b2n−1t
2n−1 , t → 0+ . (2.46)

The second result we need is for functions f(t) which have a logarithmic term in their asymp-

totic expansions. If we have a function f(t) with an asymptotic expansion of the form

f(t) ∼ b log(t) +
∞∑
n=0

bnt
n , t → 0 , (2.47)
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then for α = 1
2 , 1 as t → 0+ we have the asymptotic expansion

∞∑
m=0

f((m+a)t) ∼ 1

t

∫ ∞

0
f(x)dx+

1

2
δa,1(b log(2π/t)−b0)+

b

2
δa, 1

2
log(2)+

∞∑
n=1

ζ(1−2n, a)b2n−1t
2n−1 .

(2.48)

We again prove this in appendix B. This result can be generalised to a sum over the half

lattice m ∈ N+ a but we only need the special cases a = 0, 12 . The result for the general case

is given in [4].

First we focus on the terms in (2.41) that contain the 2N − 2 roots of (2.28) that don’t

vanish when x = 0. As discussed in appendix A these roots come in pairs which we label

as z±j (x), j = 1, . . . , N − 1 with Im(z+j (x)) > 0 and Im(z−j (x)) < 0 for x > 0 and they are

related via z+j (x) = −z−j (−x). For a given pair z±j (x) we define f(t) to be

f(t) = log
(
1− e2πi(α+z+j (t))

)
+ log

(
1− e2πi(α−z−j (t))

)
. (2.49)

The function f(t) is even and hence has the expansion in t

f(t) ∼ 2 log
(
1− e2πi(α+zj)

)
+

∞∑
n=1

b2nt
2n , t → 0 , (2.50)

where z±j (0) = ±zj . Using the asymptotic expansion (2.46) with (2.50) gives∑
n∈Z+β
n>0

(
log(1− e2πi(α+z+j (nλ̃))) + log(1− e2πi(α−z−j (nλ̃)))

)

∼ 1

λ̃

∫ ∞

0

(
log(1− e2πi(α+z+j (x))) + log(1− e2πi(α−z−j (x)))

)
dx− δβ,0 log(1− e2πi(α+zj)) .

(2.51)

The integral over x > 0 can be written as two contour integrals∫ ∞

0

(
log(1− e2πi(α+z+i (x))) + log(1− e2πi(α−z−i (x)))

)
dx

=

∫ z+j (∞)

zj

log(1− e2πi(α+z))
dx

dz
dz +

∫ z−j (∞)

−zj

log(1− e2πi(α−z))
dx

dz
dz ,

(2.52)

where the starting points of the contours are z±j (0) = ±zj . The end point of the contour tend-

ing to z+j (∞) is a ray tending to infinity along the direction eiθ
+
, with θ+ ∈

(
π(2k−1)
2N−1 , 2πk

2N−1

)
,

k = 1, . . . , N − 1 and the end point tending to z−j (∞) is a ray long the direction eiθ
−
, with

θ− ∈
(
π(2k−1)
2N−1 , 2πk

2N−1

)
, k = N, . . . , 2N − 1. To understand the end points of the contours we

studied the asymptotic behaviour of the roots as x → ∞ in appendix A. Since z±j (x) is a

root of (2.28) the derivative dx
dz is given by differentiating (2.28) with respect to z. Note that

neither of the integration contours cross the real axis (again a result derived in appendix A).
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We integrate by parts and use the substitution z = iw in the first integral and z = −iw

in the second integral

−2π

∫ −iz+j (∞)

−izj

x(iw)

e2π(iα+w) − 1
dw + 2π

∫ iz−j (∞)

−izj

x(iw)

e2π(iα+w) − 1
dw . (2.53)

In the second integral we have used x(−iw) = −x(iw) as can be seen from (2.28). These

contours don’t cross the imaginary axis where the integrand has poles. Since the contours

both start at −izi and end at ∞ along rays in the right hand side of the complex plane we

can deform them to lie on top of each other and cancel. Hence the integral in (2.51) vanishes.

