Hardy-Ramanujan Journal 38 (2014), 1-28 submitted 31/10/2014, accepted 11/06/2015, revised 27/04/2015

On congruences for certain sums of E. Lehmer’s type

Shigeru Kanemitsu, Takako Kuzumaki and Jerzy Urbanowicz*

Abstract. Let n > 1 be an odd natural number and let r (1 < r < n) be a natural number relatively prime to n. Denote by xn

n .
the principal character modulo n. In Section 3 we prove some new congruences for the sums T, (n) = ZE;%(X%,E”) (mod nst1)

for s € {0, 1,2}, for all divisors r of 24 and for some natural numbers k.We obtain 82 new congruences for T} j(n), which generalize
those obtained in [Ler05], [Leh38] and [Sun08] if n = p is an odd prime.
Section 4 is an appendix by the second and third named authors. It contains some new congruences for the sums U, (n) =

ZZ]I )T‘LL(TZZ) (mod nt1) for s € {0,1,2} and r | 24. The congruences obtained for the sums U,(n) extend those proved in

[Leh38],[CFZ07] and [CP09] for r € {2,3,4,6} and s = 1. The sums are rational linear combinations of Euler’s quotients and in
the cases when r € {8,12,24}! | also of the numbers man(n%X Hp‘n(l —p¢(M)=1) where the generalized Bernoulli numbers

Bno(n),x are attached to even quadratic characters x of conductors dividing 242,
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1. Notation and introduction

Let n > 1 be odd and let xo,, (sometimes abbreviated as xj,) be the principal Dirichlet character
modulo n (with x¢.1 designating the constant function x¢.1(x) = 1 for all integers ). For r > 1 prime
to n denote by ¢,(n) the Euler quotient, i.e.,

ren) _q
()=
Here and throughout the paper ¢ is the Euler ¢-function and B, , denotes the n-th generalized
Bernoulli number attached to the Dirichlet character x modulo n defined by the generating function

" x(a)te B - B tm
i1 = 2 By
m=0

a=1

Given the discriminant d of a quadratic field, let x4 denote its quadratic character (Kronecker
symbol). We shall denote by x4, the character x4 modulo n.

It was proved in [Car59] that the numbers B; /i are rational integers unless d = —4 or d = £p,
where p is an odd prime of a special form. If d = —4 and i is odd, then the numbers E;_; = —2B;,_,/i
are odd integers, called the Euler numbers. If d = +£p, then the numbers B;,, have p in their
denominators and pB; ,, = p — 1(mod podr()+1),

We consider the ordinary Bernoulli numbers B; (i.e., generalized Bernoulli numbers attached to
the trivial primitive character xo,1, except when ¢ = 1 for which By y,, = % = —Bj) and the so-called
D-numbers defined in [Kle55] and [Ern79] by D;—1 = —3B;,_,/i for i odd, having powers of 3 in
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'"Which were omitted in [Leh38], [CFZ07] and [CP09).

2 E. Lehmer proved her congruences in the case when n = p is an odd prime. The congruences proved in [CFZ07]
and [CP09] are for n odd and not divisible by 3. See also [Ler05].
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their denominators. We also consider the rational integers A;—1 = Bj /%, Fi—1 = Biy_sy_,/1 and
Gi—l = BZ',X—SX—S/Z.? if 4 Z 2 even, and C'_l = _Bi,x,g/i and Hi—l = _BZ}X73X8/’L. if 4 Z 1 odd.
In this paper we shall consider congruences for the character sums with negative weight

Tr,k(n): Z X?ZIEZ)

s_n
0<’L<?

modulo powers n™! for n > 1 odd and s € {0,1,2} where x,, = X0, and 7 (r | 24 and 1 < 7 < n)
is coprime to m, and k£ > 1 is subject to the condition £ < n®p(n). Note that since x,(i) = 0 for
(i,n) > 1, the sum is over (i,n) = 1.

The central role in this paper is played by an identity proved in [SUZ95, p.276,(6)]. Let x be a
Dirichlet character modulo M, N a positive integral multiple of M, and r(> 1) a positive integer
prime to N. Then for any integer m > 0 we have

(m+1)r™ Z X(1)i" = =B + X(r) Z @(—N)BmH’Xw(N), (1.1)
o<i<i #(r) YeG(r)

where the sum on the right hand side is taken over all Dirichlet characters ¢ modulo r. We denote
by G(r) the group of all such characters; then #G(r) = ¢(r). Here By (X) = Y1 (1) Bnix X"
denotes the n-th generalized Bernoulli polynomial attached to x. Since r | 24, the group G(r) has
exponent 2 and all characters modulo r are quadratic.

If the character xy modulo M is induced from a character ¥ modulo some divisor of M then

Bux = Buyx [[(1=X(p)p" ), (1.2)
p|lM

where the product is taken over all primes p dividing M.
If (i,n) = 1, then by Euler’s theorem we have i*(™ = 1(mod n), and more generally, p(n*t!) =
n*p(n) and
£ =1 (mod n®*)
for s > 0.
Given r prime to n and integers s > 0, k > 1 we denote

Srks(n) = D xn(i)i®#I 7k,

0<i<?
Then we have the congruence
T1(n) = Srks(n) (mod n), (1.3)

which allows us to study 7, x(n) through S, s(n).

In this paper we specialize to the case that r is a divisor of 24. Then the group G(r) = (Z/rZ)*
has exponent 2, so all the elements 1 are quadratic.

The main results of the paper are congruences for the sums 7} ;(n) modulo n**! for s € {0,1,2}
proved in Section 3. The congruences will be obtained by applying identity (1.1) to the sums S, s (n)3.
They extend those proved by M. Lerch [Ler05], E. Lehmer [Leh38] and Z.-H. Sun [Sun08] in the case
when n = p is an odd prime. In principle, the congruences in this particular case have a different form
from those obtained for any natural odd n. Sometimes it is not easy to derive the former congruences

from the latter. We shall do it in the second part of the paper.

3 This identity was earlier successfully exploited in [SUZ95], [SUV99] and [FUW97] to solve some other problems.
See also the book [UWO00] devoted to the identity and related problems.
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Two such congruences modulo n? were earlier obtained, by using (1.1), in [Cai02] for r = 2,k = 1
and in [KUWI12] for r = 4,k = 2. In the present paper we find 82 new congruences for the sums
T, k(n) (mod n®tt) for s € {0,1,2}, r | 24 and k > 1, in particular for K = 1 or 2. Most of our
congruences for 7, ;(n) have not been known earlier even in the particular case when n = p is a
prime. The machinery introduced in [SUZ95] is much more efficient than the methods exploited in
[Ler05], [Leh38] and [Sun08].

In Section 4, which is an appendix by the second and third named authors, we find congruences

for the sums (i)
Xn\?

Ur — .

(n) Z n—ri

)
0<’L<:

modulo n**! for s € {0,1,2} and all » | 24 (1 < r < n) coprime to n. To obtain such congruences
it suffices to use appropriate congruences for the sums 7, ;(n) or, by virtue of (1.3), for the sums
Sris(n) for k € {1,2,3}. The congruences are consequences of those proved in Section 3 and for
s = 1 extend those obtained in [CFZ07],[CP09] for r € {2,3,4,6}. They have the same form as those
proved by E. Lehmer [Leh38] if n = p is an odd prime. The sums are rational linear combinations of
Euler’s quotients and in the cases when r € {8,12,24}, omitted in [Leh38], [CFZ07] and [CP09], also
of the numbers ﬁ(n)Bw(n),x len(l —p™?(M=1) where Bis(n),x are the generalized Bernoulli numbers
attached to even quadratic characters x of conductors dividing 24. Also some new congruences for
s = 2 with an additional summand —%Bn%(n)_Q [, (1— P ?(M=3) for all r | 24 are obtained.

2. Some auxiliary formulae

The idea exploited in [Cai02] and [KUW12] to use identity (1.1) to extend classical congruences for
the sums T, ;(n) seems to be very efficient. This identity allows us to obtain almost automatically
many new congruences. Usually the proofs using (1.1) are much easier, more unified and much shorter
than those applying other methods.

The general scheme of reasoning is uniform. To obtain congruences for the sums 7} ;(n) modulo
n*t! we first determine, using (1.1), the sums S, s(n) modulo n**!. We substitute in (1.1) m =
no(n) —k and N = M = n, by the definition of S, j s(n). We assume that = | 24 , n > 1 is odd. If
3 Jr then we have (n,r) = 1. If 3| r, then we additionally assume that n is not divisible by 3. Note
that, since r | 24, all generalized Bernoulli numbers occurring in S, ;, s(n) are rational.

Thus, throughout the paper, we write m = n®p(n) — k > 0. Consequently, we obtain

ths(n) = 51+ 95, (2.4)
where, by (1.2),
Brmt1,x0, Bit1
= — ! 2 = — 1 —p™ 2
51 m+ 1 m+11|_1( ") (2:5)
pln
and
1
Sp=———e > (=) Bty ,u(n).

