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Transformation and symmetries for the
Andrews-Garvan crank function

Rishabh Sarma

Abstract. Let R(z,q) be the two-variable generating function of Dyson’s rank function. In a recent joint work with Frank
Garvan, we investigated the transformation of the elements of the p-dissection of R((p,q), where (, is a primitive p-th root of
unity, under special congruence subgroups of SLs(Z), leading us to interesting symmetry observations. In this work, we derive
analogous transformation results for the two-variable crank generating function C(z,q) in terms of generalized eta products. We
consider the action of the group I'g(p) on the elements of the p-dissection of C'(¢p,q), leading us to new symmetries for the crank
function. As an application, we give a new proof of the crank theorem predicted by Dyson in 1944 and resolved by Andrews and
Garvan in 1988. Furthermore, we present identities expressing the elements of the crank dissection in terms of generalized eta
products for primes p = 11,13,17 and 19.
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1. Introduction

The rank function is an important statistic in the theory of partitions. It is defined as the largest part
minus the number of parts in a partition. In 1944, Dyson gave this definition of the rank statistic and
conjectured that it decomposes the partitions of 5n 4+ 4 and 7n + 5 into five and seven equinumerous
classes respectively, a conjecture that was proven 10 years later by Atkin and Swinnerton-Dyer. He
also prophesied the existence of a “crank” statistic for a similar explanation of the mod 11 congruence
of Ramanujan viz.

p(1ln+6)=0 (mod 11),

and it wasn’t until 1988 that the elusive crank was found by Andrews and Garvan [AnGa88|. The
crank of a partition is defined as the largest part if there are no ones in the partition and otherwise the
number of parts larger than the number of ones minus the number of ones. It is worth mentioning here
that after the discovery of the partition crank, Garvan, Kim and Stanton [GKS90] came up with new
statistics on partitions (also called cranks) which combinatorially prove Ramanujan’s congruences for
the partition function modulo 5, 7, 11 and 25, giving explicit bijections between equinumerous crank
classes. However, the crank statistic that we work on in this paper is the ordinary partition crank
defined by Andrews and Garvan which we simply refer to as the crank. Let M(r,t,n) denote the
number of partitions of n with crank congruent to r mod ¢. Then they show that

1
M(r,5,5n+4) = gp(5n+4), 0<r<4, (1.1)
1
M(r,7,Tm+5) = §p(7n+ 5), 0 <r <6, (1.2)
1
M(r,11,11n + 6) = —p(1ln +6), 0 < r < 10, (1.3)

thus providing an almost combinatorial explanation of all three partition congruences of Ramanujan.
Let ¢ = exp(2mit), where 7 € H. Let M(m,n) denote the number of partitions of n with crank m.
Then the two variable generating function for the crank function, due to Andrews and Garvan (see
[AnGa88]) is given by
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ZZM(m,n)zmq”:(l—z)q—i— (4:4)oo

n=0meZ (2¢; @)oo (2713 @)oo

Equivalently we define

C(z,q) = (45 @)oc = 1+(—1+z+z_1)q+izM(m,n)zmq".

. 1.
(265 @)oo (27145 @) o n=2mez

In this paper, we look at the transformation and symmetry of this function, when z is a primitive
p-th root of unity ¢,. We find that the crank function satisfies the same type of symmetries as the
rank generating function, which was our subject of interest in [GaSa24].

Throughout this paper we use the standard ¢-notation:

o

(a;0)00 = [ J(1 = ag),

k=0
oy (49)
(@ 0)n = (aq"™; q)oo’

(a1,a2,...,05;0)00 = (a1;0)o0(A2; @)oo - - - (@53 q)o-

We also define a class of generalized eta products and functions that we will use frequently in
expressions for our crank identities and to study their transformations in the subsequent sections.

Definition 1.1. Following Biagioli (see [Bia89]), define
fp(2) = (D) 2N (2, gV g Y ), (14)

where N,p € Z with N > 1 and N { p.

Then, for a vector T = (ng,ni,n2, -+ ,Np-1) € Z%(pﬂ), define
2
p—1
2
i(2) = i(p, 70, 2) = n(p2)" [ for(2)™, (1.5)
k=1

We also define the weight k slash operator on the set of meromorphic functions on H by
F@() = (ez + d) " f(72)

for all v = <Z Z) € SLy(Z) and z € H. We remind the reader that the automorphy factor (cz + d)*

appears as a prefactor in the transformation property when f is weakly modular of weight k.

Let N(m,n) denote the number of partitions of n with rank m and let R(z, q) denote the two-variable
generating function for the Dyson rank function so that

R(z,q) = Z Z N(m,n)=z"q".
n=0meZ

The modularity of the rank generating function R(z,q), where z is replaced by a primitive p-th
root of unity for a general prime p was first studied by Bringmann and Ono [BrOnl0]. Building
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on the groundbreaking work of Zwegers [Zwe00] and [Zwe02] around the turn of the century, who
realised how Ramanujan’s mock theta functions occur naturally as the holomorphic parts of certain
real analytic modular forms, Bringmann and Ono showed that ¢~/ 24R((p, q) is the holomorphic part
a weak Maass form of weight % on I'1(576p*), where the non-holomorphic part is a Mordell integral
of a theta function. Garvan [Garl9], in 2019, observed that the introduction of a simple multiplier
and a generalized correction series factor reduces the modularity of the rank function to larger and
more natural congruence subgroups of SLy(Z).

In a subsequent joint work with Garvan [GaSa24], we generalized and improved these results of
his paper [Garl9] on transformations for Dyson’s rank function leading us to exciting observations
of symmetry among the elements of dissection of the rank generating function. In this paper, we try
to implement our ideas in [GaSa24] and those of Garvan [Garl9] to obtain analogous results for the
crank generating function.

Since its discovery, it has been well established that the crank statistic plays a central role in the
theory of partitions. Perhaps the most important breakthrough came in 2005 when Mahlburg showed
that the crank itself satisfies Ramanujan-type congruences using Hecke’s theory of modular forms.
In his seminal paper, Mahlburg establishes congruences for infinitely many non-nested arithmetic
progressions modulo powers of primes by tying the crank generating function to the Dedekind eta
function and Klein forms. Rewriting his functions in the framework of generalized eta products, we
have the following result.

Theorem 1.2. (Mahlburg [Mah05, Corollary 3.3]) Letp > 3 be prime, suppose 1 < ¢ < (p—1),
and define
2
.7:<€;z> = () )
P Eo(2)

where, following Yang [Yan(0/], we consider the generalized eta product

oo
L —
Eou(z 2]_[ "= G ).