This then gives us the final asymptotic expansion∑
n∈Z+β
n>0

(
log(1− e2πi(α+z+j (nλ̃))) + log(1− e2πi(α−z−j (nλ̃)))

)
∼ −δβ,0 log(1− e2πi(α−zj)) . (2.54)

We also have the root z0(x). This root vanishes at x = 0, is an odd function and has negative

imaginary part. So in (2.41) we have the sum∑
n∈Z+β
n>0

log(1− e2πi(α−z0(nλ̃))) . (2.55)

Consider the function

f(t) = log(1− e2πi(α−z0(t))) . (2.56)

The root z0(t) has a power series expansion

z0(t) = t/τ +

∞∑
n=2

z0,2n−1t
2n−1 (2.57)

where we can determine the t coefficient by substituting the expansion into the polynomial

(2.28). The functions

log

(
1

2
(1 + e−2πiz0(t))

)
+ πiz0(t) , log

( τ

2πit
(1− e−2πiz0(t))

)
+ πiz0(t) , (2.58)

are both even and vanish at t = 0. Hence the function f(t) has the expansion

f(t) ∼ log(2) + δα,0 log(πit/τ)− πi

∞∑
n=1

z0,2n−1t
2n−1 +

∞∑
n=1

a2nt
2n . (2.59)

When α = 1
2 we can use the asymptotic expansion (2.46) which leads to∑

n∈Z+β
n>0

log(1 + e−2πiz0(nλ̃)) ∼ 1

λ̃

∫ ∞

0
log(1 + e−2πiz0(x))dx− 1

2
log(2)δβ,0

− πi
∞∑
n=1

ζ(1− 2n, 1− β)z0,2n−1λ̃
2n−1 , λ̃ → 0+ .

(2.60)
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When α = 0 the asymptotic expansion of (2.56), given in (2.59), has a logarithmic term so

we instead have to use the asymptotic result (2.48). This leads to∑
n∈Z+β
n>0

log(1− e−2πiz0(nλ̃)) ∼ 1

λ̃

∫ ∞

0
log(1− e−2πiz0(x))dx+

1

2
δβ, 1

2
log(2)− 1

2
δβ,0 log(iλ̃/τ)

− πi
∞∑
n=1

ζ(1− 2n,
1

2
)z0,2n−1λ̃

2n−1 , λ̃ → 0+ .

(2.61)

Hence combining (2.60) and (2.61) we have as λ̃ → 0+∑
n∈Z+β
n>0

log(1− e2πi(α−z0(nλ̃))) ∼ 1

λ̃

∫ ∞

0
log(1− e2πi(α−z0(x)))dx+

1

2
(δα,0δβ, 1

2
− δα, 1

2
δβ,0) log(2)

− 1

2
δα,0δβ,0 log(iλ̃/τ)− πi

∞∑
n=1

ζ(1− 2n, β)z0,2n−1λ̃
2n−1 .

(2.62)

We can explicitly evaluate the integral in (2.62). We first write it as a contour integral like

in (2.52) and then use the same substitution to get an integral like the ones in (2.53)∫ ∞

0
log(1− e2πi(α−z0(x)))dx = 2π

∫ iz0(∞)

0

x(iw)

e2π(iα+w) − 1
dw . (2.63)

The contour starts at the origin since z0(0) = 0 and tends to infinity in the right hand side

of the complex plane. We can move the contour onto the positive real axis without picking

up any poles since the contour never crosses the imaginary axis. Treating the polynomial

(2.28) as a definition for the function x(z) and the integral representation for the Hurwitz

zeta function in (2.38) we can evaluate the integral and obtain∫ ∞

0
log(1− e2πi(α−z0(x)))dx = 2πi

∫ ∞

0

∑N
n=1(−1)n+1α2n−1(τw)

2n−1

e2π(iα+w) − 1
dw

= −πi
N∑

n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α) .

(2.64)

Using this in the asymptotic expansion (2.62) gives

∑
n∈Z+β
n>0

log(1− e2πi(α−z0(nλ̃))) ∼ −πi

λ̃

N∑
n=2

α2n−1τ
2n−1ζ(1− 2n, 1− α)

+
1

2
(δα,0δβ, 1

2
− δα, 1

2
δβ,0) log(2)−

1

2
δα,0δβ,0 log(iλ̃/τ)− πi

∞∑
n=1

ζ(1− 2n, β)z0,2n−1λ̃
2n−1 ,

(2.65)
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as λ̃ → 0+. Now if we combine (2.39), (2.54) and (2.65) and express it all in terms of λ = 1/λ̃

we have the asymptotic expansion∫ ∞

0
log(1− e2πiβe2πiλ

∑N
n=1 α2n−1(τx)2n−1

)dx

+
∑

n∈Z+β
n>0

 ∑
zj(n/λ)

Im(zj(n/λ))>0

log(1− e2πi(α+zj(n/λ))) +
∑

zj(n/λ)
Im(zj(n/λ))<0

log(1− e−2πi(α+zj(n/λ)))


∼ −πiλ

N∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α) +

1

2
(δα,0δβ, 1

2
− δα, 1

2
δβ,0) log(2)

