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ABSTRACT: In [1] a conjecture for the modular transformation of the free fermion generalised
Gibbs ensemble (GGE) was given where only the KdV charge associated to the weight four
quasi primary field was inserted. In this paper we first generalise this conjecture to the case
with an arbitrary, finite collection of KdV charges in the GGE. These GGEs are generalisations
of the generating function of power partitions. We prove the conjectured transformation for
the case with a finite number of charges inserted and discuss the case with an infinite number

of charges.
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1 Summary of results

In [2] the modular transformation properties of the generalised eta function n,(7), defined by

ns(7) = e~ TiC(=8)T (1 _ eQﬂimsT) : (1.1)

m=1

where ((z) is the Riemann zeta function, were studied. It was proved that under the modular
S transformation, 7 — —1/7, 1, satisfies

n(r) = @0 T VifT T mys(). (1.2)
Im(z)>0
T28==%1
In the above expression the product is taken over the roots of the two polynomials 72° = £+1
such that the imaginary part of the roots are positive.

In this paper we study the modular transformation properties of a further generalisation
of the Dedekind eta function where we replace the powers m® in the product in (1.1) with
polynomials. For each N =2,3,... we have a generalised eta function 7, g(7, a1, ..., @an—1)
defined by

N
Na,g(T,Q1,...,aaN_1) =€xp (—m‘ Z agn_172n_1C(1 —2n,1— a))
n=1

(1.3)

I

X H (1 - e?m’(ﬁ-yzﬁ;l 0‘21171(7'/{:)2"*1))

k€Z+a
k>0

where ((s, a) is the Hurwitz zeta function, defined in (B.7). The product in (1.3) converges for
Im(aon_172V~1) > 0 and the Hurwitz zeta function is defined for a # 0, —1,.... While Nev, B



can be defined for o € R\ {1,2,...} and § € R, we will restrict («, 3) to the four pairs (0,0),
(07 %) , (%, O) and (%, %) since these functions are related to the Generalised Gibbs ensemble
of a free fermion in 2 dimensions as described below. We will additionally assume throughout
that Im(7) > 0 but place no restriction on the ag, 172"~ for n < N.

This is not the most general order 2N — 1 polynomial that one could include in (1.3),
we are restricting to odd polynomials. This restriction is because we will be interested in
the link between these generalised eta functions and the generalised Gibbs ensembles studied
in [1] (we will say more about this link below). The only polynomials that occur in these
generalised Gibbs ensembles are odd and in addition have a non-vanishing linear term i.e.
a; = 1. Note that we can still relate our results to those of [2] by setting aon,—1 = 0 for

2N—-1

n<N,an_1=1and 7 = 7/, the condition Im(aon_172V~1) > 0 implies Im(7) > 0.

In this paper we will prove the following transformation properties for the generalised
eta function (1.3)

na,ﬁ(7-7 aq, ... ,a2N_1) =

\/56(!7%55,0*501,05[37% \/%éa,055,0 exp (/OO log(1 627T15627ri(27];]:1 O‘Q"l(‘m)%_l))dx)
0
> H H (1 - 627ri(o¢+2j(n))) ’

n€Z+B  zj(n)
Im(zj(n))>0

(1.4)

where the zj(x), j =1,...,2N — 1 are the roots of the polynomial

N
Zagn_l(m')gn_l =x. (1.5)
n=1

This transformation formula is valid for the domain given by Im(r) > 0, a; # 0 and
2N—1). For the special case agp,—1 = 0 for all n < M < N and aspr—1 # 0
the transformation can be found by starting with (1.4) with a; # 0 and taking the limit
a1 — 0. Note that if one naively sets ag,—1 =0 for all n < M < N and asp/—1 # 0 in (1.4)
then the transform is incorrect as factors corresponding to the roots z;(0) will be missed.

Im(agN_lT

We are interested in the transformation properties of 1, g because of its relation to the
generalised Gibbs ensembles (GGEs) of free fermions. In [1] the modular properties of these
GGEs for free fermions was studied. These GGEs were denoted in [1] by

Trys/r,+ (62m(7[1+2n:2 a2”’”2n71]2"’1)> , (1.6)

where the conserved charges in the GGE are the KdV charges, Is,—1. A definition for the
traces Tryg/g,+ can be found in appendix A of [1]. These GGEs are related to the generalised



eta function as follows

I

. N 2n—1
7]0,0(7—7 1’ as, ... 7042N—1) _ TI‘R7_ (627”(711-!—2”:27' a2n71[2n71))

)

77071/2(7_7 Las, ..., aon-1) = Trr,+ (627rz(7'11+2n:2 r2n 1a2n—112n—1)>

2mi(r I+ N5 T2 tagn 1 Ton
771/2,0(7-7 Las,...,0on_1) = Trns,— (6 (T o T agn—112n 1)) ,

My21/2(T, 1 as, ... aon—1) = Trs + (eQ’”‘(”ﬁZiV:2 72%10‘2”—1*’2"—1)) .

In [1] we looked at the case with just the I3 charge inserted (only a; and ag non zero) and
using the thermodynamic Bethe ansatz (TBA) we conjectured the modular transformation for
(1.6) under 7 — —1/7. Our conjecture was the transformation (1.4) for 1, g(7,1, ). Note
that in [1] we only studied the three cases (o, 3) = (O, %) , (%, 0) , (%, %) but the conjecture
can naturally be extended to include (a, 8) = (0,0). In the companion paper [3] we show
how the transformations (1.4) can again be derived from the TBA. In [3] we also provide a
physical interpretation for the transformed GGEs in terms of a line defect.

In this paper we give a mathematical proof for the transformation (1.4). We will use the
techniques from [2] in our proof. By writing these expressions as sums over 1 dimensional
lattices we can use Poisson summation to find the modular transform. This approach involves
computing a Fourier transform and then deforming the integration contour to pick up poles,
much in the same way one deforms the integration contour in the TBA equations to pick up
the excited states. This suggests that it may be possible to adapt this method to study the
GGEs of other 2d CFTs, such as the minimal models. However the eigenvalues of the KdV
charges are not known in general for other theories so explicit calculations cannot be done at
this stage.

The paper is organised as follows. The main details of the proof of the transformation
(1.4) are presented in section 2. We then briefly discuss how this proof can be applied to
the case with an infinite collection of non zero as,—; in the GGE (1.6) in section 3. Two
appendices with technical results needed for the proof in section 2 have also been included.

2 Proof of modular transform for finite charges

Here we will prove the modular transform given in (1.4). To do this we will first restrict to
the case where a1 # 0 and Im(ag,_172""1) > 0 for n < N and prove the transform (1.4). We
can then use analytic continuation to extend the transform (1.4) to the larger domain given

by Im(7) > 0 and Im(agn_1 72V 1)

> 0. To begin the proof take the logarithm of 7, g so the
product becomes a sum. If we introduce a suitable parameter, A in (2.7), that we differentiate
with respect to twice we will be able to write this as a sum over the full lattice Z + «. This
allows us to use Poisson summation to find the transformation. After computing the required
Fourier transform for the Poisson summation we can then integrate twice with respect to A.
Fixing the integration constants using asymptotic expansions in A will give us the final form

for the transformation.