Then F <£; z) is a weakly holomorphic modular form of weight 1 on the congruence subgroup 'y (2p?).

Mahlburg further goes on to establish a rescaled form of the crank generating function as the
sum of a weakly holomorphic function on I'1(2p?) and a modular form on Ig(p) of integral weights
([Mah05], Section 4). We show that after multiplying with an appropriate eta product and a power of
q, we can deduce the modularity of the crank generating function to a simpler congruence subgroup
of SLa(Z), resembling the result for the rank generating function [Garl9, Theorem 1.2].

Theorem 1.3. Let p > 3 be prime. Then the function

n(p*z) Cp (2)

is a weakly holomorphic modular form of weight 1 on the group To(p®) N T1(p), where Cp(2) =
-1
g7 C(Ch, q)-

This result is analogous to the modularity of the rank generating function that was studied in
[Gar19]. There the author also considered the modularity and transformation of elements of the
p-dissection of the rank generating function. We note that in the definition for these rank dissection
elements le,m(Cg;z), there are two cases pertaining to whether —24m is a quadratic residue or
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non-residue modulo p [GaSa24, Definition 1.4]. In case of the crank generating function, we have
the following analogous expression for elements of the dissection and subsequent modularity results.
These dissection elements do not feature the correction factor involving the series ®,4(¢) as in the
definition of the rank dissection elements le,m(Cg; z) where the series ®,,(q) appears in the case
when —24m is a quadratic residue modulo p [GaSa24, Definition 1.4 (ii)].

Definition 1.4. For p > 3 prime, s, = 5;(p> = 1), 0<m <p—1and 1 < ¢ <p—1, define

o0 o) p—1
Spn(Gr2) =P [ =) 32 (Z M (k,p,pn +m — sp) Cy) q".
n=1

k=0

Theorem 1.5. Let p > 3 be prime and suppose 0 < m < p—1. Then
(i) Sp0(Cps2) is a weakly holomorphic modular form of weight 1 on I'1(p).

(i) If 1 <m < (p—1) then Spm((p, 2) is a weakly holomorphic modular form of weight 1 on I'(p).

In particular,
2mibm

So(G2) 114D, =30 (T2 ) Sy (6512)

for A= <ch Z) eTi(p).

Analogous to the rank, the action of the congruence subgroup I'o(p) on Spm((p,2) leads to
observation of symmetry among the elements of the crank dissection.

Theorem 1.6. Let p > 3 be prime, 0 < m<p—1,and 1 <d<p-—1. Then

Som(Gn) |14l = Sl PL (GRS, (6 2), (1.6

A= <Z Z) € Lo(p).

Note: When m is a quadratic residue/non-residue modulo p, the same is correspondingly true for

ma2 .

assuming 1 < a,d < (p—1) and

The m = 0 element of the dissection viz. S, ((p,2) defined above is also of further special inter-
est. A beautiful symmetry among the zeta-coefficients in the identity for KC, (((p, 2) element of the
rank dissection expressed in terms of generalized eta functions j(p, T, z) was given in [GaSa24]. Using
our main symmetry result in Theorem 1.6 above and the conditions for modularity of the generalized
eta functions [GaSa24, Theorem 3.1], we can determine the transformation of S, 4(p, 2) and find that
the exact same symmetry result holds for this crank counterpart of the m = 0 element. We do not
pursue this here, but the interested reader could investigate further (see [GaSa24], Theorem 5.1 for
details).

The paper is organized as follows. In Section 2. we build up the framework of our results and
introduce a class of eta functions arising in the definition of our completed crank function and deter-
mine their transformation under special congruence subgroups of SLy(Z). In Section 3., we prove our
main results on the modularity, transformation and symmetry of the crank function. Section 4. is
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devoted to calculating lower bounds for the orders of Sy, ((p, 2) at the cusps of I'1 (p) which we utilize
to prove identities in the subsequent section. Finally, in Section 5., we give a new proof of the crank
theorem and also state identities for Sy, ((p,2) when p = 13,17 and 19 in terms of generalized eta-
functions, proving two such identities mod 13 using the Valence formula, the modularity conditions
and the orders at cusps determined in the previous section.

2. Preliminary definitions and Results

In Section 1., we defined M (r,t,n) to be the number of partitions of n with crank congruent to r
mod t, and let , = exp(27i/p). Then we have

o0

el(e) —Z(ZMkp, )

We introduce a class of generalized eta products and its transformation under matrices in SLy(Z) due
to Yifan Yang. We later show how it relates to the crank function.

Theorem 2.1. (Yang [Yan04]) Let p be prime and g,h be arbitrary real numbers not simultane-
ously congruent to 0 modulo p. For z € H, we define the generalized Dedekind eta functions Egp(2)

by
h(2) =4 9/p/2H< hm1+><1_<p—hqu%)7
where B(x) = x? — x +1/6. Then the following transformations hold:
i) Egiph =E_g_pn = _gp_hE h
it) Eghip = Egn-

Moreover for v = (Z b) € SLy(Z), we have

d
iii) Eyp(z+0b) =e™BU/PE , 1(2) for c=0.

w) Eyn(vz2) = ea,b,c,d)e™ Ey i (2) for ¢ # 0 where

emi(bd(1—c?)+c(at+d—3))/6 if ¢ is odd,
e(a,b,c,d) =
—jemilac(l=d*)+d(b=c+3)/6 it q is odd,
2 2 _
5 9Pab+ 2ghbethled _gbth(d=1)

2

p p

W w=en(lh).

We now use Yang’s transformation results to find the transformation of our function F (ﬁ; z)
defined below under T'y(p).
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Proposition 2.2. Let p > 3 be prime, suppose 1 < { < (p—1), and define

#(9) = By

where, following Yang [Yan0/], we consider the generalized eta product

o0
L _
Eo (2 12 H 2" (1= ¢ e™).

(L) 1y = o (L),

1(A, £) = exp (m' (f(d_ D, o _ d)) , and A = (a b) € To(p).

p p p ¢

Here m is the least nonnegative residue of m (mod p).