+
1

2
δα,0δβ,0 log(−iλτ)− δβ,0

N−1∑
j=1

log(1− e2πi(α+zj)) , λ → ∞ ,

(2.66)

where we recall that the zj , j = 1, . . . , N − 1 are the non-vanishing roots to (2.28) with x = 0

such that Im(zj) > 0. The higher order terms in 1/λ that appear in both (2.39) and (2.65)

cancel so the final expansion only contains a term proportional to λ, a constant term and the

necessary log(λ) term when α = β = 0. Comparing this asymptotic expansion to (2.31) we

can read off A and B

A = −πi
N∑

n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α) ,

B =
1

2
(δα,0δβ, 1

2
− δα, 1

2
δβ,0) log(2) +

1

2
δα,0δβ,0 log(−iτ)− δβ,0

N−1∑
j=1

log(1− e2πi(α+zj)) .

(2.67)

Using these values for A and B in (2.31) and setting λ = 1 gives

Hα,β(τ, α1, . . . , α2N−1) =
1

2
(δα, 1

2
δβ,0 − δα,0δβ, 1

2
) log(2)− 1

2
δα,0δβ,0 log(−iτ)

+

∫ ∞

0
log(1− e2πiβe2πi

∑N
n=1 α2n−1(τx)2n−1

)dx+ δβ,0

N−1∑
j=1

log(1− e2πi(α+zj))

+
∑

n∈Z+β
n>0

 ∑
zj(n)

Im(zj(n))>0

log(1− e2πi(α+zj(n))) +
∑
zj(n)

Im(zj(n))<0

log(1− e2πi(α−zj(n)))

 .

(2.68)

where Hα,β was defined in (2.2) and as before the zi(x) are the roots to the polynomial (2.28)

and the zi are the roots when x = 0 such that Im(zi) > 0. Using z+i (x) = −z−i (−x) we can
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rewrite the sum over the roots in the compact form

∑
n∈Z+β

∑
zj(n)

Im(zj(n))>0

log(1− e2πi(α+zj(n))) = δβ,0

N−1∑
j=1

log(1− e2πi(α+zj))

+
∑

n∈Z+β
n>0

 ∑
zj(n)

Im(zj(n))>0

log(1− e2πi(α+zj(n))) +
∑
zi(n)

Im(zj(n))<0

log(1− e2πi(α−zj(n)))

 .

(2.69)

If we then exponentiate the expression (2.68) we get the desired transformation of the gener-

alised eta function, (1.3),

ηα,β(τ, α1, . . . , α2N−1) =

√
2
δ
α, 12

δβ,0−δα,0δβ, 12
√
i/τ

δα,0δβ,0
exp

(∫ ∞

0
log(1− e2πiβe2πi

∑N
n=1 α2n−1(τx)2n−1

)dx

)
×

∏
n∈Z+β

∏
zj(n)

Im(zj(n))>0

(1− e2πi(α+zj(n))) ,

(2.70)

where the zj(x), j = 1, . . . , 2N − 1 are the roots of the polynomial

N∑
n=1

α2n−1(τz)
2n−1 = x . (2.71)

This is exactly the transformation (1.4) that we wanted to prove. Throughout the proof

the variables τ and α2n−1 were restricted to the domain given by Im(τ) > 0, α1 ̸= 0,

Im(α2n−1τ
2n−1) ≥ 0 and Im(α2N−1τ

2N−1) > 0. However both sides of (2.70) are defined

for the domain given by Im(τ) > 0, α1 ̸= 0 and Im(α2N−1τ
2N−1) > 0 so we can analytically

continue the result into this larger domain.

We can also consider the special case α2n−1 = 0 for all n < M ≤ N , α2M−1 ̸= 0. We

can find the transformation by taking (2.70) with α1 ̸= 0 and finding the limit α1 → 0. The

only terms that are affected by this limit are the zj(0) terms. If we naively set α2n−1 = 0 for

all n < M ≤ N and use the expression (2.70) then the 2M − 1 roots of (2.71) that vanish

at x = 0 will be lost. However if we solve the polynomial (2.71) with α1 ̸= 0 and take the

limit α1 → 0 then we have additional terms in (2.70) corresponding to the roots that vanish

at x = 0.

3 Infinite number of non zero α2n−1

We end with a brief discussion on the case where an infinite number of the α2n−1 are non zero

in the GGE (1.6). This corresponds to the case with an infinite number of α2n−1 variables in
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the generalised eta function (1.3),

ηα,β(τ, α1, . . . ) = exp

(
−πi

∞∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α)

)

×
∞∏

k∈Z+α
k>0

(
1− e2πi(β+

∑∞
n=1 α2n−1(τk)2n−1)

)
.

