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Upper bounds for shifted moments of quadratic
Dirichlet L-functions over function fields

Peng Gao and Liangyi Zhao

Abstract. We establish bounds on shifted moments of families quadratic Dirichlet L-functions over function fields. These
estimates are consistent with their conjectured orders of magnitude. As an application, we prove some bounds for moments of
quadratic Dirichlet character sums over function fields.
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1. Introduction

Moments of families of L-functions are studied extensively in number theory. K. Soundararajan [Sou09] estab-
lished, assuming the Riemann hypothesis, upper bounds for the 2k-th moment, with £ > 0, of the Riemann
zeta-function. These bounds were made sharp by A. J. Harper [Har| using ideas from [Sou09],[Rad]. For
central values of the family of quadratic Dirichlet L-functions over @Q, asymptotic formulas were given by M.
Jutila [Jut81] for the first and the second moments, and by K. Soundararajan [Sou09] for the third moment. In
[She21], Q. Shen evaluated the fourth moment asymptotically under the generalized Riemann hypothesis(GRH).
An unconditional result was later obtained by Q. Shen and J. Stucky [ShSt] using ideas of X. Li [Xia24] in
the asymptotic evaluation of the second moment of quadratic twists of modular L-functions unconditionally
and improving an earlier result, conditional on GRH, of K. Soundararajan and M. P. Young [Soul0]. Precise
conjectural formulations of the asymptotic behaviors of all k-th, with k € [0,00), moments are given by J.
P. Keating and N. C. Snaith [KeSn00] and by J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein
and N. C. Snaith [CFKRS05]. Related to this, sharp lower (resp. upper) bounds for these k-th moments
have been established for all £ > 0 (resp. 0 < k < 2) unconditionally, by incorporating the results in [Har],
[Sou09], [RuSo06], [RuSo05], [RaSo13], [Gao-a], [Gao-b]. Moreover, sharp upper bounds (see [Har]) have been
established for all £ > 2 under GRH.

Instead of only focusing on the central values, the result in [ShSt] in fact evaluates the shifted fourth moment
of the underlying family of L-functions. The study of shifted moments was first conducted in the work of V.
Chandee [Chall] with subsequent improvement by N. Ng, Q. Shen and P.-J. Wong [NSW24] and sharpening
by M. J. Curran [Cur24]. Here we note that similiar upper bounds were obtained using similar approaches by
B. Szabé [Sza24] and M. J. Curran [Cur24] for shifted moments of the family of Dirichlet L-functions to a fixed
modulus and of the Riemann zeta function, respectively. An extension of Szabd’s result to the function fields
was given in [BaGa).

In [GaZa], the authors applied the method in [Sou09], [Har] to show that, for fixed integer k > 1, positive

real numbers a1, ..., ax, A and a real k-tuple t = (t1,...,t;) with [t;] < X4 for a large real number X, then,
under GRH,
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where ((s) is the Riemann zeta function defined in the rational number field.

The aim of this paper is to extend the above result to the rational function fields setting, in which some
earlier work has been done by P. Darbar and G. Maiti [DaMa21]. This will then be applied to bound the
moments of quadratic character sums as in [GaZa]. A brief preface is required before we can state our results.

We fix a finite field F, of odd cardinality ¢ and denote by A = F,[T] the polynomial ring over F,. Let
deg(f) be the degree of f € A, and define the norm |f| to be |f| = ¢4°8Y) for f # 0 and |f| =0 for f = 0. We
set

Hogt1,¢ ={D € A : square-free, monic and deg(D) = 2¢g + 1}.

We reserve the symbol P for a monic, irreducible polynomial in A and refer to P as a prime in A. For any
non-zero monic D € A, the quadratic symbol (ﬁ) for any prime P € A is defined by

p 0, itP|f,
<P> = { 1, if P4 f and f is a square modulo P,
—1, if P4 f and f is not a square modulo P.