P m+ D L

Note that xo, is even. Thus, if m # 0 is even, then B,,11 = 0, and so S; = 0. If m = 0, then
1 —p™ =0, and so S; = 0 too. Otherwise, in view of (2.5), we have S; # 0. Furthermore,

1 o m+1 .
B § ( - E : B; mtl=i o of [SUZ95, p.274
52 go(r)(m + 1)rm weG(T) 1/}( n) —~ ( i > %XO,nwn C [SU 9‘)7 p 7 7<6)]
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and By y,,» = 0 if ¢ is not trivial modulo r and

p(rn)

BOvXO,nXO,'r =
otherwise, and hence (recall that (r,n) =1)

n"p(n)
n)B S A AL
() (m+ 1 weZG:r) X T (i D

7,Lm—i—l

Sy = N T Z V(= ,xo,nd)
P+ D 2

+ 1 m+1 <m+ 1>nm+1i Z 1/)( n)B
—m - ivXO,nw
o(r)(m+ 1)r beGr)

n"p(n)
(m 4+ 1)rm+l

1 m m-+1 .
+ T T vom Z < . >7”Lm_Z Z Qﬂ(_n)Biﬂ-l,Xo,nW‘
p(r)(m+1)rm =\ i+1 W

Consequently,

where

and
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2.A.  Uyr) for r |24
Let n > 1 be odd and relatively prime to r. Here and subsequently, we set
Bi=B [0 -9,
pn
~ n2_1 p-1 n?-1 Biyq, p?o1 g
A= ) A0 - ()5 = () e T (),
pln p|n
Ci= ()" F o - ()" )
pln
(n+1)(n+3) Bi+1 X—8 (p—1)(p+5) i
=(-1) s XTI - (-1
pln
- . 3B 1 ,
D; = (=1)*™ D, —(—1)Y@) iy — ()12 X3 — (—1)¥ (D)t
(10D T[(1 = (~1) ) = (1) TT( (1)),
pln pln
~ n-1 p=l nt1 2Bi41 5 ;
Bi= ()7 B0 - (-0 ) = (-1 222 [T - (-7,
pln pln
F= (-7 ORI - (-1 )
pln
n-1 Bit1x_sx_ p=1 :
— (-1 +v(n) Zirlx—sx-4 1—(—1 +v(p) i
pln
Gi = (1) TG T - (- TRy
pln
B (n=1)(n+5) ey Big1,x sxs P=D@+D) L)
=(-1) s Wﬂ(l—(—l) 8 Pip*),
pin
~ n2_ 2_ .
= (=) 0 [[0 - (1) 0
pln
n2 BZ 2 .
= (- = [T - (1) 0y,
141
pn
where x_3(n) = (—1)*,v(n) = 0, resp. 1 if n = 1, resp. —1(mod 3).
In the following, we compute U;(r) for r = 2,3,4,6,8,12 or 24.
1. Caser =2
Then #G(2) =1 and G(2) = {xo0.2}. Then, by definition and identity (1.2),
Ui(2) = { ser (1220, e s odd (29)
, if ¢ is even.
2. Caser =3
Then #G(3) =2 and G(3) = {x0,3, x—3}. Then, by definition and identity (1.2),
§i+l _ a1 e .
Uy(3) = { (1 =37, ifdis odd; (2.10)

%Di, if ¢ is even.
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3. Caser =4

Then #G(4) = 2 and G(4) = {x04, x—4}. Thus, by definition and the same arguments as in
the case r = 3 (note that both characters x_3 and x_4 are odd), in view of (1.2) we obtain

Ui(4) = (2.11)

Bii(1-27), if i is odd;
%Ei, if 7 is even.
4. Caser =6

Then #G(6) = 2 and G(6) = {x0,6, x—3,6}. Consequently, by (1.2) and the same arguments as
in the previous case we obtain

Ui(6) = { l L(1—29(1 -3, ifiis odd; (2.12)
3D;(1+27), if 7 is even.
5. Caser =38
Then #G(8) = 4 and G(8) = {x0,8, X—4,8, X—8, X8 }. Therefore, in view of (1.2),
Bit1 (1 _ o e _
U8) = 4 L (1—20) + Ay, ifiis odd; (2.13)
1E + CZ, if 4 is even.
6. Case r =12
Then #G(12) = 4 and G(12) = {x0,12, X312, X-4,12, X(=3)(—4)}- Consequently, by definition
and (1.2),
Bit1q _ oiv(1 _ aiy L T e .
Ui(12) = { L -(1-2901 1 )+ F, ifiisodd; (2.14)
3Di(1+2") + $E;(1+3%), ifiis even.
7. Case r =24

Then #G(24) = 8 and
G(24) = {X0,245 X—3,245 X—4,245 X(=3)(=4),24» X(=3)(—8)» X(=3)8> X—8,24, X8,24}. Consequently, in view

of (1.2),
Ui(24) = { |
3

2.B. The sums S, (n) (mod n**t) for m > s, |24, s <2

U:z

(1 —29)(1 31)+F+G+A(1+3i) if 7 is odd;
{(1+2) + LB +3) + H; + Ci(1 - 3%), if i is even.

(2.15)

The generalized Bernoulli numbers attached to Dirichlet characters modulo r, with r | 24, are rational
numbers. In what follows we consider congruences for S, j s(n) modulo n*t! for n > 1 odd and
s € {0,1,2}. We assume that n is not divisible by 3 if 3 | 7 ; then r and ¢(r) are coprime to n.

It is shown in the previous section that the numbers U;(r) are linear combinations of the numbers

e e e~~~ B:
A;, C;, D, E;, F;, Gy, H; and the quotients _:ri Denote by ded(r), resp. Uf"*"(r) the sum U;(r)
1

taken over odd, resp. even characters ¢ modulo r. Note that U;(r) = U?%(r) + Uf'*"(r) and
U (r)y =0, U™ (r) = 0 if i is odd or even, respectively.

B;
First we recall some divisibility properties of the quotients I ’1X for primitive Dirichlet characters
i

x of conductors f, | nr. These quotients, multiplied by some Euler factors, are summands of U; . We

B.
start with some elementary lemmas on the quotients - 1 of the ordinary Bernoulli numbers. Lemma
7

2.1 is called the von Staudt and Clausen theorem. Lemma 2.2 due to L. Carlitz is its generalization.
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Lemma 2.1. (See [Wash97, Theorem 5.10] or [IR90, Corollary to Theorem 3, p. 233]). Let k be
an even natural number and let p be a prime number. Then By contains p in its denominator if and
only if p— 1| k and pBy, = —1(mod p).

Lemma 2.2. (See [Car2]) If p*(p — 1) | k, v >0 then pBy = p — 1 (mod p**1).

L , By,
Lemma 2.3. (See [Ern79, Proposition 15.2.4, p. 238].) If p—1 [ k then the quotients - e
p-integral.

Since conductors of non-trivial characters occurring in U;(r) are coprime to n, they are not powers
of a prime divisor of n. In such cases we have a useful lemma:
Lemma 2.4. (See [Ern79, Theorem 1.5].) Let x be a primitive Dirichlet character with conductor

B
fx - If fx is not a power of a given prime number p, then the quotients X (n > 1) are p-integral.
n

We set NTU"(r) = UF*“"(r) — ?f:ll (1 —p%). By Lemma 2.4 we obtain:

Lemma 2.5. Let r be coprime to p for a given prime number p | n. Then the numbers U;’dd(r) for 1
even and the numbers NTUF"(r) for i odd are p-integral.

Assume that m = np(n) —k > s for s € {0,1,2}. Since for odd n > 1, p(n) is even, m and k are
of the same parity. We divide each of the cases s =0,1 or 2 .

Our purpose is to obtain some congruences for the sums S, ;, ;(n) modulo n for s € {0,1,2}, and
next using congruence (1.3) to obtain congruences for the sums 7 ;(n ) We prove that the latter
sums are congruent modulo n5+1 to linear combinations of the quotients B,,/m and some of the num-
bers Am 1,Cm,Cm g,Dm,Dm Q,Em,Em Q,Fm 1,Gm 1,Hm,Hm 9 1fkls even, and ofthe > quotients

By—1/(m—1), Bm+1/(m—|—1) and some of the numbers Am,Am Q,Cm 1,Dm 1,Em 1,Fm Fm Q,Gm,
ém_g,ﬁm_l if k is odd?.

We start with the study of the case s = 2. Next, similarly, we derive the remaining congruences
modulo n? and modulo n. First we show when the numbers O (defined in (2.7)) are congruent to 0
modulo n®t1,

Lemma 2.6. Letn > 1 be odd and let 1 < r <n be coprime to n. Assume that m > s andp|n is a
prime. Then the numbers Oy in (2.7) are p-integral and

except when s =1, 3 || n, 3 J¢(n) and m =2 °.