(3.1)

Since the sums in (3.1) are no longer finite we have to ensure that τ and the α2n−1 are

restricted to domains were they converge. In the product we have the series

∞∑
n=1

α2n−1(τk)
2n−1 . (3.2)

Since the product is over k ∈ Z + α, k > 0 we must restrict to domains of τ and the α2n−1

where this series has an infinite radius of convergence. In (3.1) we also have the series

∞∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α) . (3.3)

We again need to restrict to domains of τ and the α2n−1 where this series converges.

We define the function Fτ,α(x), where α is the set {α1, α3, . . . }, to be

Fτ,α(x) =

∞∑
n=1

α2n−1(τx)
2n−1 . (3.4)

Again we are only considering τ and α2n−1 for which this series has an infinite radius of

convergence. Since the radius of convergence of this series is infinite we can express the sum

involving the zeta function as an integral using (2.38)

∞∑
n=1

α2n−1τ
2n−1ζ(1− 2n, 1− α) =

1

πi

∫ ∞

0

Fτ,α

(
u
2πi

)
e2πiα+u − 1

du . (3.5)

Hence the generalised eta function (3.1) can be expressed as

ηα,β(τ, α1, . . . ) = exp

(
−
∫ ∞

0

Fτ,α

(
u
2πi

)
e2πiα+u − 1

du

) ∞∏
k∈Z+α
k>0

(
1− e2πi(β+Fτ,α(k))

)
. (3.6)

Not only do we need to ensure that the function Fτ,α(x) has a Taylor expansion with an

infinite radius of convergence and the integral converges but we also need to ensure that the

product converges i.e. e2πi(β+Fτ,α(k)) decays sufficiently rapidly as k → ∞.

Assuming that the generalised eta function (3.6) is well defined then we can again find a

transformation formula for the generalised eta function under a modular transform τ → −1/τ .

We can follow the same steps as for the finite case. However before when computing the
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Fourier transform we had to find the roots of a polynomial, now we have to find the functions

z(x) that satisfy

F (z) = x . (3.7)

This equation is equivalent to (2.71) in the case with a finite number of non-vanishing α2n−1.

The transformation will take the same schematic form as it does in (2.70) but the product

over the roots of the polynomial (2.71) will be replaced with a product over the z(x) which

satisfy F (z) = x and have Im(z(x)) > 0.

Note that the factor
√
2
δ
α, 12

δβ,0−δα,0δβ, 12 that appears in the transformation (2.70) came

from the root z0(x) of (2.71) that vanishes when x = 0. We were assuming throughout that

α1 ̸= 0 so we have only one such root. If the equation F (z) = x has multiple solutions z(x)

that vanish when x = 0 then this factor will be modified.
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A Roots

In this appendix we look at the roots of the polynomial

N∑
n=1

α2n−1(τz)
2n−1 = x (A.1)

as functions of x. When x ∈ Z+ β, β = 0, 12 these roots are the one particle energies in our

transformed GGE. Here we show that these roots satisfy several properties that we make use

of when proving the transformation of the GGE. The first is that the roots can be naturally

paired up with one left over. When x = 0 one of the roots vanishes and the others all take

non zero values which come in pairs with opposite sign. This also holds for x ̸= 0, there is

one root which is an odd function of x and vanishes at the origin, we label this root z0(x).

The others come in pairs which we label z±j (x), j = 1, . . . , N − 1 and these pairs are related

by z+j (x) = −z−j (−x). Furthermore we show that for x > 0, Im(z(x)) ̸= 0 for all roots. So if

Im(z+j (0)) > 0 then Im(z+j (x)) > 0 for all x > 0 and hence Im(z−j (x)) < 0 for all x > 0. We

also show that Im(z0(x)) < 0 for all x > 0. Finally we find the asymptotic behaviour of the

roots as x → ∞ and see that they lie on the rays

exp( 2πik
2N−1)

(α2N−1τ2N−1)1/(2N−1)
x

1
2N−1 , k = 1, . . . , 2N − 1 . (A.2)

When x = 0 one of the roots of (A.1) is 0 and the other roots are all non zero and come

in pairs with opposite signs. (τ ̸= 0 so we only have one vanishing root.) We label these
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non-vanishing roots ±zj , j = 1, . . . , N − 1 and fix Im(zj) > 0. When x > 0 we label the roots

by z0(x) and z±j (x), j = 1, . . . , N − 1. Since the roots are continuous functions of x we can

connect them to the roots at x = 0 as follows, at x = 0 we have z0(0) = 0 and z±j (0) = ±zj .