The above definition is then extended multiplicatively to (5) for any non-zero monic D € A. The quadratic
reciprocity law (see [Ros02, Theorem 3.3]) asserts that any finite field Fy of odd cardinality ¢ and non-zero
monic C;, D € A with (C,D) =1,

<g) _ <g) (—1)deE(©) deg(D)(a=1)/2 _ <(1)dcg(D)D> ’ (1.1)

where the last equality above follows from the relation (see [Ros02, Proposition 3.2]) that for any element
acl,

2) — gdeg(O)(a—1)/2.
C
D

We write xp for the quadratic symbol (
R(s) > 1is then defined as

) throughout the paper. The L-function associated with yp for

Lisxo) = 3 229 _ [0 - wp)p )

S
= ] P
Moreover, let (4(s) denote the zeta function associated to A.

S

We shall often write L(s,xp) = L(u, xp) via a change of variables u = ¢~*, where

L xp) = 3 xo(Fus® = T[(1 = xo(Pyuses?) L, (1.2)
feA P
Here and after [[, denotes the product over all primes in A.
Our first result bounds from above the shifted moments of L(s, xp) for D € Hag41,4, analogous to [GaZa,
Theorem 1.1].

Theorem 1.1. With the notation as above, suppose that X = ¢?911. Let k > 1 be a fived integer, ai,...,ay
fized positive real numbers, and t = (t1,...,tx) be a real k-tuple. Then we have for g larger than some constant
depending on the aj,

> LG+t x) [ (G + itk xo) [

DeHagt1,4
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X (log X)@i+-+ad)/4 ‘ (1 ity —t —) ’ (1 (1 + ¢ —)
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Consequently,
Z |L(%+’Lt1’XD)‘al|L(%+Ztk’xD)‘ak
DeHzgt1,q
1 ajar/2 1 ajar/2
<<X(1ogX)(af+"'+ai)/4 H min(logX,:> " min(logX, :) o
1sy<isk log qt; —ti| log q|t; + ]

1 a?/4+a;/2

< T1 min(log)g:) a2

1<j<k log g2t
where 0 = min, ez, |0 — 27n| for any 6 € R. The implied constants above depend on k and aj, but not on X or
the t;’s.

The special case of t; = ¢; for all j, [ and ¢ prime was established in [Flo17a, Theorem 2.7] with an extra
factor ¢° on the right-hand side of (1.3). Moreover, the case of ¢t; = 0 and ¢ prime is [GaZa23, Theorem 1.1].
See also [AnKel2], [Junl3], [Flo17b], [Flo17¢], [Flo17a], [Dial9] for asymptotic evaluations of the k-th moment
of the family of L-functions studied in Theorem 1.1 at the central point for k = 1,2, 3, 4.

Note that Theorem 1.1 is valid unconditionally as the Riemann hypothesis is true in the function fields
setting. Also, our result depends on logqlt; — t;| instead of |¢; — ¢;| since the L-functions L(% + it, xp) are
periodic functions of t. In particular, Theorem 1.1 is valid without any restrictions on ¢;.

We point out here that in [BDPW], J. Bergstrom, A. Diaconu, D. Petersen and C. Westerland used a
novel approach from algebraic topology to unconditionally establish asymptotic formulas for all moments of
central values of quadratic Dirichlet L-functions over function fields. One may be able to carry the treatment
in [BDPW] to the case on shifted moments as well. Nevertheless, our proof of Theorem 1.1 is more direct and
simpler.

We also note that the Density Conjecture of N. Katz and P. Sarnak [KaSa99a], [KaSa99b] associates a
classical compact group to each natural family of L-functions. Under this philosophy, the family of quadratic
Dirichlet L-functions is a symplectic family of L-functions, whilst the family of Dirichlet L-functions to a fixed
modulus and the family of the Riemann zeta function on the critical line are all unitary families of L-functions.
Consequently, the upper bounds obtained in (1.3) differs from those obtained in [Sza24], [Cur24], [BaGa] in
the sense that there are extra terms involving with products of various powers of

‘gA(1+z'(t.j+tl)+ )‘ and ‘CA(1+2z'tj+ 1< l<k.

1 1
log X log X )
The appearance of these terms are due to the contribution of the prime squares (see Proposition 3.2 below)
as xp(P?) = 1 for most primes P € A. In the calculations for zeta or Dirichlet L-functions however, the
prime squares emerge quite differently. For example, in the situation of the zeta function, corresponding to
the contribution from yp(P?) in the symplectic case, one need to consider averages over primes p of p?® for a
fixed ¢ € R. Unlike xp(P?), these terms oscillate rapidly. Hence their contributions are negligible.