Then

where

QU

Proof. Using Theorems 2.1 and [Kno70, Theorem 2, p.51], we have

¢ 2mib

2
e ) ife=0,
e’s Eou(z)

% [(atd)e—bd(c~1)=3c] 2

J-'(g;z> | [A], = - T2 ZZ(_ZJ o7 0and odd,
p e%[bd(1*02)+0(a+d*3)}em[PTiT] Eyea(2)
i [(a+d)e—bd(c>~1)=3c] )2

€6 - 255)1) if ¢ # 0 and even,

e e bd(1—c?)te(atd=3)] T i S5 _T]E&:,Ed(z)

_ ) e
Ecd(2)

. 2
i [cé 202%cd
e

te
Now, using Theorem 2.1 we have Ey. sq4(2) = (—C;M) P Eoa(z) = o p? ]E ().

Then,

# () 1, = ] 2
p

and we have our result.
The following corollary now follows easily and gives a simpler transformation.

Corollary 2.3. Let p > 3 be prime and suppose 1 < { < %(p —1). Then

7 (552) 11 =7 (4:).

where A € To(p?) N T4 (p).
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a b

Proof. Let A = <c d> € To(p?) NT'1(p). Then ¢ =0 (mod p?) and a =d =1 (mod p). So

i) pl(d— 1) + cdl® — clp =0 (mod p?),

i) pl(d—1)+cdl®> —clp=dl+ L+ cdl+cl =l(c+1)(d+ 1) =0 (mod 2).

Therefore,

-1 2
w(A,0) = exp <7m' <€(d ) + Cdf - Cg)) =1
b b p

and we have our result.

3. Proofs of main results

3.A. Modularity and transformation results

2

Let F* (%; z) = 77(1() ')Z) F (%; z). The generating function of the crank due to Andrews and Garvan
n(z

is given by

- m . n __ - 1—q"
C(Z,q):ZZM(m,TZ)Z q _T]L;[l(l_zqn)(l_zlqn)'

n=0 m

Replacing z by Cf; in the above expression and multiplying both sides by n(p®z), we can express the
crank generating function in terms of our eta functions as

__E*f.z where 2) =q 10t
n22) Gy (2) = (1 - C) F (p, ) here €, (2) = ¢~ 5 C(CCq). (3.7)

This leads to our first main result stated in the introduction section. We restate it here.

Theorem 3.1. Let p > 3 be prime. Then the function

n(p*2) Cp (2)
is a weakly holomorphic modular form of weight 1 on the group To(p?) NT1(p).

Proof. In the light of Equation (3.7), the proof of the theorem is equivalent to showing that F* (%; z)

is a weakly holomorphic modular form of weight 1 on the group T'g(p?) N T1(p). The transformation

n(p*z)
n(2)

condition holds using Corollary 2.3 and the well-known result that is a modular function on

To(p?) when p > 3 is prime. That is

for A € To(p?) NT1(p).

We next check the cusp conditions and show that F* (%; z) | [A]; (2) when expanded as a series in
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2miz

qp2 = exp( T ) has only finitely many terms with negative exponents for A € SLy(Z). By Theorems
2.1 and [Kno70, Theorem 2, p.51], we have

4 n(®*z) n(2)? n(p*z) n(z)’
F = 2z) |[A]; = Al = Al € )
(=) 110 = 25 By 1 = 5 1 a2
. . . n(p?z) . . )
where €4 is a root of unity. Using the fact that B is a modular function on I'y(p*) and the defi-
n(z

nition of 7(z) and Ey j,(2), we find that the series has only finitely many terms with negative exponents.

Next, we define the (weight k) Atkin U, operator by

1 p! z+r kE_1 L
F | [Uply, == F =p? ZF | T3], (3.8)
p 0 p n=0

1 r
T?" - (0 p) b
and the more general Uy, ,, is defined as

122 2mirm 247 . 2mirm
F | [Upmly, = ];Zexp (— > F( > :pE_IZeXp (— » > F [T, . (3.9)
r=0

p p —0

r=

where

We note that U, = U, . In addition, if

F(z)= Z a(n)q" = Z a(n) exp(2mizn),

n n

then
F | Upml, = qmP Z a(pn +m)q" = exp(2wimz/p) Z a(pn +m) exp(2minz).

n

Combining Equation (3.7) and Definition 1.4, we have

Proposition 3.2. Forp > 3 be a prime and 0 < m < p — 1 we have

e__e*{,z
@M@w41@v(ﬁ)u%% (3.10)

The modularity result of the crank function stated in the introduction section follows easily now.
We restate the theorem here and note that the proof utilizes the same technique as it did for the rank
dissection elements K, (2) [Garl9, Theorem 6.3, p.234]. The functions involved in the transformation
are however different.

Theorem 3.3. Let p > 3 be prime and suppose 0 <m < p—1. Then
(i) Spp0(z) is a weakly holomorphic modular form of weight 1 on I'1(p).

(i) If 1 <m < (p—1) then Spm(2) is a weakly holomorphic modular form of weight 1 on I'(p). In
particular,
2mibm

Spn(2) 1141y = exp (707 ) 8,0,

for A= <CCL 2) el'i(p).



Rishabh Sarma, Crank function symmetries 9

Proof. We let
a b
A_ <C d> Erl(p)v

and undergo the same matrix transformations as in the proof of [Garl9, Theorem 6.3, p.234], with
our function F* (%; z) replacing J* (%; z) , and apply Corollary 2.3 (since By, € I'o(p?) NT1(p)) to

arrive at

1

omibm\ 2 ( 27rik’m> <1 >
=—(1- ex exp | — F =2 ) | [T
1-6) p<p>k,z:0p ! Jie) |,
-
= exp < ﬂ;bm> Sp.m(2).

It is easy to see that each S, ,,(2) is holomorphic on H. The cusp conditions follow by a standard
argument. We examine orders at each cusp in more detail in a later section.

Spm(2) | [A]y

3.B. Symmetry result analogous to the rank

Theorem 3.4. Suppose p >3 prime, 0 <m<p—1,and1 <d<p—1. Then

() 1Al = S 1yt ks, (i), (3.11)

A= (Z I;) € Lo(p).

Proof. Once again, we undergo the same matrix transformations as we did in the case of KC,, ,(p, 2)
[GaSa24, Proposition 4.7], with our function F (%; z) replacing Fp (%; z), and apply Proposition 2.2.
Since B, € I'g(p), we have

1(By, 1) = exp <7m‘<(d_r/p_1) +p2(d_2rlp) —p))

p p

= (—1)"! exp <m' (‘T)) (=1)~"" P+,

1

— (1T

assuming 1 < a,d < (p—1) and

Therefore

Spm(Gpr2) [[A], = (1 - ¢,) F* (;) | [Ty, 114],

2

1_CP = —rmn(p Z) glz ,
S DI u(Br,nf(p, )1,

_M dmakl_cp r'ma? 2) g-z /
B Sin(dﬂ'/p)( DG ZCP <p’ ) [Ty,

using the facts that

(1-6)G7 _ sin(n/p)
A-¢)  smldn/p)

Cp—rm _ C;n(—r’cﬂ—&-ak) _ ;nakcp mr/ag,

and as r runs through a complete residue system mod p so does r’. The result follows.
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3. Proofs of main results

We end this section with an illustration of the validity and advantage of our theorem. The

following are the elements of the 11-dissection of 7(p?z)

Cp (¢p, 2) for p = 11 in terms of generalized

eta-functions. A similar form of this identity can also be found in the works of Garvan [Gar90] and

Hirschhorn [Hir90].