Proof. First we prove that the numbers O are p-integral for m > s + 1. It suffices to show that
mordy(n) — ord,(m + 1) > 0. Let us define the function g(x) = z — log,(z + 1), which is increasing
for > 1. Since log,(m + 1) > ord,(m + 1) and ordy(n) > 1 we obtain that

mordy,(n) — ordy(m + 1) > m —log,(m + 1) = g(m) > g(s +1) > 0

because g(3) = 3 —log,(5) > 0, g(2) =2 —log,(4) > 0 and g(1) =1 —log,(2) > 0 for any prime p.

1 As well as of Euler’s quotients g2(n) or gz(n) if k = 1.

®Then ©1 = n’¢(n)/3r® and the exceptional n’s have the form n = 3]\, p{’ where p; = 2(mod 3) fori = 1,...,u.
Moreover k = np(n) — 2 is even. Obviously, if £ > 2 and (k — 1,n) = 1, then the congruence ©; = 0(mod n°*) is true
because m + 1 and n are coprime. We leave it to the reader to verify that the congruence holds if k = 1.
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Let us consider the functions fs(z) =  —s—log,(x+1) for # > 1, which are increasing for = > 1°.
Note that the congruence ©, = 0(mod n*!) for m > s holds if and only if

(m — s)ordy(n) + ordy(¢(n)) —ordy(m +1) >0

for every p | n.
In view of log,(m + 1) > ord,(m + 1) and ord,(n) > 1 the above follows from the inequality
fs(m) >0 for m >3 if s =1,2, and for m > 1 if s = 0 because

(m — s)ordy(n) — ordy(m +1) > (m — s) —log,(m + 1) = fs(m)

and fs(m) > f2(3) = 1 —log,(4) > 0if s = 2, fs(m) > f1(3) = 2 —log,(4) > 0 if s = 1 and
fs(m) > fo(1) = 1—1log,(2) > 0 if s = 0 for every p | n. This gives the congruence ©; = 0(mod n*t1)
for s =0,2 and m > s and s =1 and m > 3.

In the case when s = 1 and m = 2 we have f1(2) = 1 —log,(3) > 0 if p > 5, and so the congruence

holds for 3 fn. We are left with the task of checking when the congruence holds for s = 1, m = 2
2

and 3 | n. Then it is easily seen that the congruence ©; = n ?ip(n) = 0(mod n?) holds if and only if
ords(¢(n)) > 1. This does not hold if and only if s =1, 3||n, 3 fp(n), m =2, as claimed. O

2.B.a. The case when s =2
Assume that m = n?p(n)—kand 1 < k < n?¢(n)—2 (m > 2). Then, by Lemma 2.6, ©5 = 0 (mod n?).
Case (i):

If k > 2 is even, then m + 1 = n?p(n) — k + 1 is odd. Consequently S; = 0 in (2.4). Thus,
combining (2.4) and (2.6) gives S, x2(n) = O2 + S2 = So(mod n?), and

1
P

#(7 vzt + (7 ) Uegn) ) (mod )

Sri2(n) =Sy = (Ufndd(r) + mnUSY (r) (2.16)

m—1

m
because for every prime number p | n by Lemma 2.5, the summands U2%(r), ( 0 > n2U°%, (r), mnU (1)

and (Z) n3U%(r)7 are p-integral.
Case (ii):
If k > 1is odd, then m + 1 is even and S; # 0. Moreover, by Lemma 2.6, O3 = 0(mod n?). Thus,
by (2.4), (2.5), (2.6), we obtain
Em+1 1 even
- m( m ( )
m+1 o)

+mnU2%, (r) + (r;z) n’ Sffg(ﬂ) (mod n?3)

Sr’k’g (n) =

since, by Lemmas 2.4 or 2.5, <7;)1> n3U°%,(r)8 is p-integral for any p | n and divisible by n?.

5The functions g(z) and fs(z) are increasing since ¢'(z) = fi(z) = 1 >0 for z > 1.
"With m, m — 2 even and m — 1,m — 3 odd.

8With m — 3 even.

S S
(z+1)logp
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Consequently, if k is odd and r, ¢(r) are relatively prime to n, we find, by Lemma 2.4, that

Bm+1 1
= Rl § (S 2.1
Srka(n) =7 + e |||( q") (2.17)
q|r
1 m
NTUeven odd 2rreven d 3 )
+ o(r)rm < Up, " (1) + mnUg, (1) + <2>n ved(r) | (mod n?)

Note that for p | n, by Lemma 2.5, the summands NTUS"(r), <7§> n2UL%(r) and mnU2%, (1)°

are p-integral.

Moreover, if p | n and p— 1| m + 1, i.e., p is in the denominator of By,1, then by the little
Fermat theorem, we have ¢” = ¢~ (mod p 4 (m+D+1) and ™ = r~1(mod p°"dr(m+1+1) (recall that
r is coprime to n), and

1 my — r -1 ordy, (m+1)+1
1+ —JJ0-¢™ =-14+— T[]0 —¢) = 0 (mod p°d .
sy L= =1+ s TTa=a) <o )

Hence and from Lemma 2.2, it follows that for p | n the first summand of the right hand side of (2.17)
is p-integral in the case when p —1 | m+ 1. If p—1 fm + 1, then the same conclusion follows from
Lemma 2.3.

2.B.b. The case whens =1

Assume that m = np(n) —k and 1 < k < ng(n) —1 (m > 1). Then, by Lemma 2.6, ©; = 0 (mod n?)
if m> 2. If m =2 and r | 8, then the congruence holds if n is not divisible by 3 or divisible by 9. If
m = 2 and 3||n, then it is true for 3 | ¢(n).

Case (i):
If k > 2 is even, then analysis similar to that in the proof of (2.16) shows that
1
Sripi(n) = 7@(7’)7"” (U,Ondd(r) + mnUS1 (r) (mod n?) (2.18)

m
if m > 2 or m = 2 and n is not exceptional in the sense of Lemma 2.6 since ( 2)n2Usldf12(7") +

(gj) n3UL%(r) is divisible by n?. If m = 2 and n is exceptional, i.e. 3||n and 3 J ¢(n), then we

should add to the right hand side of (2.18) the correction ©1 = n?p(n)/3r®, but we prefer to exclude
the case when m = 2, i.e., k = np(n) — 2.

Case (ii):

If k£ > 11is odd, then by Lemma 2.6 we have ©; = 0(mod n?) and a similar argument to that in
the proof of (2.17) shows that

Sr,k,l(n) (219)

1
= A+ —TJla-¢
m+1 +cp(7")rm H( a")
qlr

m

(NTUf,fe”(r) + an%d_dl(r) + (2

o(r)rm )nQUﬁi’f’%(r)) (mod n?).

SWith m, m — 2 odd and m — 1 even.
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2.B.c. The case when s =10
Assume that m = ¢(n) —k and 1 < k < ¢(n). Then, by Lemma 2.6, ©¢9 = 0 (mod n).

Case (i):
If k > 2 is even, then in the same way as in the proof of (2.18) we obtain
1
Srkoln) = S (Us(r) + mnUg<4 () (mod n). (2.20)

Case (ii):
If £ > 1 is odd, then by a similar argument to that in the proof of (2.19) we find

Bm+1 1
= 14— | | 1—q™
Sr,k:,O(n) +80(T‘)7“m ‘ ( q ) +
qlr

NTUS"(r) (mod n) (2.21)

m+1 o(r)rm

m
because mnU2%, (1) + ( 5 ) n2U% (1) is divisible by n, which is an easy con sequence of Lemmas 1

and 5.

3. The main results of the paper

In this section we compute the sums 7} (n) (mod n**1) for s € {0,1,2} and all r | 24, using congruence
(1.3) and congruences for the sums S, ; s(n), namely congruences (2.16) and (2.17) if s = 2, (2.18)
and (2.19) if s =1, and (2.20) and (2.21) if s = 0.

We divide each of the three cases s = 0, 1 or 2 into seven subcases: r = 2,3,4,6, 8,12, 24, obtaining
congruences for T, ;(n) for 1 < k < n®p(n) — s. In the second part of the paper we shall derive from
obtained congruences some congruences in the case when n = p is an odd prime. Some of such
congruences were proved by M. Lerch [Ler05], E. Lehmer [Leh38] and Z.-H. Sun [Sun08], but most of
them were not earlier known.

We substitute formulae (2.9-15) into congruences (2.16), (2.18) and (2.20) if k is even and congru-
ences (2.17), (2.19) and (2.21) if k£ is odd. Consequently, after some calculations, we obtain Theorems
and Corollaries.

In the theorems below, given any k > 1 and p € Z, we write

I(k,p)={n>1:2 Jnandp fnifp—1|k+ p}°
for example I(1,1) ={n>1:2,3 Jn},1(3,1) =1(2,2) ={n>1:2,3,5 fn} or I(51)=1(4,2) =
{n>1:2,3,7 J/n} and

Qa(n) = ~202(n) + nad(n) — Snad(n),

Qs(n) = ~5as(n) + ad(n) — Snad(n).