Now we need to consider the roots when x < 0. If z(x) is a root of (A.1) when x < 0 then

−z(x) will be one of the roots z0(−x) or z±j (−x). Hence we label the roots for x < 0 the same

as for x > 0, z0(x) and z±j (x), j = 1, . . . , N−1. These roots are then defined by their relation

to the roots for x > 0. If x < 0 then z0(x) = −z0(−x) and z±j (x) = −z∓i (−x). This is then

consistent with taking the limit x → 0 from either the positive or negative direction. Hence

for x ∈ R we have the roots z0(x) and z±j (x), j = 1, . . . , N − 1 which satisfy z0(x) = −z0(−x)

and z±j (x) = −z∓j (x). And when x = 0 these roots are z0(0) = 0 and z±j (0) = ±zj where

Im(zj) > 0.

We also need the result that if z(x) is a root of (A.1) then for x > 0, Im(z(x)) ̸= 0 (and

by extension Im(z(x)) ̸= 0 when x < 0). We will prove this by contradiction. Assume that

at x = x0 > 0 we have Im(z(x0)) = 0. If we plug this into the polynomial (A.1) and take the

imaginary part we have
N∑

n=1

Im(α2n−1τ
2n−1)z(x0)

2n−1 = 0 . (A.3)

However recall that throughout we are assuming that Im(α2n−1τ
2n−1) ≥ 0, n < N and

Im(α2N−1τ
2N−1) > 0 so (A.3) can only be satisfied if z(x0) = 0 but then that implies x0 = 0

which gives a contradiction.

Since Im(z+i (0)) > 0, as defined above, z+i (x) will have positive imaginary part for all

x > 0 and similarly z−i (x) will have negative imaginary part for all x > 0. Finally we find

that Im(z0(x)) < 0 for x > 0. The leading term in the expansion z0(x) = x
α1τ

+ . . . has

negative imaginary part for x > 0. Hence for small x, z0(x) will have negative imaginary part

and since the roots don’t cross the real axis it will have negative imaginary part for all x > 0.

We also need the asymptotic value of the roots as x → ∞. Assume that as x → ∞ the

roots z(x) have leading order behaviour of the form z ∼ axν , where a is a constant and we

must have ν > 0. Substituting this into (A.1) gives the leading order behaviour

α2N−1(τax
ν)2N−1 ∼ x , (A.4)

hence

ν =
1

2N − 1
and a =

exp( 2πik
2N−1)

(α2N−1τ2N−1)1/(2N−1)
, k = 1, . . . , 2N − 1 , (A.5)

where since Im(α2N−1τ
2N−1) > 0 we choose the branch cut of (α2N−1τ

2N−1)1/(2N−1) such

that

arg((α2N−1τ
2N−1)1/(2N−1)) ∈

(
0,

π

2N − 1

)
. (A.6)

We have the leading asymptotic value of the roots

z
(∞)
k (x) ∼

exp( 2πik
2N−1)

(α2N−1τ2N−1)1/(2N−1)
x

1
2N−1 , x → ∞ , k = 1, . . . , 2N − 1 , (A.7)
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where we choose the branch such that x
1

2N−1 is real for x > 0. Note that with our branch

choice (A.6) we have

arg(z
(∞)
k (x)) ∈

(
π(2k − 1)

2N − 1
,

2πk

2N − 1

)
, (A.8)

hence

Im(z
(∞)
k (x)) > 0 , k = 1, . . . , N − 1 ,

Im(z
(∞)
k (x)) < 0 , k = N, . . . , 2N − 1 .

(A.9)

So the asymptotic behaviour of the roots z+j (x), j = 1, . . . , N−1 will be of the form z
(∞)
k (x) for

k = 1, . . . , N−1 and the asymptotic behaviour of the roots z0(x) and z−j (x), j = 1, . . . , N−1,

will be of the form z
(∞)
k (x) for k = N, . . . , 2N − 1.