S11,0(C11,2) =0,

2
Si,1(Giny 2) = =(L+ Gy + ¢+ G+ ¢+ G+ ¢ s ’
m1,3(2)
112)?
S112(Ci1,2) = —(1+ ¢4 + ¢ + ¢ + Cll)??fl 4?)) Zi;éz;,
112)?
Su3(Cins2) = —(1+ ¢ +¢h) 251742)’
11z)?
Si1.4(G1s 2) = = (¢ +¢h) 251’52)’
~ n(112)?
Si1,5(C11,2) = miiz)
112)?
Sue(Gin,2) = =2+ Gy + ¢+ Qo+ G+ G+ G+ G+ ) 7751 2?)) Zizz;’
n(112)% ni1,3(2)
Su7(¢i1,2) = (i + ) mia(2) mia(z)’
n(112)% n11,2(2)
Sis(Cin,z) = (L4 ¢+ Cll) m1a(2) mis(z)’
2
S119(C,2) = (14 + ¢ + ¢+ ¢) M’
mi,2(2)
n(112)2 m14(2)

S11,10(C11,2) =

—(Ch+ ¢+ + )

mi2(z) mis(z)

We consider the m = 7 element of the dissection

S11,7(C1,
3 1
and find 81177(C11, Z)’[A]l for A= <11 4

z) =

n(112)*n11,3(2)

2 9
(G 6 m1,1(2)mia(z)’

) € I'p(11).

Using the transformations for 7(z) and the theta function fn ,(2) ([Garl9, Theorem 6.12 & 6.14,

p.243]) and the fact that fy ,(2)

S11,7(Ci1, 2)|[AlL

= (¢ + )

sm(

sin

(
sin(
sm(

which agrees with our symmetry result

,_.
=2

= [NN1p(2) =

= (¢h ‘1‘(11)

H\a’“ ey e

—

both quadratic non-residues modulo 11.

IN—p(2), we get

n(112)? f11,3(2)
fiu, 1(2 )f11,4(2) 4

(11z)3 fn,g(z)
f11,3(2) fir,12(2) B 5
/)

exp <9m> (1+¢+ C%)

<97r

277
e 11

) n(11z)2 i1 2(2)

n11,3(2) m1,1(2)

)
; > S11,8(¢1h, 2),

3.4). We also make note of the fact that m = 7 and 8 are
We can thus conclude that in the light of our symmetry
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theorem, the identities for KCp ,,((p, 2) in terms of generalized eta functions can be fully determined
if we know one identity each for the cases when m = 0, m is a quadratic residue mod p and m is a
quadratic non-residue mod p.

4. Lower bounds for orders of S,,,((,,2) at cusps

In this section, we calculate lower bounds for the orders of Sy, ((,, 2) at the cusps of I';(p), which
we use in proving the Sy ((p, z) identities in the subsequent section.

We first establish a few other useful transformation results.
n(z)°
Epo(2)

Eyo(z) = ¢PW/P)2 ﬁ (1 - quHﬁ) (1 - quﬁ) .
m=1

Let p > 3 be prime, 1 < ¢ < (p— 1), and define G (%; z) = , where

We list the transformations of Fy ¢(z) under matrices S = <(1) _01> and T = <é i), which are the

2)
generators of SLy(Z), and that of G ( ;z) under S.

i1
p
Theorem 4.1. 1. Ey(z) |[S]; = —ngpEZ,O(Z)-
2.6 (L) 18], = G F (55%).
3. Eoe(2) |[T], = ™/ Fy(2).

Proof. Proofs of (1) and (3) follow easily using the definition of Ej 5(2). (2) follows from (1) and the
transformation of 7(z) under S i.e. n(z) |[S]; = exp(=)n(2) ([Kno70, Theorem 2, p.51]).

Let 0, := {}"(%;z),g(g;z) :0<f<p}.

The action of SLy(Z) on each element can be given explicitly using Theorems [Kno70, Theorem
2, p.51] and 4.1. Also each F € U, has a g-expansion

.m
F(z) = >Z a(m) exp <2mz24p2> ,
m>mg

where a(mg) # 0. We define
mo

d(g; = —.
ord(G; 00) 217
For any cusp ¢ with (a,c) = 1 we define

ord (.7:; %) == ord(F |[4]; ;00),

where A € SLa(Z) and Aoo = 2. We note that F [[A]; € U,. We also note that this definition
coincides with the definition of invariant order at a cusp [BrSw07, p.2319], [Bia89, p.275]. The order
of each function F(z) € U, is defined in the natural way i.e.

ord (.7-"; %) :=2ord (n(z); %) + ord <1/E*,*; %) ;
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where ord (n(z); %) is the usual invariant order of 7(z) at the cusp ¢ [Koh11, p.34].

We determine ord (F;o00) for each F(z) € U,. After some calculation we find

Proposition 4.2. Let p > 3 be prime. Then

ord <.7-" (g;z> ;oo) =0,
p
14 1 2
(9 (552) =) =5~

We also need [Koh11, Corollary 2.2].

Proposition 4.3. Let N > 1 and let

F(z) = [] ntmz),

m|N
where each ry, € Z. Then for (a,c) =1,
ay _ o (me)’ry
ord (F(2); ) = 3~ 5
m|N
From [CKP09, Corollary 4, p.930] and [CKP09, Lemma 3, p.929] we have

Proposition 4.4. Letp > 3 be prime. Then we have the following set of inequivalent cusps for I'1(p)
and their corresponding fan widths.

. . 11 1 2 3 5(p—1)
CUSp. 100, Oa 2 39 %(pfly D’ D’ ) D )
Fan width: 1, p, p, p, ..., D, 1, 1, ..., 1.

We next calculate lower bounds of the invariant order of S, ,,((,, 2) at each cusp of I'1(p).