We start by repeating the definition of the generalisation of the Dedekind eta function
given in (1.3)

N
Na,8(T, a1, ..., aaN_1) =€xp (m' Z a2n7172n_1C(1 —2n,1 — oz))

n=1

(2.1)
% H ( o 2mil (B+XN_, azn_1 (k)2 1)) 7
k€EZ+a
k>0
As discussed below (1.3) we will look at the four (a, ) pairings (0,0),(0,3),(3,0) and
(%,%) and the 7 and a9yn_1 variables will be restricted to the domaln Im(7 ) > 0 and
Im(72V~tagn_1) > 0. Here we will also impose oy # 0 and Im(72V tagy_1) > 0 for n < N

and analytically continue to the larger domain at the end.

In order to prove the transformation (1.4) we will take the logarithm of 7, g. This will
turn the product into a sum that we can then perform Poisson summation on. Define the
function H, g as the logarithm of 7, g

N
Hyp(t,a1,...,0on-1) = — mi Z a2n717'2n_1((1 —2n,1—«)

2.2
+ Z log (1_eQm’(ﬁJer;’:la2n_1(7-k)2n71)) . (2.2)
k€eZ+a
k>0
We will pick the branch cut of the logarithm such that log(—1) = —mi. However since

we will exponentiate the final result the choice of branch doesn’t matter. We want to use
Poisson summation on the series in H, g. However the series is only over the half lattice
k € Z + o,k > 0, we need to extend it to the whole lattice (k € Z + «) in order to use the
summation formula. To do this first note that

2 Z log (1 _ 627@(64-22]:1 Cx2n71(7—k)2n—1))

k€Z+a
k>0

> log (1— e Enm 0o TP ) N og (1 — 72l o2y (TR

kEZ+a k€Z+a
k>0 k<0

= Z log (1 — 627rz‘(/3+2,1¥:1 agn,I(Tk)2n71)>

k€Z+a
k>0

N
1 ) e
+ E (—ZM (2 + 6+ g 042n1(7'k‘)2n_1> + log (1 _ 2B azn (TR)? 1))> .

k€Z+a n=1
k<0

(2.3)
Since we are only considering («, 8) = (0,0), (O, %) , (%,0) , (%, %) we can swap —« for a and
—p for B in the above series. Note that in the final line we have used the fact that we chose



a branch cut for the logarithm such that log(—1) = —mi. The final sum in (2.3) is convergent
but if we split the series into two separate pieces

N
1 . o
> (2 +B+> aznl(rk)Q”—1> ;Y log (1 _ 2mi(B+ 0 a2n1(7h)? 1)) . (2.4)
kEZ4-o n=1 k€Z+a
k>0 k>0
each series is individually divergent. However if we formally take the series
> log (1— 2L ama T ) (2.5)

k€Z+a
k>0

and the convergent series

Y log (1 _ 2mi(B+N, aanfl(m%*l)) 7 (2.6)

k€Z+a
k>0

and sum them we get a series over the whole lattice which we can then apply Poisson summa-
tion to, at least formally. (Note that when o = 0 we have a k = 0 term which we will have to
deal with separately.) We can get this series over the full lattice by effectively differentiating
twice with respect to SN | g, 1(7k)?*~! to remove this divergent series in the last line of
(2.3). We do this by introducing a positive real parameter A into the sum in (2.2) as follows

Z log (1 _ 2B 2miIA Y, 0‘2"‘1(7]’“)2%1> . (2.7)
k€Z+a7k>0

The series converges exponentially so we can differentiate term wise with respect to A. Dif-
ferentiating twice with respect to A yields

2 i 67210 (1 _ 627?2'56271'1'/\27]:7:1 agn_l(Tk)2n71>
axe 8

k€Z+a
k>0 (2.8)
0? oo e 1
— Z e log (1 _ 2miB ML azn1 (Th)? 1) + 5a,055,0§ .
k€Z+a

The second sum can be written over the whole lattice because the terms in the sum decay
exponentially as k — +oo. Note that when («, ) = (0, %) the term k£ = 0 is independent of
A and so vanishes. When (o, 8) = (0,0) the £ = 0 term can be defined by taking the limit
k — 0 to get a finite value. However since our original series is over k£ > 0 we have to remove
the k£ = 0 term from the lattice sum which we have done in (2.8). Hence the sum of the series
over k > 0 and k < 0 can be written as a sum over k € Z + . We now use the Poisson
summation formula on this series.
The Poisson summation formula on the shifted integer lattice is

S st =5 3 Fomfpemime, (29)

VEZ+a meZL



where

fly) = / ft)e*™ it . (2.10)
—00
In order to use the summation formula on the series
0?2 , : n—
Z Wlog (1 _ 2T 2miA Y0 azn—1(Tk)? 1) 7 (2.11)
k€Z+a
we first define the function
F(#) = log (1 B e2mﬁe2mxzﬁleazn_l(z’t)%‘l) 7 (2.12)
The series
62
Z fo(’/t) ) (2.13)
veEZ+a

converges for Im(agy_1(it)?V~1) > 0 and is related to (2.11) by setting ¢t = —it. We will
use Poisson summation on (2.13) for ¢ > 0 and then analytically continue the result into the
complex plane. We need to compute the Fourier transform of F)(t) = aa—; fa(t) with respect
to t. First we define

pat) = 1 — 2TPmA T oot (i1 (2.14)

so fi(t) = log(pa(t)) and the Fourier transform of F)(t) is

~ 0 92 A
) = [ i lostm(®)emat. (215)

For y # 0 we integrate by parts and drop the boundary term which vanishes

- o > 82 2mity 34 1 > 82 pl)\ (t) 2mity
Fy\(y) = /Oo Wlog(m(t))e dt = “omiy /OO oz (p)\(t)> e“mTdt (2.16)

where p (t) = %p)\(t). In order to compute the integral

L[ (PO oriny
— — i 2.1
27y /_Oo ON2 (pA(t)) € d, (2.17)

we close the contour either in the upper or lower half plane, depending on the sign of y, and

pick up the residues. These residues come from the zeros of p(t). (For a generic function p(t)
the integral (2.17) will also have contributions from the poles of p(t), but p(t) as defined in
(2.14) has no poles.)