B Asymptotic expansions

In this appendix we reproduce some of the results from [4] for the asymptotic expansions, as

t → 0 from above, of series of the form

∞∑
m=0

f((m+ a)t) . (B.1)

Let us start with a function f(t) which has the asymptotic expansion

f(t) ∼
∞∑
n=0

bnt
n , t → 0 . (B.2)

We will further assume that f(t) and all it’s derivatives decay rapidly as t → ∞. The

asymptotic expansion of (B.1) is

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx−

∞∑
n=0

tnBn+1(a)

(n+ 1)!
f (n)(0) , t → 0+ , (B.3)

where we are taking the limit t → 0 from above. The Bernoulli polynomials, Bn(x) are defined

through their generating function in (B.5). Alternatively using the relation (B.8) between

the Bernoulli polynomials and the Hurwitz zeta function (B.7), the asymptotic expansion is

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx+

∞∑
n=0

ζ(−n, a)bnt
n , t → 0+ , (B.4)

where we have replaced the f (n)(0) with the bn coefficients from (B.2).

Our derivation will use the Bernoulli polynomials, Bn(x), so we start with their generating

function
text

et − 1
=

∞∑
n=0

Bn(x)

n!
tn . (B.5)
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We can use the generating function of the Bernoulli polynomials to prove the following iden-

tities that we will use when deriving (B.3),

B′
n(x) = nBn−1(x)

Bn(x+ 1)−Bn(x) = nxn−1

Bn(1− x) = (−1)nBn(x)

(B.6)

The Hurwitz zeta function, which appears in (B.4), is defined by

ζ(s, a) =

∞∑
n=0

1

(n+ a)s
, Re(s) > 0 , a ̸= 0,−1, . . . (B.7)

and can be analytically continued to s ∈ C \ 1. We have the relation between the Bernoulli

polynomials and the Hurwitz zeta function, see [4],

Bn(x) = −nζ(1− n, x) (B.8)

which allows us to go between (B.3) and (B.4).

We begin the proof of (B.3) with the following integral identity. Using integration by

parts and the identities (B.6) we have∫ m+1

m
tnf (n)(xt)

Bn(x−m+ 1− a)

n!
dx

=− (−t)nBn+1(a)

(n+ 1)!

(
f (n)((m+ 1)t)− f (n)(mt)

)
+

f (n)((m+ 1)t)

n!
((1− a)t)n

−
∫ m+1

m
tn+1f (n+1)(xt)

Bn+1(x−m+ 1− a)

(n+ 1)!
dx .

(B.9)

Using induction on n in the above identity we get

∫ m+1

m
f(xt)dx =

N−1∑
n=0

f (n)((m+ 1)t)

n!
((a− 1)t)n −

N−1∑
n=0

tnBn+1(a)

(n+ 1)!
(f (n)((m+ 1)t)− f (n)(mt))

+
(−t)N

N !

∫ m+1

m
f (N)(xt)BN (x−m+ 1− a)dx .

(B.10)

In order to replace the first sum with f((m+a)t) we use Taylor’s theorem. We can prove the

following Taylor expansion with an integral remainder term by induction on n

N−1∑
n=0

f (n)((m+ 1)t)

n!
((a−1)t)n = f((m+a)t)+

(−t)N−1

(N − 1)!

∫ (m+1)t

(m+a)t
(x/t−(m+a))N−1f (N)(x)dx .

(B.11)
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Using this in (B.10) gives

∫ m+1

m
f(xt)dx = f((m+ a)t)−

N−1∑
n=0

tnBn+1(a)

(n+ 1)!
(f (n)((m+ 1)t)− f (n)(mt)) + tN−1(r1 + r2) ,

(B.12)

where the two remainder terms are

r1 = r1(t, a,m) =
(−1)N t

N !

∫ m+1

m
f (N)(xt)BN (x−m+ a)dx ,

r2 = r2(t, a,m) =
(−1)N−1

(N − 1)!

∫ (m+1)t

(m+a)t
(x/t− (m+ a))N−1f (N)(x)dx .

(B.13)

Now summing over m = 0, 1, . . . ,M − 1 gives∫ M

0
f(xt)dx =

M−1∑
m=0

f((m+a)t)−
N−1∑
n=0

tnBn+1(a)

(n+ 1)!
(f (n)(Mt)−f (n)(0))+tN−1(R1+R2) , (B.14)

where Ri = Ri(t, a,M) =
∑M−1

m=0 ri(t, a,m), i = 1, 2.

We want to take the limit M → ∞. We are assuming that f(t) and all it’s derivatives

decay rapidly as t → ∞, so all of the f (n)(Mt) terms will vanish. We also assume that the

rapid decay of the derivatives is sufficient to ensure that the integral
∫∞
0 |f (N)(x)|dx converges

for all N . We need to check that both of the remainder terms are finite in the limit M → ∞
with t fixed.

We first look at R1

R1 =
(−1)N t

N !