The sums T.1(n) presented in Corollaries below are congruent to linear combinations of Euler’s

)
quotients EQ,(n) plus some_generalized Bernoulli numbers where EZQQ/(Q) = Q2(n), Eég(n) =
Q3(n), EQ4(n) = 3Q2(n), EQs(n) = Q2(n)+Qs(n), EQs(n) = 2Q2(n), EQ15(n) = 3Qa2(n)+Qs(n)
and EQqyu(n) = 2Q2(n)+Qs(n). Fori = 2,3 set Q7 (n) = Q;(n)(mod n?) and Q}(n) = Q;(n) (mod n).

1. Case r =2

10 Note that if k and p are of the same parity and n € I(k, p), then 3 Jn.
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Theorem 3.1. Given an oddn > 1 and 1 <k <n’p(n) — s, write m = n°p(n) — k. Then:
(i) In the case s = 2
1 ~ 1 (k+1 ~
5(2]€+1 — 1)nBp, + 24< ; )(2’”3 —1)n®By_2  (mod n?) for k even,
Tor(n) = ~
) B k ~
2k (1 — 2m+1)ﬁ - §(2k+2 — 1)n’B,, 1 (mod n?) for k odd,
in particular, k is even and n € I1(k,2), then
1 -
Ty r(n) = 5(2k+1 — 1)nB,, (mod n?).
(ii) In the case s =1, (cf. [Sun08] if k is odd and n = p is an odd prime number)
1 -
5(2’”1 — 1)nBy, (mod n?) for k even,
T27k<n> = §m+1 k S
2k (1 — 2m+1)m7+1 - §(2kJr2 —1)n®By,-1 (mod n?) for k odd,
in particular, k is odd and n € 1(k,1), then
Ty p(n) = 281 — 2m+1)% (mod n?)
’ - m + 1 '
(iii) In the case s =0
1 -
5(2k+1 — 1)nBy, (mod n) for k even,
Ty p(n) = By
oF(1 —2mH L (mod n) for k odd,
m+1
in particular, k is even and n € I(k,0), then Ty p(n) =0 (mod n).
Proof. 1If k is even, resp. odd, then it suffices to apply congruence (2.16), (2,18), (2,20) resp. (2.17),

(2.19), (2.21). Substituting (2.9) into these congruences gives the theorem immediately.
]

Corollary 3.2. Letn > 1 be odd. Then:
(i) (cf. [Sun08],[Cai02] and [Leh38] if n = p is an odd prime)

Tr1(n) = Q2(n) — gnQBnQ@(n) (mod n?’),
Toa(n) = Q4(n) (modn?) i 3 Jn,
Tr1(n) = Q4(n) (mod n).
(ii)
7T =~ 31 5~
TQ’Q(TL) = §an24p(n)72 + §n3Bn2¢(n),4 (mod ng),
Tro(n) = gnén%(n)—z (mod n®)  if 3,5 Jn,
7~
Tra(n) = inBW(n),g (mod n?),
Tr2(n) =0 (mod n) if3 Jn.
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Proof. (i)This is a particular case of Theorems 3.1 for ¥ = 1. Then m + 1 = n®p(n) and, by
29" = ngy(n) + 1, we have

B s. Bps
21_2m+1 m+1:21_1 n nfe(n)
(127 22 = (1 = (14 naa(m)” ) S
_ (Qg(n) n ang)nénMP(TL) = QQ(TL) (mod ns+1)
p(n)
because o € Z, s < 2 and
1B o
22 — o (mod nttY) (3.22)
p(n)
. . . _ (s+1)ordp, (n)—1 s
Indeed, if pg | n is a prime, then (py — 1)p, | n®p(n) and, by Lemma 2.2,
néns n n -1 _ s+1)ordp, (n
o) éﬁiw) [T (=) =1 (mod p*" ™),
pln,p#po
This completes the proof of (3.22) and of Corollary 3.2 (i).
(ii) is an immediate consequence of Theorems 3.1 for k = 2. g

2. Caser =3

Theorem 3.3. Given an odd n > 1 not divisible by 3 and 1 < k < n*p(n)—s, write m = np(n) —k.
Then:
(i) In the case s = 2

i 1 ~ 3R+ o~
?Dm + 6(3]“'1 — 1)nBp, + 2< ; >n2Dm_2 (mod n?) for k even,n € 1(k,2),
Tgk(ﬂ) = 3k E 1 3k71 . k ~
?(1 - 3m+1)mL_:1 - ?kan,1 - %(3]”2 — 1)n%Byu_1 (mod n?)  for k odd.
(ii) In the case s =1
3k—1 . 1 .
TDm + 6(3k+1 —1)nBp, (mod n?)  for k even,
Tsp(n) = 9§ g0 o By 31 )
E— — m U —
5 (1-3 )m+ . 5 knDy,—1  (mod n®)  fork odd, n € I(k,1).
(iii) In the case s =0, (cf. [Sun08] if n =p is a prime)
3k—l .
TDm (mod n) for k even,n € I(k,0),
Tsp(n) = § 55 5

By,
—(1 - 3m+1)m7:i (mod n)  for k odd.

Proof. For k even, resp. odd we combine formula (2.10) with congruence (2.16),(2.18),(2.20), resp.
(2.17),(2.19),(2.21). Hence the theorem follows at once. O

Corollary 3.4. Let n > 1 be odd and not divisible by 3. Then:
(i) (¢f. [Sun08] if n =p is a prime)

Ts1(n) =Qs(n) = 5nDn2p(m)—2 = E”215712@(71)—2 (mod n?%),
T51(n) =Q3(n) — (mod n?),
T3, (n) =Q3(n) (mod n).
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(i)

3~ 13 = 9 9~ .

Tgyg(n) EiDnch(n)_Q + ?ﬂBnQSO(n)_Q + §n2Dn2¢(n)_4 (mod n3) Zf D )(n,
3 ~ 13 =

T32(n) Eng(n),Q + gnBW(n),Q (mod n?),
3~

T372(n) E§D¢(n)*2 (mod TL)

Proof. (i) This is a particular case of Theorems 3.3 for kK = 1. Then m + 1 = n®p(n) and, by
39" = ngs(n) + 1 and (3.22), we obtain

3 Em—l—l 3 Ensgo(n)

S =3I = 30— (e mas()™) 2

an n
2 = Qa(n) (mod n*tY)

(Qs(n) + fn*)~
= 3n n
p(n)
because f € Z and s < 2. The rest of the proof is straightforward.
(ii) This is a particular case of Theorems 3.3 for k = 2. O

3. Caser =4

Theorem 3.5. Given an oddn >3 and 1 < k <n’p(n) — s, write m = n®p(n) — k. Then:
(i) In the case s=2

kE+1

P
22]€72Em + 2]{72(2]64’1 _ 1),an + 22k2< 2

)nQEm_g (mod n?)

k even,n € I(k,2),
T47k(n) = E ( )

2k—1(1 _ om _ o2m+1\Pm+1l  52k—2; 75
2 (1-2 2 )7mj ] 2 knEq, 1
—2F 4252 — 1)n?B,, (mod n3) for k odd.

\

(ii) In the case s = 11 (cf. [Sun08] if k is odd and n = p is an odd prime )

2%k=2p 4 2F2 (M _ B, (mod n?) for k is even,

Tyr(n) = B ~
2%kl —om — 22m+1)mm7—: —22%22knFE,, 1 (mod n?) fork odd,n € I(k,1).

(iii) (¢f. [Sun08] if n = p is an odd prime)

2%—2F (mod n) for k even,n € I(k,0),
Tyk(n) = B
92h=1(1 — gm _ g2mtly mtl (mod n) for k odd.
m+1
Proof. This is an immediate consequence of (2.16-21). We apply formula (2.11). O

Corollary 3.6. Let n > 3 be odd. Then:
(i) (¢f. [Sun08] if n = p is an odd prime)

3 ~ T 5=

T471(’I’L) E§Q2(n) - nEthp(n)fQ - §n2Bn2¢(n)72 (mOd n3)a
3 ~ .

T471(n) Ei /2/(77’) - nEmp(n)fQ (mOd n2) if 3 J/n,

Ty1(n) E%Qé(n) (mod n).

' Theorem 3.12(i) is also true for k = np(n) — 2 if we assume that n is not exceptional in the sense of Lemma 2.6;
for exceptional n we should add the correction ©, = T;ZnQQD(n) to the right hand side of the congruence.
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(ii) (¢f. [KUW12])
T472(n) E4En2¢(n),2 + 7n§n2¢(n),2 + 12n2En2@(n),4 (mod n3) if 3,5 )n,
Ty2(n) E4E’rup(n)—2 + 7n§n¢(n)_2 (mod n?),
Ti2(n) =4E, )2 (mod n)'?  if3 Jn.