We shall use Theorem 1.1 to estimate moments of quadratic Dirichlet character sums. Define, for any real
m > 0,

2m

Suea¥)= 3| Y o)

DeHtagt1,q4 ' |fISY

Here and throughout the paper, we use the convention that when considering a sum over some subset S of A,
the symbol fes stands for a sum over monic f € S, unless otherwise specified.

Applying arguments similar to those used in the proof of [Sza24, Theorem 3], we obtain the following bounds
on S (g, 9,Y).

Theorem 1.2. With the notation as above, any real m > 3/2, we have, for q larger than some constant
depending on m and Y > 1,

Sm(‘]v 9, Y) < XYm(log X)2m2fm+1’
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where the implied constant depending on m only.

2. Preliminaries

2.A. Backgrounds on function fields

We cite a few facts about function fields in this section. Most of these can be found in [Ros02].

For R(s) > 1,
) = Y o = Tla = 1P

feAa P
As there are ¢" monic polynomials of degree n, it follows that

1
Ca(s) = T

This extends (4(s) to be defined on the entire complex plane with a simple pole at s = 1. Also, as a special
case of (1.2), we have (4(s) = Z(u) with u = ¢~* and
Z(u) =[]0 —ueP) =" = (1 — qu)~". (2.4)
P

Recall that xp stands for the quadratic symbol (2) It is shown in [Flo17a, Section 2.1] that the associated
L-function L(u,xp) is a polynomial in u of degree at most deg(D) — 1 when D is monic and D # O, where
O stands for a perfect square in A. Hence L(u, xp) is defined on the entire complex plane. Moreover, from
[Flol7a, (2.2)], for D € Hagy1,q,

2g

L(u,xp) = H (1 - ozqu/Qu) . (2.5)

Jj=1

where |o;| = 1, using the Riemann hypothesis in functions fields proved by A. Weil [Wei48].

2.B. Estimates of various sums
We begin with some formulas from [GaZa23, Lemma 2.2].

Lemma 2.1. For x > 2 and some constant b, we have

log |P
E ogP\ | =logz + O(1), and (2.6)
|P|<=z 7]
1 1
Z — =loglogz +b+0 | —— |. (2.7)
Ples | P| log x

The next result is established in [BaGa, Lemma 2.4], which generalizes (2.7) and is analogous to [Koul3,
Lemma 3.2], [Cur24, Lemma 2.6] and [Sza24, Lemma 2] in the number fields setting.

Lemma 2.2. Let o > 0. Then forxz > 2,

cos(alog|P|) 1 ) B i 1
Ipz; — P =log ’CA (1 + logz + za)’ + O(1) = log min (loga:, alogq) +O(1). (2.8)

We define for any f € A,

1) =] (l’ﬁ)'
Pif

As usual, throughout the paper that any empty product is defined to be 1 and the empty sum 0. We observe
that E(f) > 0 for any f.

Now we have the following result for quadratic character sums.
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Lemma 2.3. With the notation as above and X = ¢*9*', we have, for any monic f € A,

> 1ort(%)

R (2.9)
=070 X [J0 — [P+ 1(P) P < [T+ 1) P 4+ O0u(X 25 119,
r PIf
and . . "
e — 1 1/2) p11/4
De?{zzgﬂ)q (f) 6f_D(CA(2))IID_|[f<|P+1> +O(X If] ) (2.10)

Here 6p— = 1 if f is a square and 6_ = 0 otherwise.

Proof. The formula in (2.10) follows from [And16, Lemma 4.1]. This it remains to prove (2.9). Let u(f) be
the Mobius function in A. An application of Cauchy’s residue theorem gives that, for r small enough,

> oot (2) - X o ()

DeHagi1,q deg(D)=2g+1
1 9 o (D udePdy
~omi / ZM (D)I(D) (f) T u2o+2
Now, the multiplicativity of the summands gives

R ) R (e R T ) e

P

(2.11)

where £ (u, ( ;

?>) is defined similar to that in (1.2) and where

=1 (5)=) ro 107 (5) o).

Note that I(P)™% =1+ O(‘%I) so that

Qf(u):H(1+o(“d§f|m)).

P

The above then implies that @ ;(u) is analytic in the region |u| < 1.