M−1∑
m=0

∫ m+1

m
f (N)(xt)BN (x−m+a)dx =

(−1)N

N !

∫ Mt

0
f (N)(x)BN (x/t−[x/t]+a)dx .

(B.15)

The function |BN (x/t− [x/t]+a)| is periodic and hence bounded, we denote the upper bound

by bN . Since we are also assuming
∫∞
0 |f (N)(x)|dx converges, in the limit M → ∞ we can see

that R1 is finite∣∣∣∣ lim
M→∞

R1

∣∣∣∣ = 1

N !

∣∣∣∣∫ ∞

0
f (N)(x)BN (x/t− [x/t] + a)dx

∣∣∣∣ ≤ bN
N !

∫ ∞

0
|f (N)(x)|dx . (B.16)

Now we show that R2 is bounded as M → ∞. First we note that |x/t− (m+ a)| ≤ |1− a| in
the interval x ∈ [(m+ a)t, (m+ 1)t] so

|r2(t, a,m)| ≤


|1−a|N−1

(N−1)!

∫ (m+1)t
(m+a)t |f

(N)(x)|dx , a < 1 ,
|1−a|N−1

(N−1)!

∫ (m+a)t
(m+1)t |f

(N)(x)|dx , a ≥ 1 .
(B.17)

When we sum over m to obtain R2 the regions of integration don’t join up to give us an

integral over the real line. We can however extend each integration domain to have two
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integers at the end points which will further bound r2

|r2(t, a,m)| ≤


|1−a|N−1

(N−1)!

∫ (m+1)t
(m+[a])t |f

(N)(x)|dx , a < 1 ,
|1−a|N−1

(N−1)!

∫ (m+[a]+1)t
(m+1)t |f (N)(x)|dx , a ≥ 1 .

(B.18)

If we now sum over m = 0, 1, 2, . . . we can write these as integrals over the real line which

will bound R2 for us. We have add an extra factor to account for the overlap of the integral

domains

∣∣∣∣ lim
M→∞

R2(t, a,M)

∣∣∣∣ ≤ ∞∑
m=0

|r2(t, a,m)| ≤


|1−a|N−1(|[a]|+1)

(N−1)!

∫∞
[a]t |f

(N)(x)|dx , a < 1 ,
|1−a|N−1[a]

(N−1)!

∫∞
1 |f (N)(x)|dx , a ≥ 1 .

(B.19)

Hence upon taking the limit M → ∞ and rearranging the terms in (B.14) we have

∞∑
m=0

f((m+ a)t) =
1

t

∫ ∞

0
f(x)dx−

N−1∑
n=0

tnBn+1(a)

(n+ 1)!
f (n)(0)− tN−1(R̃1 + R̃2) , (B.20)

where R̃i = R̃i(t, a) = limM→∞Ri(t, a,M), i = 1, 2. If we now take the limit t → 0+ we can

see from (B.16) and (B.19) that the two remainders R̃1(t, a) and R̃2(t, a) remain finite. We

see that

∞∑
m=0

f((m+ a)t) =
1

t

∫ ∞

0
f(x)dx−

N−1∑
n=0

tnBn+1(a)

(n+ 1)!
f (n)(0) +O(tN−1) , (B.21)

and hence we have the asymptotic expansion (B.3),

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx+

∞∑
n=0

(−t)nBn+1(a)

(n+ 1)!
f (n)(0) , t → 0+ . (B.22)

Alternatively if we use identity (B.8) relating the Bernoulli polynomials and the Hurwitz

zeta function and replace the derivatives f (n)(0) with the bn via n!bn = f (n)(0) we have the

asymptotic expansion (B.4)

∞∑
m=0

f((m+ a)t) ∼ 1

t

∫ ∞

0
f(x)dx+

∞∑
n=0

ζ(−n, a)bnt
n , t → 0+ . (B.23)

We also need to consider the case where we have a function f(t) with a logarithmic term in

it’s asymptotic expansion

f(t) ∼ b log(t) +
∞∑
n=0

bnt
n , t → 0 . (B.24)
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We only need to consider the special case where a in (B.1) is either 0 or 1
2 . We will show that

for a = 1
2 , 1 we have the asymptotic expansion

∞∑
m=0

f((m+ a)t) ∼1

t

∫ ∞

0
f(x)dx+

1

2
δa,1(b log(2π/t)− b0) +

b

2
δa, 1

2
log(2)

+

∞∑
n=1

ζ(1− 2n, a)b2n−1t
2n−1 , t → 0+ .