For y > 0 we close the contour in the upper half plane. If p(t) has a zero of order M at
t = tg, which will depend on J, in the upper half plane then the contribution to the integral
is

M 52

e e?mitoy (2.18)



This is because if we integrate anticlockwise around a contour that encloses the zero tg and
no other zeros we can move the A derivatives outside the integral and evaluate it to find

2 / 2
1 (9/ INQ o2ty gy — _%ie%itoy _ (2.19)
C(to)

 27iy ON2 pa(t) oy 02

(Here C(tp) is the anticlockwise contour described above.) The zero ¢y must satisfy the
following polynomial

> amoa@* =1, neZ+p, (2.20)

hence the order of the zero, M, is just the degeneracy of the root ty. Hence the Fourier
transform is given by the sum over all zeros of py(t) in the upper half plane

1 82 27rzz n/A
Z Z ya/\Q /Ny (2.21)

ne€Z+p  Zj(n/X)
Im(Z;(n/X))>0

where Zj(x), j =1,...,2N — 1, are the roots of

aoy_1(i2)" L =2 2.22
2n—1 )

If we have a degenerate root then we sum over each copy separately in (2.21). Similarly for
y < 0 we close the contour in the lower half plane and the Fourier transform is

1 5?2 .~
Z Z yaa)\262mzj(n/>\)y , (2‘23)

nezZ+p Zj(nA)
/) <0

where again z;(n/\), j = 1,...,2N — 1, are the roots of (2.22). Note that here we are now
integrating around a clockwise contour so we pick up a minus sign. For y = 0 the Fourier
transform is simply given by the integral

~ o0 82 o 82 T i N o iu)2n—1
0= _gstonin= [ FGes (1o e S . @2y

If we split the right hand side of (2.9) into a sum over m > 0, a sum over m < 0 and the
m = 0 term and use the expressions (2.21), (2.23) and (2.24) we have

2
i log (1 _ 2miB 2miA >N azn,l(Tk)Q"—l)

2

k€Z+a 9A

L[> 9 2mif 2mid SN gy, q (u)2n L
=7 7oowlog<1—e e =1 )du

o 92 e2mim(atzj(n/A)/t) 92 e2mim(a—2;(n/A)/t)
R D D D D D DR A

m=1neZ+p Z;(n/X) Zj(n/A)

Im(Z;(n/X))>0 Im(Z;(n/X))<0
(2.25)



Note we have written the sum over m < 0 as a sum over m > 0. We are free to swap —«
for @ when doing this since a = 0 or a = % We can swap the n and m summations in the

last line since the sums converge exponentially and then evaluate the sums over m to get a
logarithm

82 2mif _2miA ZN, aop_1(Tk)?n 1
Z v log ( —e e n=1 )
k€Z+a
1 o0 82 2 2n—1
_ mﬂ 2T Zn aon—1(iu) )
8)\2 log ( 1 ) du
2 2
S 3 % log (1 B 627ri(a+5j(n/)\)/t)> _ 68/\ log ( (2mi(a—%(n )/t)))
nezZ+p Zj(n/A) Zj(n)
Im(Z;(n/)))>0 (z (n))<0

(2.26)

We will now rewrite the above expressions. We set z;(z) = izj(z)/7 where 7 = it. Recall

that ¢ > 0 so Im(7) > 0 and the sign of Im(z;) is the same as the sign of Im(z;). Hence (2.26)
becomes

2
Z a—log( 2m[3 27”)‘271 1 Qon—1(vT)? - 1)

vEZ+a
_ i > 82 27nﬁ 27m/\2 Qa9 1(zu)2" 1
R AN (1- - ) du
2 . 2
s Z %log (1 7627rz(a+zj(n/)\))) __ 88/\ log( Q2o z](n/)\))>
neZ+p3 zj(n/X) zj(n/X)
Im(z;(n/X))>0 Im(z;j(n/X))<0

(2.27)

where the zj(x), j =1,...,2N — 1, are the roots of

Z Qo 1(t2)>" =1, (2.28)

As was shown in (2.8) the first sum in (2.27) can be written as a sum over the half lattice
with an extra term from v = 0 when («, 3) = (0,0). On the half lattice the sum converges
without the A differentiation so we can move the derivatives outside the sum.

For the integral in (2.27) we change the integration variable to x = iu/7. Recall 7 = it
and ¢t > 0 so the integral is still along the positive real axis. As a function of x the integrand
is an even function so the integral over the real line can be written as an integral over the
positive reals. Now if we remove the A\ derivatives from the integrand the integral converges
so we can move the derivatives outside of the integral.

)



Finally we look at the sum over the roots z;(z) in (2.27). As discussed in appendix A
one of the roots of (2.28) vanishes when = 0. We label this root zo(z) and furthermore in
appendix A we showed it is an odd function of its argument and Im(z¢(z)) < 0 for = > 0.
The other 2N — 2 roots come in pairs and in appendix A are labeled zji(z),j =1,...,N—1.
We labelled them such that Im(z;(z)) > 0 and Im(z; (z)) < 0 for > 0 and we have the
relation z; (z) = —z; (—x). Using these results for the roots allows us to rewrite the two
sums on the bottom line of (2.27) as

25‘9; 5 S g (1 N eQﬂ'i(OH»Zj(?L/A))) Y e (1 _ €2m(a72j(n/A))>

neZ+p zj(n/X) zj(n/X)
n>0 Im(z;(n/X))>0 Im(z;(n/X))<0

(2.29)
where again we can move the A derivatives outside of the sum since the sums converge
exponentially even without differentiating term wise.

Putting all this together means (2.27) becomes

82 omi . N 2n—1 1
B 2miNYy n— _ -
5 Z log (1—6 i 2N D Sy 2n—1(VT) ) 50&7055702)\2
VGZJ6a
v>
62

= 2miB 2min ()2
:3)\2/ log (1 — TP oA 2up=1 @2n—1{TT ) dzx
0

0? 1 1 2mi(atz;(n/N)) 1 1 2mi(a—z;(n/N))
o o I D (s P o

nezZ+p zj(n/A) zj(n/A)
n>0 Im(z;j(n/A))>0 Im(z;(n/A))<0

(2.30)

We can now integrate (2.30) twice to obtain

. ) n— 1
Z log (1 _ 6271'156271'1)\ SN aon—1(v7)? 1) " 5(504705570 log()\) L AN+ B

vEZ+a
v>0

- 2mif ,2miA 3N 2n—1
= / log (1 _ @2miB 2miN Y 1y aan—1(72) ) dz
0

+ Z Z log (1 _ 627Fi(a+zi("/>\))) + Z log (1 _ e—QWi(Oé+Zi(n/)\))) ’

neZ+p zi(n/A) zi(n/A)
n>0 Im(z;(n/X\))>0 Im(z;(n/X))<0

(2.31)
where the two integration constants, A and B, will depend on «, 8, 7 and the ag,_1. We can

fix these two constants by looking at the asymptotic behaviour of (2.31) as A — co. We will
find that the asymptotic expansion will only have a term proportional to A and a constant



term so we can then read off A and B. (When (a, 5) = (0,0) we will also have a log(\) term
in the asymptotic expansion that cancels the one in (2.31).)
We first note that the series