We now shift the contour of integration in (2.11) to |u| = ¢~*/27¢. We encounter no pole in this process

when f # O and a simple pole at ©w = 1/q when f = 0. Note that it is immediate from (2.4) that the residue of
Z(u) at u = 1/q equals —1/q. This allows us to deduce that the contribution of the residue due to the shifting
of contour is

X[[a—=1pHa+ 1Py 1P x [+ 1(P)~*[P|7 )7,
P P|f

Furthermore, it follows from the proof of [AlTs14, Theorem 3.3] (see also [Flo17b, p. 6144]) that for a
square-free h € A of degree 2d or 2d + 1, for any |u| < ¢~'/? and any & > 0,

»C('Uth) < e2d/logq(d)+4\/q7 <. |h|a

We then write (—1)38() f = f, f2 with f, square-free and apply the quadratic reciprocity law (1.1) to see
that for any |u| < 1/2 and any & > 0,

eu(3)) =< (w (M)) — Ll xs) [ = xn (Puts®) < da(f)l 1] < |1

/ Plf2

Here d4(f) is the divisor function on A and da(f) < |f|° (see [GaZa23, (3.3)]). Hence, the contribution from
the integration on the new contour can be absorbed in the error term given in (2.9). This completes the proof
of the lemma.
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2.C. Perron’s formula

The following analogue of Perron’s formula in function fields (see [Flo17a, (2.6)]) is an easy consequence of
Cauchy’s residue theorem.

n

Lemma 2.4. Suppose that the power series Y .- a(n)u™ is absolutely convergent in |u| < r < 1. Then for

integers N > 0,

1 = n du
Z a(n) =5 (Z a(n)u )W (2.12)

3. Proof of Theorem 1.1

3.A. Initial treatment

The proof follows closely that of [GaZa, Theorem 1.1]. We also use the ideas from [Cur24], [Sza24]. The
key point is to apply the upper bounds method of Soundararajan-Harper as in [Sou09], [Har] to bound
log |L(1/2,xp)| for D € Hagi1,4 in terms of a short Dirichlet polynomial over the primes. Such a bound
can be derived based the proofs of [AlTs14, Theorem 3.3], [BFKR-G20, Proposition 4.3] and [DFL21, Lemma
3.1]. As already pointed out in the Introduction, our proof of Theorem 1.1 differs from those in [Cur24], [Sza24]
because there is a contribution from the prime squares.

Observe from (2.5) that L(s, xp) is a polynomial of degree 2g for D € Hayy1,4,. We may thus proceed as
in the proof of [BFKR-G20, Proposition 4.3] by setting m = 2g 4+ 1 there and also make use of the proof of
[AlTs14, Theorem 3.3] to obtain the following result, analogous to [BFKR-G20, Proposition 4.3].

Proposition 3.1. Let D € Hogy1,4 and m =2g+ 1. For h < m and z with R(z) > 0, we have

) XD(Pj) log g7 deg(P)
log |L(§ + Z’XD)| < ﬁ + §R< Z |Pli(/2+=+1/(hoga) log i ) (3.13)
i>1

deg(P7)<h
Lemma 2.1 implies that the contribution from terms on the right-hand side of (3.13) with j > 3 is O(1).

Thus, from (3.13) by setting X = ¢t 2 = ¢" and o + it = 1/2 + 2 with o, € R, we see that, for o > 1/2
and z < X,

. log(x/|P|) Xp(P?)  log(x/|P]*) |  logX
log|L t <R . o
Og| (U +e 7X)| - P|Z< |P|o’+zt+1/logz logx |P|Z1/2 |P|20’+2zt+2/logz QIng IOgI + ( )
ST <z
log(z/|P[) 1 Xp(P?) log X
<R - : o
R P|Z< |P|ff+”+1/ B logr 2 p|<Z PR o | gy O
s <z
(3.14)
where the last estimation above follows from (2.6).
Again, (2.6) renders that
X (P?) Xp(P?) log|P| _
|P<Zm (1persar ~ peesarearies) < |p<zw Pliogz — 7 (3.15)
Now (3.14) and (3.15) give
, p(P)  log(z/|P]) 1 xp(P?) log X
log |L(o +it, x)| <R Z |P|U+zt+1/logaz log = +§ Z | P|20+2it + log = +0(). (3.16)

|P|<z |P|<az!/?
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Moreover,

1 xp(P?) 1 1 1 1
9 Z |PJ2o+2it D) Z |P[2o+2it 2 Z | PJ2o+2it

|Pl<at/2 |Pl<at/? |P|<a!/?
) X PllD (3.17)
§§ Z | P|20+2it + Z 2|P|’
|P|<z!/? P|D

Using the inequality < —log(1 — z) for any 0 < z < 1, the last expression above is

1
9 Z |P|20+21t Zlog( 2|p|> (3.18)

|P|<a!/?