Proof. (i) This is a particular case of Theorems 3.5 for £ = 1. Then m + 1 = n®p(n) and, by
2¢(") = ngy(n) + 1 and (3.22), we have

21— 27 — 22 B (1 (1)) + (1= (14 nga(n) ) —stn)

m+1 nsp(n)
1 nB,s 3
= 5 Qa(n) + Qa(n) + yn?’)(p"T@)(") = 5Qa(n) (mod n**)
because v € Z and s < 2. This gives the theorem at once since the rest of the proof is straightforward.
(ii) This is a particular case of Theorems 3.5 in case k = 2. U
4. Caser =6

Theorem 3.7. Given an odd n > 5 not divisible by 3 and 1 < k < np(n)—s, write m = n°p(n)—k.
Then:
(i) In the case s = 2

k—1
- 1 -
ST(zk +1) Dy + ﬁ(2ff+1 —1)(3! —1)nB,,
3k:—1 .
() +T(k—51)(2k+2 —1)n%D,, o (mod n?) for k even,n € 1(k,2),
Tsr(n) = ~
) Bi1 gkfl -
2h=13k(1 —2m — 3m — gm) —"EL S (2K 4 1)knD,,
¢ )Pt 59k 4 1)k Dy
—m(2k+2 —1)(3k2 — 1)n2B,,_, (mod n?) for k odd.
(ii) In the case s =1
3]4:71 - 1 ~
7(2’“ +1)D,, + 5(2’“rl —1)(3! —1)nB,, (mod n?) fork even,
Ty r(n) = { 2h-13k(1 —gm — gm _ gm) Dm!
gh-1 m+ 1
—T(2k+1 + 1)knDy,_y (mod n?) for k odd ,n € I(k,1).

(iii) In the case s =0 (c¢f. [Sun08] if n = p is an odd prime)

k—1 ~

?’7(2’C +1)D,, (mod n) for k even,n € I(k,0),

T (n) = By
2k=1gk(1 — 2m — 3m — gm) ="t

m+1

(mod n) for k odd.

Proof. This is an immediate consequence of congruences (2.16),(2.18),(2.20) if k is even or (2.17),(2.19),(2.21)
if k is odd and formula (2.12). O
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Corollary 3.8. Let n > 5 be odd and not divisible by 3. Then:
(i)

Ts,1(n) =Q2(n) + Q3(n) — Znﬁnzw(n)_g — %n2§n2w(n)_2 (mod n?),
Tos(n) =Q4(0) + Q4(n) — SnDygyn (mod )
To,1(n) =Q3(n) + Q3(n) (mod n).

(ii)
Ts,2(n) E§5n2¢(n)—2 + %nén%(n),z + %nQIN)nzw(n),zl (mod n?),
Ts2(n) _gﬁmp(n)_g + %néw(n)_Q (mod n?),
Ts2(n) E? N@(n)72 (mod n).

Proof. (i) This is a particular case of Theorems 3.7 for k = 1. Then m + 1 = np(n) and, in view of
29" = ngy(n) + 1,39 = ngz(n) + 1 and (3.22), we find that

Bm+1 1

3(1—-2"-3"—6 )m—i— 1= 5(3(1 — (14 ng(n)" ) +2(1 — (1 +ngz(n))")

(L= (14 nga(n)™ (1 + ngs (m))™)) et

n*p(n)
1.3 4 1 2 nBys o(n)
=_(Z = il z And) e

= Q2(n) + Q3(n) (mod n**1)
because A € Z and s < 2. This gives the theorem.
(ii) The theorem follows easily from Theorems 3.7 for k = 2. O

5. Caser =28

Theorem 3.9. Given an odd n > 7 and 1 < k < n®p(n) — s'?, write m = n*p(n) — k. Then:
(i) In the case s =2

Tar(n) =2°¥3E,, + 23720, + 227321 — 1)nB,, — 2% 2knA,,
3(k+1\ o~ ofk+1\ 9%
4 93k 3< , >n2Em2+23k 2( ; )n20m2
(mod n?) for k even,n € I(k,?2),

B ~ ~
T&k(n) 523]{:72(1 —_om _ 23771+2)L++:1l + 23k72Am _ 23k73knEm_1
m

~ ~ E+1 ~
— 2% 2 knCry — 2 Pkn? (2" — 1) By + 23k—2( ;r )n?Am2

(mod n?) for k odd.

3 Theorem 3.9 (ii) is also true for k = ng(n) — 2 if we assume that n is not exceptional in the sense of Lemma 2.6;
for exceptional n we should add the correction ©; = Tl%nQ@(n) to the right hand side of the congruence.
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(ii) In the case s =1

23k73Em + 231%2577I + 22k73(2k+1 _ l)ngm

—23k=2pn A (mod n?) for k is even,

T&k(n) = E ~
23k—2(1 _om _ 2m+2)mﬁ:‘i + 23k—2Am

— 23k =3knE,. 1 — 2382knC,. 4 (mod n?) for k odd,n € I(k,1).

(iii) In the case s =0

P34+ 23620, (mod n) for k even,n € I(k,0),

Ty r(n) =

m +

B . ~
23k=2(1 — om _ 23m+2)L+i + 2324, (mod n) fork odd.

Proof. This follows from congruence (2.16),(2.18),(2.20), resp. (2.17),(2.19),(2.21) for k even, resp.

odd and formula (2.13).

Corollary 3.10. Letn > 7 be odd. Then:
(i)
T&l(n) =202 (n) + 2;1”2(‘0(”)_1 — nEn%,(n)_Q — 2n6n2<p(n)_2

— Zn2§n2¢(n)_2 + 2n212[n2<p(n)_3 (mod n3),

8
T&l(n) EQQg(n) + 2"ano(n)—l - nEng&(n)—2 - 2namp(n)—2 (mOd n2> if 3 J/n,
Tg1(n) =2Q4(n) + 2Av<p(n)—1 (mod n).

(i)

Tg’z(n) ESEn%o(n)—Q + 165’n2@(n),2 + 14nl§n2¢(n),2 — 327112{”2@(”),3
+24n° B2 p(ny—a + 4812 Cr2op(n)—4 (mod n®) if 3,5 /n,

Tg’g(n) ESEnw(n)—2 + 1657“0(”)_2 + 14n§mp(n)_2 — 327%2{”80(”)_3 (mod nz),

Ts2(n) =8B (ny—2 + 16Cp(n)_a (mod n) if 3 fn.

O

Proof. (i) This is a particular case of Theorems 3.9 for k = 1. Then m + 1 = n®p(n) and, by virtue

of 2¢(") = ngy(n) + 1 and (3.22), we obtain

21— 2 — 22 Bl (0 (1 g ()" — (14 nga(n))P)

m+1
éns
= (2Qa(n) + 2@a(n) + &n*)”

= 2Q3(n) (mod n®th)

o(n)

because £ € Z and s < 2. This gives the theorem at once. (ii) It is trivial.

6. Case r =12

Theorem 3.11. Given an odd n > 11 not divisible by 3 and 1 < k < np(n) — s, write m

n®p(n) — k. Then:

@(n)

Brspm)
nsp(n)
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(i) In the case s =2

Tyox(n) =2F23F1 (28 £ 1)D,, + 2% ~3(3F + 1) E,,

9k—3 . .
+ T(z’f+1 — (3 —1DnB,, — 22723 knF,
k+1 ~
n 2k43k1( ;‘ >(2k+2 + 12 Do
22k—3 k41 "
3 < ; >(3k+2 + 1)n%E,_o (mod n®) for k even,n € I(k,?2),
B -
Tiop(n) =2267238(1 — 2m — 3™ 4 67 — 4. 12™) = 0tL 4 92k—23k P
’ m+1
. 22k—3 .
— ok=33k=1 (kL 4 )knD,, 1 — (3 L DknE,,
2k—5 ~
_ T(2k+2 _ 1)(3k‘+2 o 1)kn2Bm_1
k+1 ~
+ 2%_23k< ;— >n2Fm2 (mod n?) for k odd.
(ii) In the case s =1
Ti2,,(n)
2’f—23:—1(2’c + 1) Dy, + 226-3(3% 1 1) B,
k-1 ~ ~
+T(2k+1 — D(3** —1)nB,, — 22723 knF,, 1 (mod n?) for k even,

B ~
22k=23k(1 —2m — 3m 4 gm — 4. 127) 2L 4 o223k
21?23+ 1

- 2 -
—2k=33k=1(2k+1 4 1)knD,, 1 — (3F1 + DknE,,_1 (mod n?)  fork odd,n € I(k,1).
(iii) In the case s =0

ok—23k=1(9k 4 1D, + 2233k 4+ 1)E,,, (mod n)  for k even,n € I(k,1),

Tiok(n) =  226-23K(1 — 2™ — 3™ 4 6™ — 4. 12™) Bm1
_ m+1
+22k=23k (mod n) for k odd.
Proof. Apply congruences (2.16),(2.18),(2.20), resp. (2.17),(2.19),(2.21) and formula (2.14). O

Corollary 3.12. Let n > 11 be odd not divisible by 3. Then:
(i)

3 ~ 5 ~ 5 ~
Ti2.1(n) EEQQ(TL) +Q3(n) + 3Fn2g0(n)—1 — ZnDano(n)—Q — *nEn%,(n)_g

3
9 5 27 3
— Br2p(ny—2 + 30" Fr2p )3 (mod n?),
3 - 5~ 5 ~
Ti21(n) ==Q5(n) + Qs(n)" + 3 npm)—1 — M Dnpmy—2 — 51 Enumy—2 (mod n?),

2 4
Tio(n) =5Qh(n) + Q4(n) + 3Fyu) (mod ).