Z log <1 _ 2B 2miA YL, az”‘l(w)%fl) , (2.32)

VEZ+a
v>0

has a vanishing asymptotic expansion as A — oo since each term in the sum is exponentially
suppressed. Hence it doesn’t contribute to the constants A and B.
The integral

* 2mif  2miA SN 2n—1
/ log (1 — 2B 2MA =1 @2n-1(72) ) dz | (2.33)
0

has an asymptotic expansion in powers of 1/\. To see this we first perform a change of
variables in the integral. Recall that zp(x) is the root of (2.28) that vanishes when z = 0. So
if we change the integration variable to be x = z ( ) then the integral becomes

/Ooo (a(lizo( )>log( — 2B du (2.34)

where we are able to move the integration contour back onto the positive real line since the
only singularities in v are on the imaginary axis which the contour doesn’t cross. Integrating
by parts then gives

* 20 (75)
_/0 gt (2.35)
We can then expand zp(x) as a power series in x
oo
zo0(x) = Z 207271_1562”71 , (2.36)
n=1

and swap the sum and integral. Since the radius of convergence of the power series may be
finite swaping the sum and integral leads to an expression that in general will be asymptotic.
The asymptotic expansion of the integral as a power series in A is

oo . [e's) 2n—1

Z ZO 2n—1 u
Z 271')\ 2n—1 /0 627ri6+u _ 1du . (237)
n=1

Forn € Nand f=0,1 5 the integral can be evaluated in terms of the Hurwitz zeta function

/OO Ldu = ﬂ(27r)2‘”g(1 —2n,1-0), (2.38)
0

e2miftu _ ] 2

so we have the final asymptotic expansion for the integral in (2.31) as A — oo

o) oo
/0 log (1 — 2miB2TAT s a2n71(m)2"*1) dx ~7i» ((1—-2n,1-p) Z;;i"j . (2.39)

,10,



Finally we need to find the asymptotic expansion of

3 S log(1-emletsAN) g KT qeg (1 eEmlers AN |

neZ+4 2;(n/A) zj(n/X)
n>0  \ Im(zj(n/\))>0 Im(2;(n/A))<0
(2.40)

as A — oo. It will be easier to instead define A = 1 /A and find the asymptotic expansion as
X — 0t of

Z Z log (1 — eZmilatz; (”X))) + Z log (1 - ezm(a*zﬂ'("x)» . (241)

R TN ()
Im(z;j(nX))>0 Im(z;j(nX))<0

To do this we use the following results about asymptotic expansions from [4] (which we
reproduce in appendix B). If we start with a function f(t) which has the asymptotic expansion

(0.9}
t) ~ Z bot™, t—0, (2.42)
then we have the following asymptotic expansion
(0.9}
S f(m+a)t N/ e d:v+2( n,a)bat™ £ 0* (2.43)
m=0

where ((—n,a) is the Hurwitz zeta function (B.7). Since 8 = 0,1 we only need to consider
the cases a = ,1 in (2.43) which leads to a simplification. Notlng that

1
((—2n,a) =0, n=12..., a:§,1, (2.44)
and
c0,1)=-~. ¢clo,i) =0 (2.45)
) - 2 ) 9 2 - ) N
the asymptotic expansion (2.43) becomes, for a = %, 1,

Zf m-+a N/ f(z x—fbg(salJrZCl*Qna)an 2t ot (2.46)
m=0

The second result we need is for functions f(¢) which have a logarithmic term in their asymp-
totic expansions. If we have a function f(¢) with an asymptotic expansion of the form

F(t) ~ blog(t +th" t—0, (2.47)

— 11 —



then for o = %, 1 as t — 07 we have the asymptotic expansion

- b
Z f((m+a)t) ~ / f(z)dz+= 5a1(blog(27r/t) b0)+ J, 1 log(2 —i—Z( (1—2n, a)bg, 1" 1.
m=0 n=1

(2.48)
We again prove this in appendix B. This result can be generalised to a sum over the half
lattice m € N+ a but we only need the special cases a = 0, % The result for the general case
is given in [4].

First we focus on the terms in (2.41) that contain the 2N — 2 roots of (2.28) that don’t
vanish when z = 0. As discussed in appendix A these roots come in pairs which we label
as zi( ), j=1,...,N —1 with Im(z;f(m)) > 0 and Im(z; (z)) < 0 for z > 0 and they are
related via z;r( ) —z;(—x). For a given pair z]i(q:) we define f(t) to be

f(t) = log (1 B e27ri(a+z].+(t))> + log (1 N eQﬂi(afz;(t))) ) (249)

The function f(t) is even and hence has the expansion in ¢
F(t) ~ 2log ( e2mila+z) ) Z bont®™ | t 0, (2.50)

where z]i(()) = +z;. Using the asymptotic expansion (2.46) with (2.50) gives

Z <log(1 _ 627ri(a+zj(nX))) + log(l _ eZm'(a—zj_ (nX)))>

nezZ+p
n>0
~ ;/ <]Og(1 o 627ri(0¢+2;-r(96))) 4 log( 2m(a Z; (96)))) dr — 5570 IOg(l . e27ri(oc+zj)) )
0
(2.51)
The integral over = > 0 can be written as two contour integrals
/ (log(l _ e2milatz; (r))) + log(1 — e2mi(a—z; (:c)))> dx
’ (2.52)

2+ (c0) A d 27 (c0) d
_ / J log(l N eQm(a-ﬁ-z)) dj dz + / J 10g( 27rz(a z)) d‘:d
z —z

J

where the starting points of the contours are z]i (0) = £2;. The end point of the contour tend-

m(2k—1) 2nk
2N—-1 °» 2N—-1 )»

ing to z;r(oo) is a ray tending to infinity along the direction e, with 6+ € <
k=1,...,N —1 and the end point tending to zj_(oo) is a ray long the direction € | with
0~ € (W(% 11), 2?\}{“1), k=N,...,2N — 1. To understand the end points of the contours we

studied the asymptotic behaviour of the roots as x — oo in appendix A. Since z]i(:z:) is a
root of (2.28) the derivative % is given by differentiating (2.28) with respect to z. Note that
neither of the integration contours cross the real axis (again a result derived in appendix A).
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We integrate by parts and use the substitution z = ¢w in the first integral and z = —iw
in the second integral

—27T/ x(lw)ldw + 27T/ %dw . (2.53)

iz e2m(ia+w) _ iz e2r(iotw) _

In the second integral we have used z(—iw) = —z(iw) as can be seen from (2.28). These
contours don’t cross the imaginary axis where the integrand has poles. Since the contours
both start at —iz; and end at oo along rays in the right hand side of the complex plane we
can deform them to lie on top of each other and cancel. Hence the integral in (2.51) vanishes.
This then gives us the final asymptotic expansion