IN

We deduce readily, from (3.16)—(3.18), the following analogous of [Sza24, Proposition 2|, which estimates
from above sums with log |L(1/2 + it, xp)| for various t.

Proposition 3.2. With the notation as above and assuming the truth of GRH, let k > 1 be a fixed integer and
a=(ay,...,ax), t = (t1,...,tx) real k-tuples such that a; > 0 for all i. For any monic polynomial f, let

1./ ‘
N =GR amlf7).
m=1

Set a =aj + -+ ay. Then, for large X = ¢*9™1 and 0 > 1/2,

(P)xp(P) log(z/|P]) H(P?)  logX
log |1(D t <2 o(1).
Zaj og|I(D)L(o +itj, xp)| 1; P/ losr  log +|P;1/2 7 g O (319)

We also note the following upper bounds on moments of quadratic twists of L-functions, which is a
consequence of [Flo17a, Theorem 2.7].

Lemma 3.3. With the notation as in Proposition 3.2, we have for large X = ¢29+1,

> LG +ituxp) [ [L(5 + itk xp) [ <aX (log X)O.
DeHagri,q

3.B. Completion of the proof

Recall that we set X = ¢?971. Following the ideas of A. J. Harper in [Har], we define, for a large number M
depending on a only,

2071

A . _ _ o _M
(log log X)2’ forallj >1, J=UJax=1+max{j:a; <1077}

ap=0, a;=
We set Pj = (XO‘J*HXO‘J'} for 1 < j < J. Lemma 2.1 gives that, for X = ¢?9*! large enough,

Z <loglog X = ay /2,
PeP; ‘P|

1
Z TPl =logajt1 —loga; +0o(1) =log20+0(1) <10, 1<j<J -1, and
o T

log(1/a;)

_i<
T =570 20

We define [] to be min{n € Z : n > x} for any real number x and £; = 2[¢"a; 3/41 with B being a large

number to be chosen later depending on a only. Note that ¢; are all even 1ntegers We set for any non-negative
integer ¢ and any real number x,
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We define three totally multiplicative functions H(f,x), H1(f,z), s(f, ) whose values at primes P are set
to be

__2H(P) _4H(P?) _ log(z/|P])
H(P,.’L') _W’ Hl(P,I‘)—W7 S( 7$)—W
First, we see that for any f € A,
[H(f,z)] <1.

Let w(n) denote the multiplicative function such that w(P*) = «a! for prime powers P*. We set = X
and z = 1/2 in (3.13) to deduce that

k J 2 2 yoj
1 . a Hl(P , X J)
D anlogI(D)L(G +itm,x0)| S0y Miy(D)+ 5 3. =5

=1 |Pl<X /2

+ aozj_1 +0(1),

where

My (D)= H(P’XQJ)XD(P)S(P,X%), 1<1<j<J.

PePp \% |P|

We also define the following sets:

‘
8(0) ={D € Hagt1,4 : |aM1,(D)| > ﬁ

é
S) ={(D € Hagt1,4 : laMp (D) < —=forall 1 <m <j, andm <1< J,

for some 1 <1< J},

L
but [aMi1,(D)| > 1J(J)r3 forsomej+1§l§j}, 1<j<J,

Lo,
S(T) ={D € Hagt1,4 : |[aMp, 7(D)| < 108 foralll<m < J}.
We now proceed using the approach of [GaZa, Theorem 1.1]. As our proof follows by a straightforward

modification of that of [GaZa, Theorem 1.1], we shall omit some details here. Let Q(f) denote the number of
prime powers dividing f € A to see that

[1/(10%a1)]
ISREEDY Z(”’ o, ()

DES(O D€H2g+1ql 1
a-103\2[1/(10%a1)] (2[1/(103ay))!s(f, X)) H(f, X1)
Z( ) 2 VI Wiy e
=1 f DeHagt1,q
Q(£)=2[1/(10°01)]
P|f = PeP;
(3.20)