3
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- _ 91 ~ -
T12,2 (’/L) E15l)n24p(n)72 + 20En2<p(n)72 + ?anng(n)fQ - 72nFn2<p(n)f3

153 ~ 164 ,~
+ TDnzgp(n),él + YnQEnzw(n),él (mod n?)for5 |/n,
~ ~ 91 ~ ~
Ti2,2(n) =15D,4(n)—2 + 20E,p(n)—2 + gan(n),Z — T2nFyp(n)—3 (mod n?),

Tiap (n) El5ﬁ4p(n)—2 + 20E«p(n)—2 (mod n).

Proof. (i) This is a particular case of Theorems 3.11 for £ = 1. Then m + 1 = np(n) and, by virtue
of 27" = ngy(n) + 1,390 = ngz(n) + 1 and (3.22), we have

Bt
1—9m _3m m_y.19my=2mtl
3 36 )m—i—l

B (2(1 — (14 nga(n)™) + (1 = (1 + ngs(n))™)

- %(1 — (14 ng2(n))*™ (1 = (1 4+ ngz(n))™)

+ (1= (14 nga(n)*™ (1 + ngs(n))")) n:s;E(:))

30a(0) + 5Qa00) ~ JQa() ~ Qa(m) + Qa(m) + 3 Qalm) + 10

ans (p(n)

o(n)

Il
N W/

Q2(n) +Qs(n)  (mod n**)
because n € Z and s < 2. The rest of the proof is straightforward. O
7. Case r =24

Theorem 3.13. Given an odd n > 23 not divisible by 3 and 1 < k < n®p(n) — s, write m =
n*p(n) — k. Then:
(i) In the case s = 2

Tosp(n) =2%733k=1 (2% 4 1)D,, + 2%74(3% + 1)E,, + 2%733%H,,,
- 22’674 _ _
+ 23733k —1)Cpy + T(g’f“ )M — 1B, — 2335k,
~ 23k73 .
= 20 kG — T (B Dk

E+1 ~ 23k=4 (L 41 ~
+23’f—53k—1< ;r >(2k+2+1)n2Dm2+ 5 ( ; )(3k+2+1)n2Em2

E+1\ 5~ 23k=3 [k 4+ 1 ~
+23’f—33k< ;r >n2Hm_2+ < - >(3k+2—1)n20m_2

9 2
(mod n?) for k even n € I(k,2),
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Bm+1

Toyp(n) =23F733F(1 —2m —3m 1 6™ — 8. 24’”)ﬁ + 23k=33k
m
+ 23k33kG, 4 2363(3F L 1) A, — 22F—43k1 (25 4 1) kenD,,_4
23]@*4 . . 23]&’73 .
— T(?,’“+1 + DknEy, 1 — 23%733 knH,, | — T(?,’“+1 — 1)knCpyy
23k76 . k 1 .
_ T(2k+2 — B2 — Dkn?By — 23k—33k< ‘;‘ >R2Fm2
_ E+1\ 5~ 2363 [k +1 ~
4 23k 33k< ) )nQGmQ +—5 0 (382 4 1)n2A,,

(mod n®)  for k odd.
(ii) In the case s =1

Tou i (n) =22F338-1(2k 4 1)D,, + 22*4(3F + 1)E,, + 2% 33%H,,
- 22k74 _ _
+ 23k—3(3k _ 1)Cm + T(Qk-f-l _ 1)(3k+1 _ 1)an _ 23k_33kknFm,1

. 23k—3
— 23k_33kk‘nGm_1 —

(3" 4+ 1)knA,,_1 (mod n?) for k even,

B - _
Toyp(n) =23F733F(1 —2m — 3™ 1 6™ — 8. 24"1)% + 23k=33k 4 93k 33k G
m

3k—4

+ 23k—3(3k 4 1)Avm _ 22]€—43k—1(2]€+1 + 1)]{3”57,7,71 _ (3k+1 + 1)knEm71

_ 231@73 ~
9k Hy g — S (3~ )knCr 1 (mod #?) for k oddn € I(k1).
(iii) In the case s =0

92k=33k=1(2k 4 1)D,,, + 2°*~4(3F + 1)E,,

Ty i(n) +236-33K 4 23k=3(3k —1)C,, (mod n) for k even n € I(k,0),
n) = B ~
24,k 23k—3(1 —_9m _3m_L@gn _§. 24m)€nmj11 + 23k733ka
+23k=33kG 4 23K3(3% 4 1) A, (mod n) for k odd.

Proof. This follows from congruences (2.16),(2.18),(2.20), resp. (2.17),(2.19),(2.21) if k is even, resp.
odd with the use of (2.15). O

Corollary 3.14. Let n > 23 be odd and not divisible by 3. Then:
(i)

Tyu1(n) =2Qa(n) + Qs(n) + 3F,2 )1 + 3Gz g1 + A2yt — Znﬁn%(n),g

- gnﬁnw)—? —3nH )2 gn(jn%(n)—? - %”zén%(n)—?

+ 30 Fyzgny 5 + 30°Grzpn) 3 + 238”2&%@)—3 (mod n%),
Tou1(n) =2Q5(n) + Q4(1) + 3Fp(m)-1 + 3Gnpm) -1 + 4Angm) 1

— " Dag(ny—2 gnﬁw<n)—2 — 3nHpp(n) 2 — §n5’w<n>-2 (mod n?),
Tou1(n) =2Q%(n) + Q4(n) + 3E(my—1 + 3Gy —1 + 4440 1 (mod n).
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T2472 (n) 530571230(11)72 + 40En250(n)72 + 72]:’,1290(”),2 + 645'”2%(”),2

182 ~ - ~
+ ?anzgp(n)—2 — 36nFn2¢(n)_3 — 144nGn2¥,(n)_3
— TnAn%(n)_g + 77’1 Dn2<p(n)—4 + ?n En2<p(n)—4
640

+ 216n2ﬁn2@(n)_4 + 77125”2@(”)_4 (mod n3) if 5 Jn,

T342(n) =30D p(n)—2 + 40Ep(my—2 + T2Hpp(my—2 + 64Cp(n) 2

182 ~ ~ ~

+ THan(n),Q — 36nFmp(n),3 — 1447’1Gn@(n),3
448 ~

- YnAmp(n)fS (mOd n2)7

To42 (n) ESOEw(n),Q + 40E¢(n),2 + 72ﬁw(n),2 + 646'@(71),2 (mod n).

Proof. (i) This is a particular case of Theorems 3.13 for kK = 1. Then m + 1 = n®p(n) and, in view of
29" = ngy(n) + 1,390 = ngz(n) + 1 and (3.22), we have

Em—i—l

m+1

— (;(1 — (1 +ngn)™) 4+ (1 = (1 +ngz(n))™)

- %(1 — (L +ng2(n))™ (1~ (1 +ngs(n))™)

3(1— 2™ — 3™ 4 6™ —8.24™)

Brspm)
nsp(n)

+ (1= (1+ng2(n))*™ (1 + ngs(n)™))

’rLanw(n)
o(n)

= (Sa(m + 2Qa(m - {Qa(m) ~ 5 Qu(m) + 3Qa(m) + 5 Qu(m) +

=2Q2(n) + Q3(n) (mod n**t1)

because w € Z and s < 2. This proves the theorem. (ii) It is trivial. O

4. Further congruences of E. Lehmer’s type (by T. Kuzumaki and
J. Urbanowicz)

In Theorem 4.1 below we find some congruences for U,(n) modulo n**! for s € {0,1,2} in each of
the seven cases r = 2,3,4,6,8,12 or 24. Some of these congruences for s € {0,1} and r € {2,3,4,6}
were proved in [CFZ07] and [CP09]. The remaining ones are new. Three of them for s = 1 and
r € {8,12,24} were omitted both in [Leh38] and in [CFZ07], [CP09)].