Z <10g(1 . e27ri(a+zj'(nX))) + log(l . 627Ti(a7zj_(nX)))) N _6570 log(l _ 627ri(afzj)) ' (254)

nezZ+p
n>0

We also have the root zo(x). This root vanishes at = = 0, is an odd function and has negative
imaginary part. So in (2.41) we have the sum

Y log(1 - milemz0)y (2.55)
neZ+p
n>0
Consider the function
f(t) = log(1 — e?mila—z0®)y (2.56)

The root zy(t) has a power series expansion
o0
z20(t) =t/7+ Z 20,0187 (2.57)
n=2

where we can determine the ¢ coefficient by substituting the expansion into the polynomial
(2.28). The functions

1 —2mizo(t) : T —2mizo(t) .
log <2(1 +e ) ) +mizo(t), log (27Tit(1 —e )) + mizo(t) , (2.58)

are both even and vanish at ¢ = 0. Hence the function f(¢) has the expansion

F(t) ~10g(2) + da0log(mit/7) — w0 Y z0on 1™+ aget® . (2.59)
n=1 n=1

When a = % we can use the asymptotic expansion (2.46) which leads to

: 5 1 [ : 1
> log(1 + e M) Ao / log(1 + ™™ ) dx — log(2)d5,0
neZ+p A Jo

n>0 (260)

— 7y ((1—2n,1-B)zgan1 A", A= 0".

n=1
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When a = 0 the asymptotic expansion of (2.56), given in (2.59), has a logarithmic term so
we instead have to use the asymptotic result (2.48). This leads to

(X 1 [ ; 1 1 ~
Z log(l _ e—27rzz0(n)\)) N~/ log(l _ e—27rzz0(a@))d$ + 5557% log(2) - 55/370 log(i)\/T)
0

neZ+p A
n>0

00
1 ~ ~
— Z C(l - 27’L, 5)20’2n71)\2n—1 s A— 0+ .
n=1
(2.61)

Hence combining (2.60) and (2.61) we have as X — 0T

. 3 1 [ . 1
§ : 2mi(a—zo(nA 2mi(a—zo(x
10g(1 —e ( 0( ))) N’)V\/O\ log(]_ —e ( 0( )))dl? + 5(5‘17055,% — 6(17%55’0) 10g(2)

neZ+p
n>0

1 ~ — ~om_
= 59,008,010g(1A/7) — 7 > ¢(1—2n, B)z0an1 X"

n=1

(2.62)

We can explicitly evaluate the integral in (2.62). We first write it as a contour integral like
in (2.52) and then use the same substitution to get an integral like the ones in (2.53)

o0 12000 N
/0 log(1 — e2mi(@=20(2)) gy = 27r/0 e (ﬁgg_ldw . (2.63)
The contour starts at the origin since zp(0) = 0 and tends to infinity in the right hand side
of the complex plane. We can move the contour onto the positive real axis without picking
up any poles since the contour never crosses the imaginary axis. Treating the polynomial
(2.28) as a definition for the function z(z) and the integral representation for the Hurwitz
zeta function in (2.38) we can evaluate the integral and obtain

~ oo s n+l 2n—1
/ log(1 — eQm‘(a—zo(x)))dx _ 271_1-/ Do (=1) . aon—1(Tw) .
0 0 e2m(iatw) _ 1

N (2.64)
= —71 Z Oé2n717'2n_1C(1 —2n,1— a) .
n=1
Using this in the asymptotic expansion (2.62) gives
; Y i &
Z log(1 — e2m@=200 )y o _ 2N " qp, 172771 (1 = 20,1 — @)
nezZ+p n=2
n>0
1 1 ~ - Y2n—1
+ 500,005 1 = 05, 195,0)108(2) — 500,005,0log(id/7) — i Zl C(1—2n,B)zp2n 1 AL,
n=
(2.65)
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as A — 0", Now if we combine (2.39), (2.54) and (2.65) and express it all in terms of A = 1/\
we have the asymptotic expansion

- 2mif3 ,2miA SN 2n—1
/ Iog(l — g2miB j2mi > 1 @2n—1(7T) )d:];
0

n Z Z log(1 — ezm(aﬂj(n/)\))) i Z log(1 — 6727”'((14*2]'(”/)\)))
nezZ+ps zj(n/X) zj(n/\)
n>0 Im(z;(n/X))>0 Im(z;(n/A))<0

N
1
~ —TIA Z Oégn_lTanlC(l —2n,1— Oé) + 5(50[70(557% — (Sa’%égp) log(?)

n=1
1 N-1 '
+ 500,008.0 l0g(—iAT) = 350 > log(l— ™)) X 00
j=1

(2.66)

where we recall that the z;, j = 1,..., N — 1 are the non-vanishing roots to (2.28) with = 0
such that Im(z;) > 0. The higher order terms in 1/X that appear in both (2.39) and (2.65)
cancel so the final expansion only contains a term proportional to A, a constant term and the

necessary log(\) term when o = = 0. Comparing this asymptotic expansion to (2.31) we
can read off A and B

N
A=—miY g 1" (1-2n,1-q),

n=1

, X N1 (2.67)
B = 5 (000051 = 0,,105,0)108(2) + 50a,005.0 log(—iT) — 5.0 > " log(1 — e*mileta)y
j=1
Using these values for A and B in (2.31) and setting A = 1 gives
1 1 .
Haﬁ(T, at, ... ,Ong_l) = 5((5 ’%5570 — 50[,055’%) log(2) — 55(1705/370 log(—m)
o0 : SN 2n—1 iy ;
+/ log(1 — 2B p2mi 3 iy aan—1(T2)°" T Ydz + 63,0 Z log(1 — ezm(a“f))
0 —
=1 (2.68)
+ Z Z log(l _ e27ri(oc+zj(n))) + log(l _ 627Ti(()é_Zj(7l)))
n€Z+p zj(n) zj(n)
n>0 Im(z;j(n))>0 Im(z;(n))<0

where H, g was defined in (2.2) and as before the z;(x) are the roots to the polynomial (2.28)
and the z; are the roots when = 0 such that Im(z;) > 0. Using z;" (v) = —z; (—) we can
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rewrite the sum over the roots in the compact form

N-1
Z Z log(l o 627Ti(01+zj(n))) — 5570 Z log(l o eZm’(aJrz]v))
nezZ+p zj(n) j=1
Im(z;(n))>0
(2.69)
+ Z Z log(1 — e2milatzi(m)y 4 Z log(1 — e2mila—=(n))
neZ+p3 zj(n) zi(n)
n>0 Im(z;(n))>0 Im(z;(n))<0

If we then exponentiate the expression (2.68) we get the desired transformation of the gener-
alised eta function, (1.3),

na:ﬁ(T7 ala sty CYQN_l) =

0 108,0—0a,004 1 da,008,0 e ; N 2n—1
2oy 0% i) exp / log(1 — €282 Ln=1 a2n-1(T2)™" "5y 4.
0

(2.70)
> H H (1 o eQﬂi(a—i—z]-(n))) ,
n€Z+p  zj(n)
Im(z;(n))>0
where the zj(x), j =1,...,2N — 1 are the roots of the polynomial

N

D agna(r) = (2.71)

n=1

This is exactly the transformation (1.4) that we wanted to prove. Throughout the proof
the variables 7 and «ag,_1 were restricted to the domain given by Im(7) > 0, a; # 0,
Im(ag,_ 172" 1) > 0 and Im(aoy_172V~1) > 0. However both sides of (2.70) are defined

for the domain given by Im(7) > 0, a; # 0 and Im(agy_172V 1)

> (0 so we can analytically
continue the result into this larger domain.