We apply Lemma 2.3 to evaluate the inner-most sum on the right-hand side of (3.20). Thus, similar to
[GaZa, (3.13)],

—a7t/20 _ —(loglog X)2/20
Yl Xem /20 = xemloslos : (3.21)
DeS(0)

We now deduce via Holder’s inequality that

Z |L +it1,XD)| 1'-'|L( +Ztk7XD ( Z 1) ( Z|L +it1,XD)|2 1|L(% +itk7XD)|2 k) .
DeES(0 DeS(0) DeS(0)

(3.22)

Note that by (2.8), we have for any ¢ € R,

|
log X > ‘CA(l it + —)‘ > min (log X, ——) > 1
log X [t[log g
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It then follows from Lemma 3.3, (3.21) and (3.22) that

> [EG +itnxo) [ (5 + it xo) [

DeS&(0)
1 ajar/2 1 aja;/2
X (log X )(@i+-+ak)/4 ) (1 i(t; —t —) ‘ (1 (1 +t —)
<X (log X) H Call+i(t; l)+logX Ca +z(J+1)+10gX
1<j<i<k
1 a3/4+a;/2
1+ 2it, 7>
X1<1__[<k‘<‘4( + ZJ_'—logX
<<

It thus remains to show that

J

Y > LG ity xo) [ [L(5 + itk xo) |

j=1 DeS(j)

2 1 ajay/2 1 aja/2
X (log X )(@i+-+ad)/4 ‘ (1 i(t; —t —) ’ (1 (1, +t —)
<X (log X) H Call+i(t; z)+10gX Ca +Z(1+z)+10gX
1<j<I<k
1 a3/4+a;/2
1+ 2it, 7)
< 11 a1+ it g X
1<5j<k
(3.23)

We deduce from (3.19) that for a fixed j with 1 < j < 7,

LG +itxn)[™ o [L(5 + ity xo) [

<I(D) ™ exp ((Q;Ua) w| ¥ 6121114(5;')(“]') e (aljzl Moy 0)a( L) (3.24)
|P|<x3i/? =

We apply the Taylor formula with integral remainder to see that
exp (aMu;(D)) = Er, (aMu5(D)) (1+O(e™))
Inserting the above into (3.24), we obtain that
|L(% +ity,xp)|" -+ |L(% +ite, xp) |
(Q + Da H\(PX) | [ o T
—_ ——— = | I(D)"*| | E i(D)).
<L exp ( o exp Z ( ) H Kz(@Ml,]( ))

i ‘e AP -
|P|<x%i/ =1

It follows from the above and the description on S(j) that for a fixed 7 > 1,

, o , . +1 2[, (P, X% J
> LG +ituxo)] "'|L(§+%tk7><D)|k<<exp<(Qaj )a)eXp > i | :Z o

DeS(4)

where

—a ! 103 2[1/(10a;41)]
So= 3o 1O []EalaMis(0) (5 laMsn (D)) :
J

DeHag41,q =1

We now focus on the evaluation of S, for a fixed v by expanding the factors in S, into Dirichlet series.
Similar to [GaZa, (3.24)], we may write for simplicity that

Su="Y_ ¢ >, ID)*xo(f), (3.26)

[f1€Xx1/10 DEHzg41,4
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where |cf| < X°©.

We now apply Lemma 2.3 to evaluate the inner-most sum in (3.26) by noting that the contribution from
the O-term in (2.9) is negligible, while the contribution from the main term in (2.9) to S, is

J

< X ( Z H(fi, X%)s(f1, X7) a¥F) b(fi) H(l N I(P)7G|P|7l)71> ((a- 103>2[1/(103aj+1ﬂ

=1 f,=0 Vi w(fi) Plf, lita
(2[1/(103011'4-1)1)!3(]0%Xa“)H(fuaXa") —a|p|—1y—1
) Nin w0 R )

Q(fu)=2[1/(10%cr;j 41)]
P|fy, = PePj

where b;(f), 1 < j < J are functions such that b;(f) = 0 or 1 and b;(f) = 1 if and only if Q(f) < ¢; and the
primes dividing f are all from the interval P;.