Theorem 4.5. Let p > 3 be prime, and suppose 0 < m <p—1. Then
(i)
>0 if p=11,

- _ﬁ(p —1)(p—11) otherwise;

ord (Sp,m (¢p, 2);0) {

(ii)

. 2
wnn=p)| F2<n<f- by

>0 otherwise;
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Proof. We derive lower bounds for ord (Sp m ((p, 2); ¢) for each cusp ¢ of I'1 (p) not equivalent to ioco.

We have

1

p—1
Spn(Gor2) = g7 (1= &) F* (;) | [Upand, = \1@“ ) G (;) [T,
k=0

()2

where

We calculate

for each 0 < k <p—1and each A = (Z Z) € SLy(Z).
Case 1. a+ ke # 0 (mod p). Choose 0 <k’ < p — 1 such that

(a+ke)k' = (b+kd) (mod p).

Then
Ty A= Cy Ty,
where L ) )
_ +ck =(—K(a+kc)+b+kd
— T AT = P To(p).
Cr =T, AT, ( e d— ke ) € T'o(p)
From Proposition 2.2 we have
/1 (1
F (p;z) | [T Al, = F (p;z) | [Ck T ]y (4.13)

d—FKc
= (Fp(2) | [Cx Tir]y) | 1(Cr, 1) F PERL [Tl )
where T implies that x € Z is reduced modulo p, and

Fy(z) = . (4.14)

Case 2. a+ ke =0 (mod p). In this case we find that

T.A=D;,P,
where
_(r O
=5 1),
1
= k b+ kd
Dy = (p(aj o) ;d >€SL2(Z),
and

b+kd —H(a+ke)

E.=D,.S =
k=DgS <pd .

> € L'o(p).
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From Proposition 2.2 we have

F(552) 1By = ntmn) 7 (52,

By Theorem 4.1(2) we have

]-"C);Z) | (D), = u(Ek,l)f<_pc;Z> [ [57) = (B 1) G 9 (;Z>

and

f@;z) [T Al = p(Er 1) G2 G <;;Z> JLE

so that

F* <11);z) | [T A, = (Fp(2) | [Dy Ply) (M(Ek,l)@pg (;;z> HPh)- (4.15)

Now we are ready to exam each cusp ¢ of I'1(p). We choose

.

A= <CC‘ 2) € SLy(Z), so that A(cc) =2

(i) ¢ =0. Here a =0, ¢ = 1 and we assume 0 < k < p — 1. If k # 0 then applying (4.13) we have

S
ord (]-"* (1; 2t k) ;0) == 1ord (Fp(z); k) + 1ord (F(d kc;z) ;ioo)
p D p p p p

=0+0=0,

by Propositions 4.3 and 4.2. Now applying (4.15) with & = 0 we have

ord <f* <;; ;) ;0) — pord (F,(2);0) + pord (g (;; z) ;ioo)

1, 1 1

= (p2 -1 — -
24p(p )+p<2p 2p2)
1

=5, D11

again by Propositions 4.3 and 4.2. The result (i) follows since

ord (Spm(2);0) > min ord <]—"* (1; Z+ k) ;0) .
p

0<k<p—1 p

n

(i) ¢ =1 where 2 <n < i(p—1). Let A = (711 0) so that A(co) = 1/n. If kn # —1 (mod p) we

1
1+kn
1 —k'n

ord <.7:* <1; Z+k> ;1> = 101rd (Fp(z); 1 —{—kn) + 1ord (f(l — kn;z) ;ioo)
p P n p pn p p

=0+0=0.

apply (4.13) with Cy = < ), and find that
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Now we assume kn = —1 (mod p) and we will apply (4.15). We have

o (3522 s 5 ) 5 3 )

24p 2p  2p?
L [p—1p+1) . 2p211
Z—%[u—n(p—n) 1f2§n<§—% p5;-,
>0 otherwise,

and the result (i) follows.

n b

(iii) ¢ = 3, where 2 <n < 2(p—1). Choose b and d so that A = (p d> € SLy(Z) and A(c0) = n/p.

Since n Z 0 (mod p) we may apply (4.13) for each k. We find that Cj = <n ;fp * >, and

d—FKp
1 k 1 k 1 d—Kp
ord <F* <; i > ;n> = —ord (Fp(z);n—:p) + —ord <J—"< p;z> ;ioo)
p p p p p p p
2_1 2_1
P i0="
24p 24

The result (7ii) follows.

5. Crank theorem and crank mod p identities

5.A. Dyson’s rank conjectures and the crank theorem

10 years after they were proposed by Dyson [Dys44], Atkin and Swinnerton Dyer [AtSw-Dy54] came
up with a proof of the Dyson’s rank conjectures stated below.

Dyson’s Rank Conjecture 5.1. (1944) For all nonnegative integers n,

N(0,5,5n +4) = N(1,5,5n +4) = --- = N(4,5,5n + 4) = 1p(5n + 4), (5.16)
N(0,7,7n+5) = N(1,7,7n+5) = --- = N(6,7,7n +5) = 1p(Tn + 5). (5.17)

Garvan, in [Garl9] notes that the proof in [AtSw-Dy54] involved finding and proving identities
for basic hypergeometric functions, theta-functions and Lerch-type series using the theory of elliptic
functions. It also involved identifying the generating functions for rank differences N(0,p,pn +r) —
N(k,p,pn +r) for p = 5, 7 for each 1 < k < %(p — 1) and each r = 0, 1,...p — 1. Subsequently
in his paper [Garl9, Section 6.3], Garvan gives a new proof of these conjectures using the theory of
modular forms, by calculating the orders of the rank dissection element le7O(Cp, z) at the cusps of
I'1(p) for p = 5 and 7 and making use of the Valence formula. In this section, we employ Garvan’s
idea in [Gar19] to give a new proof of the crank theorem modulo 11 (Equation (1.3)) using the Valence
formula and the orders of Syy 4(C11,2) at the cusps of I';(11) calculated in the previous section. It is
easy to observe that in our setup, the crank theorem is equivalent to showing

S11,0(C11,2) = 0. (5.18)
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Theorem 5.2. (The Valence Formula [Ran77](p.98)) Let f # 0 be a modular form of weight k
with respect to a subgroup T of finite index in I'(1) = SLa(Z). Then

1
where p is index T in F/(T) for T = F/{:I:I}

ORD(f,T) := > ORD(f,(,T),
CER*
R* is a fundamental region for I, and
ORD(f; ¢ T) = n(I'; ) ord(f; (), (5.20)
for a cusp ¢ and n(I'; () denotes the fan width of the cusp ¢ (mod T').