We can also consider the special case ag,—1 = 0 for all n < M < N, aspr1 # 0. We
can find the transformation by taking (2.70) with oy # 0 and finding the limit «; — 0. The
only terms that are affected by this limit are the z; (0) terms. If we naively set ag,—1 = 0 for
all n < M < N and use the expression (2.70) then the 2M — 1 roots of (2.71) that vanish
at © = 0 will be lost. However if we solve the polynomial (2.71) with a; # 0 and take the
limit or; — 0 then we have additional terms in (2.70) corresponding to the roots that vanish

at x = 0.

3 Infinite number of non zero wy,

We end with a brief discussion on the case where an infinite number of the a9,_1 are non zero
in the GGE (1.6). This corresponds to the case with an infinite number of cw,_; variables in
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the generalised eta function (1.3),

o0
Nap(T,1,...) =exp (—m’ Z o 1T IC(1 = 20,1 — a))
n=1

1 284552 (rk)21) 31
> H (1 _ 2 o L a2p—1(T ) )

k€Z+a
k>0

Since the sums in (3.1) are no longer finite we have to ensure that 7 and the ag,—1 are
restricted to domains were they converge. In the product we have the series

Z a2n_1(7'k)2"*1 . (3.2)
n=1

Since the product is over k € Z + «, k > 0 we must restrict to domains of 7 and the ag,_1
where this series has an infinite radius of convergence. In (3.1) we also have the series

Z Qo 1T IC(1 = 2n,1 - ) . (3.3)
n=1

We again need to restrict to domains of 7 and the as,_1 where this series converges.
We define the function F:,(z), where « is the set {aq,as,. ..}, to be

Fro(z) =) agm1(rz)* ", (3.4)
n=1

Again we are only considering 7 and awg,_1 for which this series has an infinite radius of
convergence. Since the radius of convergence of this series is infinite we can express the sum
involving the zeta function as an integral using (2.38)

u

= 0 FTa 27
Zagn_ﬂ%_l(ﬂ —2n,1—a)= 1/ Mdu . (3.5)
n=1 0

i e?ﬂia-l—u —1

Hence the generalised eta function (3.1) can be expressed as

> FT7Q (%) = s o
Na,8(T,a1,...) = exp (—/O eQWWﬂ?—ldu> H (1 _ 2mi(B+F, ,7(k))) . (3.6)

k€Z+a
k>0

Not only do we need to ensure that the function F:,(z) has a Taylor expansion with an
infinite radius of convergence and the integral converges but we also need to ensure that the
product converges i.e. 2™ (B+Fra(k)) decays sufficiently rapidly as k — co.

Assuming that the generalised eta function (3.6) is well defined then we can again find a
transformation formula for the generalised eta function under a modular transform 7 — —1/7.
We can follow the same steps as for the finite case. However before when computing the
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Fourier transform we had to find the roots of a polynomial, now we have to find the functions
z(x) that satisfy
Fiz)==z. (3.7)

This equation is equivalent to (2.71) in the case with a finite number of non-vanishing ag;,—1.
The transformation will take the same schematic form as it does in (2.70) but the product
over the roots of the polynomial (2.71) will be replaced with a product over the z(x) which
satisfy F'(z) = x and have Im( (x)) > 0.
Note that the factor \f 156 00,00,
from the root zp(x) of (2.71) that vanishes when x = 0. We were assuming throughout that

z that appears in the transformation (2.70) came

a1 # 0 so we have only one such root. If the equation F'(z) = x has multiple solutions z(x)
that vanish when x = 0 then this factor will be modified.
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A Roots

In this appendix we look at the roots of the polynomial
N
Z agn_l(Tz)Q”_l =z (A.1)

as functions of x. When z € Z + 3, 3 =0, & 5 these roots are the one particle energies in our
transformed GGE. Here we show that these roots satisfy several properties that we make use
of when proving the transformation of the GGE. The first is that the roots can be naturally
paired up with one left over. When & = 0 one of the roots vanishes and the others all take
non zero values which come in pairs with opposite sign. This also holds for x # 0, there is
one root which is an odd function of z and vanishes at the origin, we label this root zo(z).
The others come in pairs which we label zjc(x), 7 =1,...,N —1 and these pairs are related
by z+( ) = —z; (—x). Furthermore we show that for z > 0, Im(z(z)) # 0 for all roots. So if
Im(z; F(0)) > 0 then Im(z; F(x)) > 0 for all z > 0 and hence Im(z; (z)) < 0 for all z > 0. We
also show that Im(zo(z )) < 0 for all z > 0. Finally we find the asymptotic behaviour of the
roots as x — oo and see that they lie on the rays

) _1
)/QN_I)sz—l, k=1,...,2N —1. (A.2)

(O¢2N—17'

When = = 0 one of the roots of (A.1) is 0 and the other roots are all non zero and come
in pairs with opposite signs. (7 # 0 so we only have one vanishing root.) We label these
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non-vanishing roots +z;, j = 1,..., N — 1 and fix Im(z;) > 0. When 2 > 0 we label the roots
by zo(z) and z;t(x), j=1,...,N — 1. Since the roots are continuous functions of x we can
connect them to the roots at x = 0 as follows, at z = 0 we have zo(0) = 0 and zj.t(O) = +z;.

Now we need to consider the roots when = < 0. If z(z) is a root of (A.1) when = < 0 then
—z(x) will be one of the roots zyo(—x) or zj-c(—:z:). Hence we label the roots for x < 0 the same
as for x > 0, zp(x) and ,z]i (z),7=1,..., N—1. These roots are then defined by their relation
to the roots for z > 0. If x < 0 then zp(x) = —z¢(—z) and zji(x) = —z (—x). This is then

consistent with taking the limit x — 0 from either the positive or negative direction. Hence

for x € R we have the roots zo(z) and Z;E(:c), j=1,...,N —1 which satisfy zo(x) = —z0(—2x)
and z]i(a:) = —z;c(x). And when z = 0 these roots are zp(0) = 0 and sz(O) = +2z; where
Im(z;) > 0.