Using the observation that [[p . (1 + I(P)~*|P|=Y)~t <1 and H(f,X%),H(f,X%) >0 when f =0, we
see that the expression above is

- Xﬁ( Z H(f, X%)s(f, X%) aQ(fz)b (f)) ((Lloi”)ﬂl/(w?’anl)]

N = VI w(fy) AN G
(21/(10%041) Dl (fu, X*0) H (fu, X°)
: 2 Vi Wity )

Q(fu)=2[1/(10%a;11)]
P|fu. = PEP;j11

We evaluate

H(fla Xaj)5<fl, Xaj) aQ(fl)
fLZ=:D Vi w(f) bi(f1) (3.27)

by noting that the factor b;(f;) limits f; to have all prime factors in P; such that Q(f;) < ¢;. If we remove the
restriction on Q(f;), then (3.27) becomes

3 H(fi, X*9)s(f1, X*9) a®UV)
=0 Vi w(f)

P|fi=PePp,

(3.28)

On the other hand, using Rankin’s trick by noticing that 27— > 1 if Q(n;) > #;, we see that the error incurred
in this relaxation does not exceed

Z QQ(fl)iel|H(fl,Xaj)S(fl,Xaj)| a2f)
= véil w(fi)

P|fi=PeP,

(3.29)

As the expressions in (3.28) and (3.29) are now multiplicative functions of f;, we may evaluate them in
terms of products over primes. From Lemma 2.1, the observation that for |P| < X%/,

. log | P|
S(P’X -7) = 1+O(10gX0‘_1)’

we deduce that

H(fy, X%)s(fy, X%) a0 " a?H?(P, X ) log | P| 1
2 T w(y IS (1+0e ) )en( 3 2P| +0( Z<|P|logX%‘ + |P|2)>>'
fi=0

PecP; PePR,
By similar arguments, we see that upon taking B large enough,
(a . 103)2(1/(103%“)1 Z (2[1/(10% 1) D' (fus X*) H(fu, X*¥) < e 10°(@Q+1)a/(2a;11)
€j+1 fu=0 vV fu w(fu)

Q(fu)=2[1/(10%cr;j 1)1
P|f, => PEP;j 41
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It follows from the above and Lemma 2.1,

. 2H2(P, X log | P 1
S, e 0@/ Y ey (Y ww( 3 (%Il+pz)))

- 2|P] - | P|log X i
PeU_, A |PleUi_, P
27172 aj
<<e—103(Q+1)a/(204j+1)XeXp( Z a*H*(P, X J))'
. 2p
PGU'{Zl Py
We insert the above estimation into (3.25) and make use of the observation that 20/a;y1 = 1/a;.

Consequently

> |EG +itxo) [ (5 + ites o) [

DeS(j5)
(Q+1)a Q2H2(P, X) 2H, (P, X)
< exp ( o X exp (P ZJ: o + ZM 4P| ) (3.30)
ceUi=. |P|<X®d
(@+1a (2H(P))?) H(P?)
Xexp (- &r2e =B .
<X e ( o PIZQX IZE U;X IP] )

We now apply Lemma 2.2 to evaluate the last expression in (3.30) and note that summing over j leads to a
convergent series. This enables us to derive the desired estimation in (3.23) and therefore completes the proof
of Theorem 1.1.

4. Proof of Theorem 1.2

The proof of Theorem 1.2 uses ideas in the proof of [Sza24, Theorem 3]. Without loss of generality, we may
assume that log, Y is a positive integer. Recall the definition of L(u, xp) in (1.2). We apply Perron’s formula
n (2.12) to see that for a small r > 0,

du 1 L(u, xp)du
> xolh) =g § (S0 )i =g § o 69

211
IfI<Y |u|=r lu|=r

We shift the line of integration in (4.31) to |u| = ¢~/? without encountering any pole. Thus

3 1 L(u,xp)du Y2 f L(u/\/q, xXp)du
XD 27_” (1 _ u)ulogq Y+1 21 (1 _ u/\/@)ubgq Y+1°
ful=g~1/2 ful=1

[fI<Y

We deduce from the above that

5 ’Z ol) ‘2 v Y ’ j{ L(u/\/q,xp)du ym 3 (/‘ " /\/a, XD ’dt)

1—u logq Y+1
DeHagri,q [fISY DeHagy1,q lu|=1 ( /\[) DeHtagriq

27n

It follows that to prove Theorem 1.2, it suffices to establish the following.