Remark 5.3. For {( € H, ORD(f;(;T) is defined in terms of the invariant order ord(f; (), which is
interpreted in the usual sense. See [Ran77, p.91] for details of this and the notation used.

In the following table, we give the order of Sj; ((C11,2) at the cusps using Theorem 4.5. Here
2<m< 2

cusp ¢ n(T'1(11);¢) Ord(sn,o(Cll,Z);C) ORD(SH,O(Clbz)aFl(H)aC)

100 1 >1 >1
0 11 >0 >0
1
m 11 > (5) >0
11 1 > >1
An easy calculation by hand shows that M (0,11,6) = --- = M(10,11,6). Expanding Sy ¢(11,2)

we see that this implies the coefficient of ¢' is 0 and thus we have that
ORD(8;; (€11, 2), T'1(11),400) > 2. Hence ORD(Syq (C11,2);T1(11)) > 6. But pk = % = 5. The
Valence Formula implies that Sy (11, 2) is identically zero which proves the crank theorem.

Remark 5.4. The same method could be applied to prove the mod 5 and 7 and cases of the crank
theorem i.e. Equations (1.1) and (1.2).

5.B. Crank mod p identities

In this section, we give identities for Sy, ((p, %) when p = 13,17 and 19 in terms of generalized
eta-functions given in Definition 1.1. Crank mod 13 identities were first studied by Bilgici in [Bil13]
similar to the work on rank mod 11 identities by Atkin and Hussain [AtHu58] and rank mod 13
identities considered by O’Brien in his thesis [O’Br65]. In [GaSa24], we also gave such identities for
elements of the the rank generating function. In general, these identities are of the form

pm Cpa Zcp,mk]p,mk ) (521)

where j, , 1(2) are eta-quotients comprising of generalized eta-functions, and ¢, ; are cyclotomic
coefficients. From Theorem 3.3, we know that S, ,,({p, 2) is a weakly holomorphic modular form of
weight 1 on I'(p). The proof of the identities primarily involve establishing the equality using the
Valence formula and showing that the RHS is also a weakly holomorphic modular form of weight 1

on I'(p).

_)

In [GaSa24], we derived conditions for an eta-quotient j(p, 77, z) to be a weakly holomorphic modular

form of weight 1 on I'(p).
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Theorem 5.5. ([GaSa24], Theorem 3.1) Let p, 7 and j(p, 7,z) be as in Definition 1.1. Then
j(p, 7, 2) is a weakly holomorphic modular form of weight 1 on T(p) satisfying the modularity

condition j(p, 7,2) |[A], = exp(%me)j(p,ﬁ,z) for A = <Z b) € I'i(p) provided the following

d
conditions are met:

p=1
2
L) no+ Y mp =2,
k=1
p=1
2
(2) ng —i-San =0 (mod 24)
k=1
p—1
2
(3) Z k*n; = 2m  (mod p)
k=1

In Section 7 of [GaSa24], we developed an algorithm for proving rank mod p identities that utilizes
the Valence Formula. Here, we follow the steps of the algorithm to prove crank identities modulo 13.

For the cases p = 17 and 19, we simply give the form of the identities omitting the values of the
coefficients, for each of the cases m = 0 and when m is a quadratic residue and a non-residue modulo
p. Their proofs follow the same technique using the algorithm as it does for p = 13.

To help calculate the order of the generalized eta functions at the cusps, we also need the following
result from [GaSa24, Prop.7.4].

a

Proposition 5.6. Let p > 3 be prime and suppose s = % is one of the cusps listed in Proposition 4./
with 100 represented by %. Then

(i) If (¢,p) =1 then
(p—1)/2

ORD (j(p, 7, 2), sFl(p)):i no + 3 Z n;

(i1) If c = p then
(p-1)/2 wi 1\ 2
ORD (](]%ﬁa Z)a Sarl(p)) 2 no + 12 Z < \‘jJ _ >

5.C. Crank mod 13 identities
5.C.a. Identity for S5,

The following is an identity for 513,0(C137 z) in terms of generalized eta-functions:

o) 12
Si30(C13,2) = Z (Z M(k,13,13n —7) g{g) " (5.22)

k=0

= Z 613,7’j(137 777‘(771))7 Z)a

r=1
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where
ni = (15,—1,-3,-2,-2,-2,-3),
and the coeflicients are:
136 = 2013 + (ls + (T + (s + (s + (s + (s + 2T + 2,
cig1 = —((13 + G5 + (s + s + G5 + (Ts),
c135= (i3 + G5 + s+ + T+ G+ + s+ 1,
c132 = (1§ — (s + s+ (s — (s + (s + 1,
€134 = — (Ci? + (D + P+ s+ (s + 2),
€133 = — (C183 + Cf:a) '

We follow the steps of the aforementioned algorithm in the process of proving the identity.

Step 1 We check the conditions for modularity as in Theorem 5.5 for j(13, 7r7~(771> ),z),1 <r <6 involved
in (5.22). Here, p = 13,m = 0,n¢9 = 15. In [GaSa24], Theorem 3.6 tells us that it suffices to
check modularity for r = 1. With n = (15,—1,-3,—2,—2,—2, —3), we easily see that

5
ng + an} = 27
k=1

5
no —|—3an =-24=0 (mod 24),
k=1

5
Z k?np = —221=0 (mod 13),
k=1

as required.

Since m = 0, we skip Step 2 in accordance with our algorithm.

Step 3 Using Proposition 5.6, we calculate the orders of each of the six functions f at each cusp of
I'(13).

ORD(f, ¢, I'1(13))

cusp ¢
f ico 0 1/n  2/13 3/13 4/13 5/13 6/13
j(13,m(ny),2z) 3 -1 -1 2 3 2 2 1
j(13,m(ny),2) 2 -1 -1 2 1 2 3 3
j(13,m3(n7),2) 3 -1 -1 1 2 3 2 2
j(13,m(ny),2) 2 -1 -1 2 3 3 1 2
j(13,m5(n7),2) 2 -1 -1 3 2 1 3 2
j(13,m(nt),2) 1 -1 -1 3 2 2 2 3

where 2 <n <6.

Step 4 Considering the LHS of equation (5.22), we calculate lower bounds A(13,0, () of orders
ORD (S13,0(C13,2),¢, I'1(13)) at cusps ¢ of of I'1(13).
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cusp ¢ A(13,0,()
100
0 -1
1/n 0
n/13  [7/13] =1

where 2 < n < 6 using Theorem 4.5. We note that each value is an integer.