We also need the result that if z(x) is a root of (A.1) then for > 0, Im(z(x)) # 0 (and
by extension Im(z(z)) # 0 when = < 0). We will prove this by contradiction. Assume that
at © = xg > 0 we have Im(z(zg)) = 0. If we plug this into the polynomial (A.1) and take the

imaginary part we have
N

Z Im(ag, 17" N 2(x) 1 =0. (A.3)
n=1
However recall that throughout we are assuming that Im(ag, ;72""!) > 0, n < N and
Im(agn_172V~1) > 0 so (A.3) can only be satisfied if z(z¢) = 0 but then that implies 29 = 0
which gives a contradiction.
Since Im(z;(0)) > 0, as defined above, z;7(x) will have positive imaginary part for all
x > 0 and similarly z; (z) will have negative imaginary part for all > 0. Finally we find
that Im(zo(z)) < 0 for > 0. The leading term in the expansion z9(z) = ;% + ... has
negative imaginary part for x > 0. Hence for small x, zo(x) will have negative imaginary part
and since the roots don’t cross the real axis it will have negative imaginary part for all z > 0.
We also need the asymptotic value of the roots as x — oo. Assume that as z — oo the
roots z(x) have leading order behaviour of the form z ~ az”, where a is a constant and we

must have v > 0. Substituting this into (A.1) gives the leading order behaviour

042]\/_1(Ta:/c”)QN*1 ~ T, (A.4)
hence -
_ _ exp(5n-1) _
V= and a= (oo 172N -1y 1/@N-T) * k=1,...,2N -1, (A.5)

where since Im(aoy_17%V~!) > 0 we choose the branch cut of (agN_17'2N*1)1/(2N*1) such
that

2N—1\1/(2N—1) m
arg((aan—_17 ) ) € <O, 5N 1) . (A.6)
We have the leading asymptotic value of the roots
2mik
(c0) exp(zy-7) T _
2y () ~ (agN_lT2N—1)1/(2N—1)x2N 1, r—o0, k=1,....,2N -1, (A.7)
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1
where we choose the branch such that x2¥-1 is real for x > 0. Note that with our branch
choice (A.6) we have

(c0) m(2k—1) 2wk
el 0) € (1 gt ) (A9
hence
(c0)
Im(z ) >0, k=1,....,N—-1,
(2, () (A.9)

Im(z(z)) <0, k=N,...,2N—1.

So the asymptotic behaviour of the roots z;r (x),j=1,..., N—1will be of the form z,(:o) (x) for
k=1,...,N—1and the asymptotic behaviour of the roots 2(z) and z; (z), j = 1,..., N—1,

will be of the form z,(coo)(m) for k=N,...,2N — 1.

B Asymptotic expansions

In this appendix we reproduce some of the results from [4] for the asymptotic expansions, as
t — 0 from above, of series of the form

> flm+a)t). (B.1)
m=0

Let us start with a function f(¢) which has the asymptotic expansion
o0
FE)~) bat™, 0. (B.2)
n=0

We will further assume that f(¢) and all it’s derivatives decay rapidly as ¢ — oo. The
asymptotic expansion of (B.1) is
G t"Bp1(a)

S f(m e+~ [T e -3 B @ o) v By
t Jo (n+1)
n=0 ’

m=0

where we are taking the limit ¢ — 0 from above. The Bernoulli polynomials, B,,(x) are defined
through their generating function in (B.5). Alternatively using the relation (B.8) between
the Bernoulli polynomials and the Hurwitz zeta function (B.7), the asymptotic expansion is

> fl(m+a)t) ~ 1/000 f(x)der;g(—n,a)bntn’ t— 0t (B.4)

m=0

where we have replaced the £ (0) with the b, coefficients from (B.2).
Our derivation will use the Bernoulli polynomials, By, (z), so we start with their generating

function

te®t =, B,(x)
= . B.5
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We can use the generating function of the Bernoulli polynomials to prove the following iden-
tities that we will use when deriving (B.3),

By (z) = nBn_1(z)
Bp(z 4 1) — By(z) = na™! (B.6)
Bp(1 —2) = (—1)"By(x)

The Hurwitz zeta function, which appears in (B.4), is defined by

C(S’a)zz(n—kla)s’ Re(s) >0, a#0,-1,... (B.7)

n=0
and can be analytically continued to s € C\ 1. We have the relation between the Bernoulli
polynomials and the Hurwitz zeta function, see [4],

B,(z) = —n¢(1 —n,z) (B.8)

which allows us to go between (B.3) and (B.4).
We begin the proof of (B.3) with the following integral identity. Using integration by
parts and the identities (B.6) we have

dzr

m—+1 B o 1—
[ g s =10

m

__ W (2 (m+ 1)t) = ) (mi)) +

/m“ Bpti(z—m+1—a)

™ ((m+1)t)

" e (BY)

tn+1f(n+l) (.%'t)

d
. (n+1)! “

Using induction on n in the above identity we get

m+1 N-1 ¢(n) m N-1 .p o a
[ sande =3 FEOED ooy = Y B 0 1) < 7))

m n=0 n=0

N m+1
—I-(_]\tf)‘ /m+ FN (2t)By(z —m +1 — a)da .

(B.10)

In order to replace the first sum with f((m+ a)t) we use Taylor’s theorem. We can prove the
following Taylor expansion with an integral remainder term by induction on n
Nz‘l f ((m + 1))

n!

(=t

((a=1)1)" = f((m+a)t)+m

(m~+1)t
/( (w/t—(m+a) LN (@)

n—=0 m+a)t

(B.11)
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Using this in (B.10) gives

m N—-1
/ : EBusr(0) (1) (4 1)) — 1O () + 19y + 1)

flatyde = f((m +a)t) = >

(B.12)
where the two remainder terms are
(—1)Nt m+1 )
r1 =r1(t,a,m) = N Y xt)By(z — m + a)dx
(_1)N—1 (mA+1)t N1 (N) (B‘l?’)
rg—rg(t,a,m)—/ (z/t — (m+a)" " fWY (r)de .
(N_ 1)! (m+a)t / ( ) )
Now summing over m = 0,1,..., M — 1 gives
M—1 N-linp \(a)
/ Fatyde = 3 f((mray) =S E2m (00 () 0 0)) VA Ry 4 Ro) , (B.14)
= o (n+1)!

where R; = R;(t,a, M) = Z%:_OI ri(t,a,m), i =1,2.

We want to take the limit M — oo. We are assuming that f(¢) and all it’s derivatives
decay rapidly as t — oo, so all of the f (”)(M t) terms will vanish. We also assume that the
rapid decay of the derivatives is sufficient to ensure that the integral [;°|f (N) (z)|dx converges
for all N. We need to check that both of the remainder terms are finite in the limit M — oo
with ¢ fixed.