Write p;(r) = 1 — dora,(r),0 (i = 2,3) where, as usual, dx y denotes the Kronecker delta function.
Given odd n > r, we set

EQ:(n) =az(r)gz(r) + as(r)gs(r) + B2(r)ngs(n) + Bs(r)ngs(n) (4.23)
+72(r)n’g3 (n) + 3(r)n’q3 (n),
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where
a;(r) = pi(r) (Ord;( ) + ip p5 . )
- ordy(r) 1 i(r)
Bi(r) = pi(r) <_ 227~ 2ch( ) 1290(7"))
ord;(r) 1 ps—i(r)
%i(r) = i(r)( 3r 3ip(r) 12@(?"))
and

n ~
B, (n) = - Tancp(n)—Q'

Set EQ".(n) = aa(r)qa(r)+as(r)gs(r) and EQY = as(r)qa(r)+as(r)gs(r)+ B2 (r)ngs(n)+ Bs(r)ng3 (n).
Obviously, we have EQ,(n) = EQ.(n) (mod n) and EQ,(n) = EQ"(n) (mod n?). Note that B,(n) =
0 (mod n), and B,(n) = 0 (mod n?) if n is not divisible by 3.

It was shown in Section 3 that the sums 7} 1(n) are congruent to linear combinations of Euler’s

quotients EZ)T (n) plus some generalized Bernoulli numbers. In view of Proposition 4.2 below we have

EQ,(n) = —1EQ,(n).

Theorem 4.1. Assume that s € {0,1,2} and r | 24. Let n > r be odd and not divisible by 3 if s =1
or 3| r. Then, in the above notation:

EQ.(n) + B,(n) (mod n®t1) for r <6,
EQr(n) + Br(n) — ;Lgnsso(n)—l (mod n**1) for r =238,
U,.(n) = ~
" EQr(n) + Br(n) — 2 Fusp(m)-1 (mod n**1) for r=12,
~ 1 1~
\EQT(n) + Br(n) - 6An5<p(n)—1 ans¢(n)_1 ansap(n)—l (mOd n5+1) for r=24.

Here EQ,(n) = EQ.(n) (mod n),EQ.(n) = EQ"(n) (mod n?),B.(n) = 0 (mod n) if n is not
divisible by 3 and By(n) =0 (mod n).

4.A. Some useful observations

We deduce Theorem 4.1 from Propositions 4.2,4.3 and congruences for the sums 7, ;(n) given in
Section 3. First we find some useful congruences modulo powers of n between the sums U,(n) and
some linear combinations of T;.1(n), Tr2(n) and Ty 3(n).

Proposition 4.2. (cf. [Leh38].) Assume that n > 1 is odd and r (1 < r < n) is coprime to n. Then:
2

1
— ra(n) — %TT,Z(H) — %Tr,g(n) (mod n?),

1
Ur(n) = § =~Tr1(n) = S5 Tra(n) (mod n?),
_; ra(n) (mod n).

Proof. Obviously, (n,i) =1 if and only if (n — ri, n) = 1. Consequently,

Ur(n) = Z X (3) (n — 7)™ P =

O<i<7
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S

. : , 1
and hence, since ™ ?(M~7 = r~J(mod n**t!) and (n w(n) >n2 =n? (mod n?),

2
1 n n?
- r12(n) — 77257»,2,2@) - 735r,3,2(n) (mod n?),
Ur(n) = —% r1,1(n) — T%Sr,ll(n) (mod n?),
—% r1,0(1) (mod 7).

Now Proposition 4.2 follows from (1.1) at once.

g

In Section 3 some formulae for E/fér(n) are determined. Since, by Proposition 4.1, we have
EQ,(n) = —%EQT(n), the formulae imply corresponding formulae for EQ,(n). In the next proposi-

tion, we present the formulae in a slightly different form.
Proposition 4.3. In the above notation, if r | 24, then (4.23) holds.

Proof. Following (2.17) and Proposition 4.2 we know that

1 — Bm+1 1
EQ,(n)=—--E =——" |14+ —]la-q¢™ d nst
Qr(m) = = EQ,(n) = — s +wmm£y ¢") | (mod n*t)
where m = n®p(n) — 1. Consequently,
_ Xém‘i‘l s+1
EQT(”) = rm+1(m + 1) (HlOd n )
where )
X=r"———]11-¢").
p(r) g

Thus, in view of (4.24) and (3.22), to obtain (4.23) it suffices to determine X (mod n**4).

Indeed, we have

X :%(rw(n))n“’ _ (p(lr) (1 _ p22(r>(2¢(”))”5> (1 — pgém(?)“’(”))ﬁ) ,

and by virtue of i =1 4+ ng;(n) (i = 2,3)

X =10 )"0 (1 )"0 = L 2204 )
+ g0 )™ = 2 )" (1 ()
Thus,
X= 140 3 (o (r)astn) — gn*Hordi(ringd(n) + 3ot ord(r)ngi(n) )
i=2,3
1 pi(r) 5l () — Lt 20 5203 (n
ot 3t (e ) + g o)

(4.24)
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and so,
L s 1 2 1 23
X=Y+-n Z ord;(r)gi(n) — —ord;(r)ng; (n) + -ord;(r)n“q; (n)
r S 2 3
pi(r) o1 P 123
£ 3 (00 = grna o) + gt
p2(r)ps(r) o1 < L o L o3 > s+4
————n gi(n) — =ng;(n) + -n"qg’(n mod n ,
oot 2 () et + o)) )
where

vyl 1  p@) n ps(r) _ pa(r)ps(r)

roop(r)  20(r) - 3e(r)  6p(r)
An easy verification shows that Y = 0. To check it we consider the cases. If pa(r) = 0 and p3(r) = 1;
then 7 = 3 and obviously ¥ = 0. If pa(r) = 1 and p3(r) = 0; then r = 2,4,8 and we have

1 1
Y=-- 200r) = 0 since r = 2¢p(r) for these r. Finally, if pa(r) = p3(r) = 1; then r = 6,12,24 and
r o(r
1 1
=-"3 B = 0 since r = 3p(r) in these cases. This completes the proof of Proposition 4.3.
r o(r
O

4.B. Proof of Theorem 4.1

The proof of Theorem 4.1 falls naturally into seven cases r = 2,3,4,6,8,12 or 24. In view of Propo-
sition 4.2, in each of the cases, it suffices to determine:

(i) the sums 7}.1(n) (mod n**1) for s € {0, 1,2}, which are determined in (i) of Corollaries 3.2, 3.4,
3.6, 3.8, 3.10, 3.12 or 3.14;

(ii) the congruences for nTa(n) (mod n**1) for s € {1,2}, which follow immediately from parts
(ii) of Corollaries 3.2, 3.4, 3.6, 3.8, 3.10, 3.12 or 3.14;

(iii) the congruences for nT}.3(n) (mod n?3), which follow easily from parts (i) of Theorems 3.1, 3.3,
3.5, 3.7, 3.9, 3.11 or 3.13 for k = 3'4.

Set Qi(n) = Q;(n) (mod n) and Q(n) = Q;(n) (mod n?) (i = 2,3). We consider the cases:

1. If r = 2, Theorem 4.1 is a consequence of Proposition 4.2, Theorems 3.1 and Corollary 3.2; then
for n > 1 odd and s = 2 we have

7 ~
Ty 1(n) =Q2(n) — gnQanw(n)_Q (mod n?),

7o~
nTy2(n) Einan%(n)_z (mod n?),
n2T2,3(n) =_ 3n2§n2¢(n)_2 (mod n?).

The first of these congruences is the same as that Section 3 and the second one is an immediate
consequence of that in Section 3. The third congruence follows immediately from Theorem 3.1 for
k = 3; then N
612 B,,2(n)—
np(n) 2 (mod n?).

2 —
T = “Ans
) = ) - 2

MMore precisely, we need to determine Ty 1(n), nTy2(n),n*Tr3(n)(mod n?) if s = 2, Tp.1(n),nTr2(n) (mod n?) if
s=1and T, 1(n) (mod n) if s = 0.
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On the other hand,

n2§ 2 1 ~
n?p(n)—=2 _ 2 3
W = —in Bn2(p(n)_2 (IIlOd n )7 (425)

which completes the proof in this case. For s =1
— 7 25 2
T2,1(n) = 2(”) - gn Bncp(n)—? (mOd n )?

)—2 (mod n?).

If we assume that 3 Jn, then Emp(n),Q is p-integral for any p | n and so
Ty1(n) = Q5(n) (mod n?), nTy2(n) =0 (mod n?)
as claimed. If s =0 T51(n) = Q4(n) (mod n).

2. If r = 3, Theorem 4.1 is an immediate consequence of Proposition 4.2, Theorems 3.3 and Corollary
3.4; then for odd n > 1,3 J/n and s = 2 we have

1 ~ 13 5~
T3,1(n) = Q3(n) - inDnQQo(n)fZ - EnQBHQ@(n)72 (HlOd n3)7
3 = 13 5~
nl3 o (n) = inDHQSO(n),Q + §n23n2¢(n),2 (mod n3),
n2T3,3(n) = —6n2§n2¢(n),2 (mod n?).