(B.25)

To do this we instead look at the function

g(t) = f(t)− b log(1− e−2πt) . (B.26)

The function

log

(
1− e−2πt

2πt

)
+ πt , (B.27)

is even and vanishes as t → 0. Hence log(1− e−2πt) has the asymptotic expansion

log(1− e−2πt) ∼ log(2πt)− πt+
∞∑
n=1

a2nt
2n , (B.28)

so this together with (B.24) gives the expansion for g(t)

g(t) ∼ −b log(2π) + πbt+
∞∑
n=0

bnt
n +

∞∑
n=1

a2nt
2n , t → 0+ . (B.29)

Using (B.4), which we proved above, we have for a = 1
2 , 1

∞∑
m=0

g((m+a)t) ∼ 1

t

∫ ∞

0
g(x)dx+

1

2
δa,1(b log(2π)−b0)+πζ(−1, a)bt+

∞∑
n=1

ζ

(
1− 2n,

1

2

)
b2n−1t

2n−1 ,

(B.30)

as t → 0+, where we have used that for a = 1
2 , 1

ζ(−2n, a) = 0 , n = 1, 2, . . . , ζ(0, a) = −1

2
δa,1 . (B.31)

The sums of log(1−e−2πt) can be written in terms of the theta, θi(τ), and Dedekind eta, η(τ),

functions which we define below. We can then make use of the known modular properties of

these functions to get the asymptotic expansions of the sums of log(1−e−2πt). Subtracting this

from the asymptotic expansion of
∑∞

m=0 g((m+a)t) gives the expansion of
∑∞

m=0 f((m+a)t).

In terms of the θi(τ) and η(τ) functions the sums of log(1− e−2πt) are

∞∑
m=0

log(1− e−2π(m+ 1
2
)t) = − π

24
t+

1

2
log

(
θ4(it)

η(it)

)
,

∞∑
m=1

log(1− e−2πmt) =
π

12
t+ log(η(it)) ,

(B.32)
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where θ4 is the theta function

θ4(τ) =
∞∏
n=1

(
1− e2πinτ

)(
1− e

2πi
(
n−1

2

)
τ
)2

, (B.33)

and η is the Dedekind eta function

η(τ) = e
πiτ
12

∞∏
n=1

(1− e2πinτ ) . (B.34)

Using the modular properties of these two functions

η(−1/τ) =
√
−iτη(τ) ,

θ4(−1/τ) =
√
−iτθ2(τ) ,

(B.35)

where the branch cut is chosen such that
√
−iτ = 1 when τ = i and θ2 is the theta function

θ2(τ) = 2e
πiτ
4

∞∏
n=1

(1− e2πinτ )(1 + e2πinτ )2 (B.36)

we find

∞∑
m=0

log(1− e−2π(m+ 1
2
)t) = − π

24
t+

1

2
log

(
θ2(i/t)

η(i/t)

)

= − π

24
t+

1

2
log 2− π

12t
+

∞∑
m=1

log(1 + e−2πm/t)

∼ − π

24
t+

1

2
log 2− π

12t
, t → 0+ ,

(B.37)

and

∞∑
m=1

log(1− e−2πmt) =
π

12
t− 1

2
log(t) + log(η(i/t))

=
π

12
t− 1

2
log(t)− π

12t
+

∞∑
m=1

log(1 + e−2πm/t)

∼ π

12
t− 1

2
log(t)− π

12t
, t → 0+ ,

(B.38)

where we can drop the logarithm terms in the asymptotic expansion. Combining the two

cases gives

∞∑
m=0

log(1−e−2π(m+a)t) ∼ −πζ(−1, a)t+
1

2
(δa, 1

2
log(2)−δa,1 log(t))−

π

12t
, t → 0+ . (B.39)

We can also calculate the integral∫ ∞

0
log(1− e−2πx)dx = − π

12
, (B.40)
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which means ∫ ∞

0
g(x)dx =

∫ ∞

0
f(x)dx+

π

12
b . (B.41)

Adding the asymptotic expansions (B.30) and (B.39) gives the asymptotic expansion of∑∞
m=0 f((m+ a)t),

∞∑
m=0

f((m+ a)t) =
∞∑

m=0

g((m+ a)t) + b
∞∑

m=0

log(1− e−2π(m+a)t)

∼ 1

t

∫ ∞

0
f(x)dx+

1

2
δa,1(b log(2π/t)− b0) +

b

2
δa, 1

2
log(2) +

∞∑
n=1

ζ(1− 2n, a)b2n−1t
2n−1 , t → 0+ ,

(B.42)

which is (B.25).
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