Step 5 We summarize the calculations in Steps 4 and 5 of the algorithm (see [GaSa24], Section 7) in a
Table. The gives lower bounds for the LHS and RHS of equation (5.22), at the cusps (.

cusp ¢ n(T1(13);¢) ORD(LHS;¢) ORD(RHS;¢) ORD(LHS — RHS;()

100 1
0 13 > -1 > -1 > -1
1/n 13 >0 >—1 >—1
n/13 1 >1 1 >1
where 2 < n <6.
The constant B is the sum of the lower bounds in the last column, so that B = —1.

Step 6 The LHS and RHS are weakly holomorphic modular forms of weight 1 on I';(13). So in

the Valence Formula, ’1‘—]2“ = 7. The result follows provided we can show that ORD(LHS —

RHS,ic0,I'1(13)) > 9. This is easily verified using MAPLE (see https://github.com/rishabh-
sarma/crank-identities-modulo-13-17-19).

5.C.b. A quadratic residue case

The following is an identity for S;35(C13, 2) in terms of generalized eta-functions:

0o 12
S132(C13,2) = 45 (0" ¢"%) e ( > (Z M(k,13,13n — 5) d%) q") (5.23)
k=0

0 2k
TOR S's ("<13Z>) 15, 5(13, 7 (7). 2),

where
TTI> = (157 _17 _37 _27 _27 _27 _3)7
and the coeflicients are:

c13,1,0 = —(Ci3 + (s + (s + (s + s + (3 + 1),

c132,0 = 13 ({13 — (15 — (fs — (33 — (i3 + (T3 — 1),

1330 = —13 (¢ls + (),

c13.40 = i3 + G5 + Gl + (s + (s + G + 2,

1350 = —(C13 + ({3 + (3 + i),

c13,60 = —(Cis + C13 + Cis + 2T + 23 + 213 + 23 + Cis + i + (i),
C131,-1 = C132,-1 = €133,—1 = C134,-1 = C13,5,-1 = 0,

€13,6,—-1 = _(Cll?? + C173 + C163 + C?{;)-

We follow the steps of the algorithm in the process of proving the above identity.


https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
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Step 1

Step 2

Step 3

Step 4

2213513, m, (1), 2) and

-2
> j(13,7,(n1), z) involved in (5.23). We first make note of two aspects of
First, from Apostol’s [Apo76, Theorem 4.9, p.87], we observe that the eta

We check the conditions for modularity as in Theorem 5.5 for

f13,1(2) (77(13Z)
J13,6(2) \ n(2)
our functions.

2
quotient ("gi?) is modular under the congruence subgroup I'g(13). Also, writing the theta
quotient Q;égzg in its equivalent vector notation 77 = (ng, ny,nb, -+ ,ng) = (0,1,0,0,0,0,—1)

in accordance with our Definition 1.1, we observe that it doesn’t contribute to the weight and

6
TL{)-I-SZ:TL;g =0=0 (mod 24),
k=1

6
> k’nj=-35=4 (mod 13).
k=1
Thus it suffices to check the first step for the functions j(13,7rr(771>), z),1 < r < 6, which was
achieved in Step 1 of the proof for the previous identity 513’0(@3, ).

Next, we calculate the orders of the generalized eta-functions at 700 and considering the identity
with zero coefficients removed, we find that kg = 1. Thus we divide each generalized eta-function

—2
= ﬁ;;g (’77(71(2;)) §(13,m6(711), z), which has the lowest order at ico.

by jo

Using Proposition 5.6, we calculate the orders of each of the six functions f at each cusp of

I'1(13).

ORD(f,¢,T'1(13))

cusp (

f ico 0 1/n  2/13 3/13 4/13 5/13 6/13

13403 513, (23). 2) o 3 1 1 0 2 1 1 4
D11 (13, my 7). 2)/ o o 1 1 o o 1 2
1105 (13, ma (7). ) 3 1 1 1 1 2 1 o0
ﬁzﬁég%j(l&ﬂ(ﬁ)&)/m 2 -1 -1 0 9 9 0 0
B am@ e 2 <1 a1 1 1 0 2 o
D8] (13, mo(0), 2) o Lo o1 1 111
S (W3 g @ 0 0 0 0 0 0 0 0

where 2 < n < 6.

Considering the LHS of equation (5.23) after division by jg, we now calculate lower bounds
A(13,2,(¢) of orders ORD (W,C,Fl(l?ﬁ) at cusps ¢ of I'1(13).

cusp ( A(13,2,¢)
0 -1

1/n 0

2/13  [—14/13] = -1
3/13  [~11/13] =0
413 [1/13] =1
5/13  [-4/13] =0
6/13 -1
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where 2 < n < 6 using Theorem 4.5. We note that each value is an integer.

Step 5 We summarize the calculations in Steps 4 and 5 in a Table. The gives lower bounds for the LHS
and RHS of equation (5.23) divided by jo, at the cusps (.

cusp ¢ n(T1(13);¢) ORD(LHS;¢) ORD(RHS;¢) ORD(LHS — RHS;()

100 1
0 13 > -1 > -1 > —1
1/n 13 0 > -1 > -1
2/13 1 > -1 -2 > -2
3/13 1 >0 -1 > -1
4/13 1 >1 -1 > -1
5/13 1 >0 -1 > -1
6/13 1 > -1 -2 > -2
where 2 < n <6.
The constant B is the sum of the lower bounds in the last column, so that B = —9.

Step 6 The LHS and RHS are weakly holomorphic modular forms of weight 0 on I';(13). So in
the Valence Formula, ’1‘—]2“ = 0. The result follows provided we can show that ORD(LHS —
RHS,ic0,I'1(13)) > 14. This is easily verified using MAPLE (see https://qgithub.com /rishabh-
sarma/crank-identities-modulo-13-17-19).

5.C.c. A quadratic non-residue case

The following is an identity for Sy31(13,2) in terms of generalized eta-functions:

00 12
51371@137 z) = ql%(qlg; q13)oo Z <Z M(k,13,13n — 6) g{%) " (5.24)
n=1 \k=0
f131(2) S~ s (1(132)\** ,
2 Y S (BEL) e itz )2,
’ k=—1r=1

where

’I’L_1> = (157 _17 _37 _27 _27 _27 _3)7

and the coefficients ci3, 1, 1 <r <6, -1 < k <0 are linear combinations of cyclotomic integers like
the identities found previously. We do not include them here, but the exact identity along with the
maple code can be found here: https://qgithub.com/rishabh-sarma/crank-identities-modulo-13-17-19.
Utilizing the same algorithm, the proof follows similar to the identity for the quadratic residue case
813,2(413, z) done previously. We omit the details here.