We first look at R

m+1 (_1)N Mt

)(xt) By (z—m~+a)dz = N FN) (@) By (z/t—|x/t]+a)da

(B.15)
The function |By(z/t —[x/t]+a)| is periodic and hence bounded, we denote the upper bound

by by. Since we are also assuming [ | f (N)()|dz converges, in the limit M — co we can see
that Rp is finite

hm Ri| =

/ " f (@) By (@t — [/ + a)de

b o0
o <M/ FM(@)de . (B.16)

Now we show that Rj is bounded as M — oo. First we note that |z/t — (m+a)| < |1 —al in
the interval z € [(m + a)t, (m + 1)t] so

L= a|N i f(mﬂ fM(2)|dz, a<1,

ro(t, a,m)| < v ’;jjfgt (B.17)
u |1)' f<mfl N (z)|dz, a>1.

When we sum over m to obtain Ry the regions of integration don’t join up to give us an
integral over the real line. We can however extend each integration domain to have two
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integers at the end points which will further bound 7o

—q|N-1 m 1
e S 1 f N @) de, a <1,

‘TQ(t? a? m)‘ S 1— N-1 m_:_[a +1)¢t (B18)
|(Na—|1)! f(nT+1[a P (@), a>1.

If we now sum over m = 0,1,2,... we can write these as integrals over the real line which

will bound Ry for us. We have add an extra factor to account for the overlap of the integral
domains

0 [1=a[¥=(|[a]|+1) de . a<1
lim Ro(t,a, M)‘ < Z lr2(t,a,m)| < . a‘gVNl[}l)]' f[a]t |f (z)|dz ;
(B.19)

Hence upon taking the limit M — oo and rearranging the terms in (B.14) we have

o) 1
> f((m+a) / f(x)dz — 'S(B”“())ﬂ”)( )—t""Y Ry + Ry),  (B.20)
m=0 n=0

where R; = Ei(t, a) = limp o0 Ri(t,a, M), i = 1,2. If we now take the limit ¢t — 0" we can
see from (B.16) and (B.19) that the two remainders R;(¢,a) and Rs(t,a) remain finite. We
see that

0o N-1
1 00 an
S smran =1 [ f@ar- Y CEW o) sop . ma
0 t 0 =0 (TL + 1)'
and hence we have the asymptotic expansion (B.3),
- 1 Bni1(a) o) +
n;)f (m + a)t / @ da:+z n+1 EBol@) ey ) 4 0t (B.22)

Alternatively if we use identity (B.8) relating the Bernoulli polynomials and the Hurwitz
zeta function and replace the derivatives f(™(0) with the b, via nlb, = f(™(0) we have the
asymptotic expansion (B.4)

if m 4+ a)t ~/ f(x d:c+Z§ —n,a)bpt™, t—07". (B.23)
m=0

We also need to consider the case where we have a function f(¢) with a logarithmic term in
it’s asymptotic expansion

F(t) ~ blog(t +th" t—0. (B.24)
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We only need to consider the special case where a in (B.1) is either 0 or % We will show that
for a = %, 1 we have the asymptotic expansion

3 fitm+ o) o [ st@de G0t lontza/) b + 55,y 0s(2)

o (B.25)
+) ¢ —2n,a)by 1t £ 0T
n=1
To do this we instead look at the function
g(t) = f(t) — blog(l — e~ ™) . (B.26)
The function
1— 6727”&
log () ot (B.27)
27t
is even and vanishes as t — 0. Hence log(1 — e~?™) has the asymptotic expansion
o0
log(1 — e~ 2™) ~ log(2nt) — mt + Z agnt™™ (B.28)
n=1
so this together with (B.24) gives the expansion for g(t)
o o0
g(t) ~ —blog(2m) + 7bt + 3 but" + > _agat™, t— 0" (B.29)
n=0 n=1

Using (B.4), which we proved above, we have for a = %, 1

Z g((m+a)t) ~ 1/Ooog(m)dgH-;&l’l(blog(27r)—b0)+7rC(—1,a)bH—ZC (1 —2n, ;) bop_ 1271

m=0 n=1
(B.30)
as t — 07, where we have used that for a = %, 1

1
((—2n,a) =0, n=12,..., ((0,a)= —55&1 . (B.31)

e~2™) can be written in terms of the theta, 0;(7), and Dedekind eta, n(7),

The sums of log(1—
functions which we define below. We can then make use of the known modular properties of
these functions to get the asymptotic expansions of the sums of log(1—e~2™). Subtracting this
from the asymptotic expansion of Y g((m+a)t) gives the expansion of Y °_ f((m+a)t).

In terms of the 6;(7) and n(7) functions the sums of log(1 — e~27*)

m=0

are

n(it)
(B.32)

S log(1— e ™) = Tt 4 log(n(it)) ,
m=1
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where 04 is the theta function

8

O4(T) =

(1 - 2mn7) (1 - 62’”'(”5>T>2 , (B.33)

1

n

and 7 is the Dedekind eta function

8

27rm7' (B.34)

Using the modular properties of these two functions

n(=1/7) = V—=irn(r)
04(—1/7) = \/—71'7'92(7') ,

where the branch cut is chosen such that +/—i7 = 1 when 7 = ¢ and 65 is the theta function

(B.35)

o0

Oa(7) = 2¢"T [ (1 €2™n7)(1 + 27in7)? (B.36)
n=1
we find
> _ 1 1 02(i/1)
log(1 —e~2mm+2)ty = Ty 4“0 (22
mzz:oog( e ) =~ t+ S log i/
1
—_ _ | 2 _ 1 1 27Tm/t (B37)
24t+20g 12t+z og(l+e” )
T 1 us n
and
> 1
3 log(1 — e 72 = -t — log(t) + log(n(i/t)
] 12 2
T 1 T >
= —t— ~log(t) — — log(1 + e~ 2/t (B.38)
5t~ 5 log(t) 12t+n; og(l+e )
T 1 s +
~ Rt T3 g(t)—@, t—=0",

where we can drop the logarithm terms in the asymptotic expansion. Combining the two
cases gives

Z_log(l e~ 2 (mIaty | _ne(—1,a)t+ = (5 1 log(2) - 5a,110g(t))—112t, t— 0% . (B.39)

We can also calculate the integral

™

/ log(1 — e ™)dx = —— , (B.40)
o 12
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which means
oo oo T
/ g(z)dxr = / f(z)dx + —b. (B.41)
0 0 12

Adding the asymptotic expansions (B.30) and (B.39) gives the asymptotic expansion of
> m—o f((m + a)t),

S Fm+a))=> g(m+a)t)+b Y log(l—e >mmta
m=0 m=0

m=0

1 [® 1 b =
~ = / f(@)dz + =641 (blog(2m/t) — bo) + 56, 110g(2) + > ¢(1 = 2n,a)bgp 1™ ", t— 0",
t 0 2 ’ 2 2

n=1

(B.42)
which is (B.25).
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