Again the first congruence is the same as that in Section 3 and the second one is an easy consequence
of that in that section. The third congruence follows from Theorem 3.3 (i) for k£ = 3 and (4.25); then

12028,
2 — n?p(n)—2 3
T =—— d .
n“T33(n) o) — 2 (mod n?)

For s =1

1 ~ 3 =
T51(n) = Qj5(n) — ian(n)_Q (mod n?), nTya(n) = ianp(n)_Q (mod n?).

Likewise, if s =0, T3 1(n) = Q4(n) (mod n).

3. If r = 4, Theorem 4.1 follows from Proposition 4.2 and Theorems 3.5 and Corollary 3.6; then for
n > 3 odd and s = 2 we have

3 ~ 7 o~
Tyi(n) = 5@2(”) —nEp2,m)—2 — gnQBn%(n)_Q (mod n?),
nTy2(n) = 4nE’n2¢(n)_2 + 7n2§n2‘p(n)_2 (mod n?),
27 5~
n2T4’3(n) = D) QBn%(n)_g (mod n3).

The first congruence is the same as that in Section 3 and the second one is an immediate consequence
of that in that section. The third congruence follows immediately from Theorem 3.5 for k¥ = 3 and
(4.25); then

27n2§n2¢(n)_2

2 _
p—
nTa(n) n2p(n) — 2

(mod n?).
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Fors =1
T _ 3 " E 7 QE d 2
4,1(n) = 5@2(”‘) — Nlppn)-—2 — gn np(n)—2 (mo n )a
nTy2(n) = 4nEW(n)_2 + 7n2éw(n)_2 (mod n?)
and so

3 - -
Ty1(n) = 5@’2'(71) — nEy,m)—2 (mod n?), nTya(n) = AnEy, 5(n)—2 (mod n?)

if3 fn. If s=0Ty1(n

~—

= 3Q4(n) (mod n).
4. If r = 6, Theorem 4.1 is an immediate consequence of Proposition 4.2, Theorems 3.7 and Corollary
3.8; then for odd n > 5,3 fn and s = 2 we have
Tﬁ,l(n) = QQ(n) + Q3(n) - ZnDRQ(p(n)—Q - En Bn2g0(n)—2 (mOd n )a
15 ~ 91 5~
nTs2(n) = ?nDnzw(n)_Q + EnQBn%(n)ﬁ (mod n?),

n*Te 3(n) = —45n°B (mod n?).

n2p(n)—2

The first congruence is the same as that in Section 3 and the second one is an immediate conse-
quence of that in that section. The third congruence follows from (4.25) and the congruence

90712 En%o(n) _9

2 — 3
T = d n?).

n“Ts3(n) o) — 2 (mod n?)

For s=1
5 ~
T671(n) = /2,(”) + Qg(n) - Zanp(n)—Q (HlOd n2)¢
15 ~
nTs2(n) E?anp(n)_g (mod n?).

If s =01T61(n) = Q4n) + Q4(n) (mod n).

5. If r = 8, Theorem 4.1 follows from Proposition 4.2, Theorems 3.9 and Corollary 3.10 ; then for
n > 7 odd and s = 2 we have

T31(n) =2Q2(n) + 211712@(”)_1 — nﬁnzw(n)_g — 2716'712(;,(”)_2

7 o~ ~
- fn2anLp(n),2 + 2n2Anz¢(n),3 (mod n?),

8
nTg’g(n) ESnEn2<p(n)—2 + 16710”2@(”)_2 + 147223”2@(”)_2 — 3271214”2@(”)_3 (mod n?’),
111 5~ ~
n*Tg3(n) = — 71123”2(;,(”),2 + 128n2An2@(n),3 (mod n?).

The first congruence is the same as that in Section 3, the second one follows from that in Section 3
and the third one is an immediate consequence of Theorem 3.9 for k = 3 and (4.25); then

11112 B, -
2 — n2p(n)—2 2 3
nIg3(n) = o) - 2 + 12807 A2 (n)—3 (mod n”).
For s =1
- - ~ 7~
T&l(n) E2Q,2/(7’L) + 2Amp(n)—1 - nEmp(n)—Q - 2nCn<p(n)—2 - §n2Bn<p(n)—2 (HlOd 712),
nT&Q(n) E8nEn¢(n)_2 + 16??,6%0(”)_2 + 14n2§,w(n)_2 (mod nz)
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and so
TS,l(n) E2Ql2l(n) + 2gn<p(n)—1 - nEmp(n)—Z - 2nén<,o(n)—2 (HlOd 712),
nTga(n) E8n]§n¢(n),2 + 16nC~'W(n),2 (mod n?)
if 3 fn. If s =0, Tg1(n) = 2Q5(n) + 2;{@(”),1 (mod n).

6. If r = 12, Theorem 4.1 follows at once from Proposition 4.2, Theorems 3.11 and Corollary 3.12;
then for n > 11 odd and s = 2 we have

3 ~ 5 ~ 5 ~
T12,1(n) E§Q2(n) + Qs(n) + 3Fn2(p(n)_1 — annzw(n)_Q — annch(n)_Q

4 3
_ A ep +3n2F (mod n?)
79 n2p(n)—2 N Ln2p(n)—3 mod n-),
_ - 91 .~ -
nTi22(n) =15nD,2,(1)—2 + 20nE,2,(,) -2 + Erﬂanw(H),Q — 720 F 2 () -3 (mod n?),
363 5~ ~
n2T1273(n) = — 7”23n2¢(n)72 + 432n2Fn2tp(n)73 (mod n3).

The first congruence is the same as that in Section 3, the second one is implied by that in that section
and the third one follows from Theorem 3.11 for k£ = 3 and (4.25); then

363028, 2, (n)
np(n) — 2

n2T12,3(n) = 2 4 432n2fn2¢(n)_3 (mod n?).
For s =1
_3 " ) 5 = 5 = 2
T12,1(n) 25 Q(n) + Q3(7’L) + 3Fn<p(n)—1 - ZnDngo(n)—Z - gnEncp(n)—Q (HlOd n )7
nT12,2 (n) El5n5n<p(n)—2 + QOnEngo(n)—Q (mod nz).
If s =0, Th21(n) = 3Q4(n) + Q4(n) + 3ﬁ¢(n)_1 (mod n).

7. If r = 24, Theorem 4.1 follows from Proposition 4.2, Theorems 3.13 and Corollary 3.14; then for
n > 23 odd and s = 2 we have

Tos1(n) =2Q2(n) + Q3(n) + 3ﬁn2¥,(n)_1 + 3C~;n2w(n)_1 + 4/~1n2§0(n)_1

- 2”5n2¢<n>—2 - gnﬁn%(n)—z —3nH,2g(n) - g”5n2<p<n>—2
- %ngénzw(n)_Q + 3n2ﬁn2¢(n)_3 + 3n26n2¢(n)_3 + 2978712;4\/”2@(”)_3 (mod n?),
nTa42(n) =30nD,2,(n) o + 400 E, 20y 2 + 720 H 2 5009 + 64nC, 2,0y 2
+ %n2§nzw(n),2 — 3602 Fy20n) 3 — 144n° G2 ()3
- ?nﬁn%(nm (mod n%),
n*Tyy 3(n) = — M%n%n%(nm + 172802 F2 ()3

+ 172802 G2 )3 + 17920% 4,200 3 (mod n?).

Again the first congruence is the same as that in Section 3, the second one follows immediately from
that in that section and the third one follows from Theorem 3.13 for £ = 3 and(4.25); then

145512 B, 2,5 (n) 2
n2p(n) — 2
+1728n%G 2 ()5 + 179202 A2,y 5 (mod n®).

n2T2473 (n) = —

+ 17281 F2(n) 3
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For s =1

T24,1(n) EQQ%’(TL) + Qg(n) + 3ﬁn<p(n)—1 + 3@77,4,0(77,)—1 + 42{71@(77,)—1
5 = = 77 ~ 2
- ZnDncp(n)—Q - gnEngo(n)—Q - 3an<p(n)—2 - gnongp(n)—Q (HIOd n )7

nT24,2 (n) E?)Onﬁmp(n)_Q + 40nEngp(n)—2 + 72nﬁn¢(n)_2 + 64n5mp(n)_2 (mod n2).

For s =0,
T2471(7’L) = 2Q/2 (n) + Qg(n) + 3F<p(n)—1 + 3G<p(n)—1 + 4A<p(n)—1 (mOd n)

This completes the proof of Theorem 4.1.

5. Concluding remarks

Let p > 3 be a prime number and let r be a natural number such that 1 < r < p. Assume that
s € {0,1,2} and r | 24. In the next part of the paper we are going to prove some new congruences

for the sums T, ;(p) = Zi]l(l/zk) modulo p**! for k > 1, in particular for k = 1 or 2 in all the cases.

P
Similarly we would like to derive some new congruences for the sums U, (p) = Z£;11 p_lm. modulo p**1.

We shall use the congruences proved in the present paper in the case when n = p is an odd prime as
well as Kummer’s congruences for the generalized Bernoulli numbers.
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