Below, we present one identity for each of the quadratic residue, quadratic non-residue and m = 0
cases for p = 17 and p = 19. These are new and do not seem to appear in the literature elsewhere.
We however make note of the fact that the same set of theta functions j and vectors 77 are in-
volved in the corresponding identity for the rank ([GaSa24], Subsections 7.3 and 7.4). However, there
are much fewer functions in the corresponding identity for the crank here. We do not include the
cyclotomic coefficients here, but the exact identities alongwith the maple code can be found here:
https://qgithub.com /rishabh-sarma/crank-identities-modulo-13-17-19. Several of these coefficients are
Zero.


https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
https://github.com/rishabh-sarma/crank-identities-modulo-13-17-19
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5.D. Crank mod 17 identities
5.D.a. Identity for S;7

The following is an identity for S;; ((C17,2) in terms of generalized eta-functions:

00 16
S170(17,2) = (¢4 Moo Y | (Z M(k,17,17n — 12) g{z) q" (5.25)
n=1 \k=0
o (0(172)\** . .
=ZZ( i ) (xrmie ST, 10 (2), 2) + i e G770 (3), 2))

where

771> = (15> _37 _17 _27 _17 _27 _11 _27 _1)
"72> = (277 _2a _27 _37 _27 _47 _47 _47 _4)3

and the coefficients ci7, %, d17,%, 1 <7 < 8,0 <k <1 are linear combinations of cyclotomic integers
like the mod 11 and 13 identities found previously.

5.D.b. A quadratic residue case

The following is an identity for S;; 15(C17, 2) in terms of generalized eta-functions:

00 16
517,12(C17a z) = q%(qN; ‘117)00< (Z M(k,17,17n) Cf?) qn> (5.26)

n=1 \k=0

1 8 3k
_ i) gy <n<172>) (errmp J (AT, (1), 2) + diz e J(U7, 7 (73), 2))

where

771) - (157 _3a _17 _27 _17 _27 _17 _27 _1)7
77% = (277 _21 _27 _37 _27 _47 _47 _47 _4)7

and the coefficients ci7,, d17, 1, 1 <7 < 8,—1 <k < 1 are linear combinations of cyclotomic integers
like the identities found previously.

5.D.c. A quadratic non-residue case

The following is an identity for S;71(C17,2) in terms of generalized eta-functions:

00 16
Si71(G72) = 47 (0750 oo > (Z M(k,17,17n — 11) g{z) q" (5.27)

n=1 \k=0

1 8 3k
EIAORSSS (”(17z)> (rrmp J(UT 70 (1), 2) + dig e J(UT, 7o (), 2)) . (5.28)

has(z) = S
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where

1 =(15,-3,—1,-2,—1,-2,—1,-2, —1),
w5 = (27,-2, —2, —3,-2,—4, —4,—4,—4),

and the coefficients ci7,,, d17, 1, 1 <7 < 8,—1 <k < 1 are linear combinations of cyclotomic integers
like the identities found previously.

5.E. Crank mod 19 identities
5.E.a. Identity for S

The following is an identity for Sy ((C19, 2) in terms of generalized eta-functions:

(%) 18
S190(C19,2) = Joo D (Z M(k,19,19n — 15) dfg) q" (5.29)
n=1 \k=0
1 9 4k
19z . .
=% () (canr 09,7 T).2) + o (19,7 ). 2)+
k=0r=1 T](Z)
elg,r,k j(lga TrT(7T3>)7 2)) )
where
771) = (277 _37 _27 _47 _47 _37 _37 27 37 1)7
nb = (39, -5, —2,—5, -5, —3, =5, =2, =5, —5),
n% = (39, -5, —4,—3,—4, -5, —4, -4, -5, —3),

and the coefficients ci9 ;. ,d19,, %, and ejg,p for 1 < r < 9,0 < k < 1 are linear combinations of
cyclotomic integers like the mod 11,13 and 17 identities found previously.

5.E.b. A quadratic residue case

The following is an identity for Syg 15(C19, 2) in terms of generalized eta-functions:

00 18
S1015(Cr9,2) = g1 (¢*; q19)00<z (Z M (k,19,19n) g{g) q") (5.30)
n=1 \k=0

z ! 192)\ ** . )
= szggzi ( Z Z (777(7(2))) <619,r,k](1977rr(771>),z) + dig ok (19, 0 (73), 2)

k=—1r=1
+ €19,r,k ](19; 7-[-7'(773))7 Z))) )

where
771> (397 57 5) 7 57 45 5) _37 _57 _1)7
775 (397 37 57 7 57 37 2) _47 _57 _5)7
n% = (39, —4, -5, —4,—3,—3,—4, =5, -5, —4),

and the coefficients ci9 %, d19 ks €190k, 1 <7 <9, -1 <k <1 are linear combinations of cyclotomic
integers like the identities found previously.

, —
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5.E.c. A quadratic non-residue case

The following is an identity for 519’1(@9, z) in terms of generalized eta-functions:

S10.1(C19,2) = 475 (4% 4"%) o0 > ZMk 19,19n — 14) ¢f; | ¢" (5.31)
n=1

_ f19s(2) (5~ - (0192 , —y , —
Z ) (clg,r,kj(19, (1), 2) + dig .k 5(19, 7, (23), 2)
1

~ fige(2) PP

+e19,k (19,7, (15),2) ) ).

where
ni = (39, 5,5, —4, —5, —4, 5, —3, -5, 1),
n5 = (39,—3,-5,—5,-5,-3, -2, -4, —5,—5),
w5 = (39, —4, 5, —4,—3,—3,—4, —5, -5, —4),

and the coefficients ci9 %, d19, ks €190k, 1 <7 <9, —1 <k <1 are linear combinations of cyclotomic
integers like the identities found previously.

6. Concluding remarks

Building on our work on symmetries of the rank generating function [GaSa24], we have found
analogous results for the crank generating function in this paper. The transformation and modularity
properties as well as the p-dissection identities are similar for the rank and crank functions. It would
be interesting to examine the underlying theory behind this resemblance more closely. Two other
natural problems to consider are finding crank dissection identities for higher primes p > 23 and also
exploring such symmetries for other partition statistics and also their overpartition analogues.

Acknowledgement. The author would like to thank his advisor Frank Garvan for suggesting this
problem and his support and guidance throughout the course of this project.
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