Proposition 4.1. With the notation as above, we have for any real number m > 3/2,

] / ‘z: €/ /3, X) ‘dt) < X(log X)2m*=m+1, (4.32)

D€H2g+1 a 0

Proof. As |L(e"/\/q, XD)‘ = |L(e!?7=1/\/q, xp)|, it follows that

27 ™

> (/‘ﬁ(e“/\/&,xD)‘dt)Qm < ¥ (/’C(e”/\/a,xp)‘dt)2m. (4.33)

DeMtzgt1,4 DeMtzgt1,.4



P. Gao and L. Zhao, Upper bounds for shifted moments 103

Moreover, the right-hand side of (4.33) is

/2 iy
< ¥ (/ L(e/\/3, xD) dt)2m+ 3 (/ E(e”/\/&,xp)’dt)%n
DeHag+1,4 D€Hzgt10 7o

/2 0

. 2m . 2m

= > ([leerawl)™ s S ([ e wlim - ) (4.34)
DeHzgt1,4 De€Hagt1,q w/2

/2 ) /2 9
- ¥ ([leeraofa) X ([ et vao)a)
DeHrgt1,4 DeHzgr1,4

Let k£ > 1 be a fixed integer. We treat the first sum of the last expression above by deducing via symmetry
that for 2m >k + 1,

(/ﬂ]c(eit/\/@ﬂ,)‘dt)%" < / H L(ei /\/2, xD)| </|£ 1 XD)|dv)2mkdt, (4.35)
0

0,m/2]k “=!

where D = D(t1,...,t,) ={v € [0,7/2] : [t1 —v| < [t —v| < ... <[t — v|}.

71' s e ln el 2 el =2
We let By = [_mvm] and B; = [_QIOgX’_QlogX] U [2logX’ QIOgX] for 2 <j < [loglog X| =: K.
We further denote Br = [—7/2,7/2] \ U, < ;- x Bj-

Observe that for any ¢, € [0,7/2], we have D C [0,7/2] C t1 + [-7/2,7/2] C U, <;<x (t1 + B;). Thus if we

set A; = Bj N (—t1 +D), then (t1 +A;)1<;<k form a partition of D. From applying Holder’s inequality twice,
emerges the bounds,

(/E(ewm’xmldv)%_z( > 5 / lﬁ(e”/ﬁ,mﬂdv)zw
D

ekt
2m—k 2m—k—1
<( > f’”‘“( / £/ V/a, xD)|dv) ) ( > g <2m’“>)
1SISK A, 1=k (4.36)
2m—k
< 2 f’""“( / |£(e™/v/a, xD>\dv)
1<G<K i,
> Bt e a ) e,
1<G<K nia,
For t = (t1,...,tx), we write

k
= 3 T 1EE /vaxo)l - 1L/ Vaxp) P "

DeHagi1,q a=1

We then deduce from (4.35) and (4.36) that

/]z: (¢ /\/@ xp ‘dt) < 3 Bk, ekt / / (6, v)dvdt

D€H2g+1 q 1<lp<K [0 7_(/2]k t1+-ALO

< Z 12k By, [Pkt / L(t,v)dvdt,

1<lo,lysedp—1 <K

L(t,v)

Clotye ey

where

Cl07l17"'7lk—1 = {(tl, . ,tk,v) S [0,7T/2]k+1 vet +.A10, |t1‘+1 — U| — |ti — ’U| S Bli,]. 1<i<k— 1}
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The volume of the region Cy, 4, ... 1), is < elothit+h—1/(log X)*. Also, by the definition of Cj, 1, ... 15,
and the observation that t;, v > 0, 1 < i < k, we have e’/logX < [t —v| < [t1 +v| < 1 so that
w(|t; £v|) < log X/elo, where we define, for simplicity, w(t) = min(log X, 1/|¢|). We deduce from the definition
of A; that |ta—v| > [t1 —v|, so that 1 > [ta+v| > [ta—v| = [t1 —v|+(Jta—v|—[t1 —v]) > el /log X +e"1 /log X,
Wthh implies that w(|ts + v|) < logX/emaX(l"’ll) Similarly, w(|t; + v|) < log X/emaxUoslisliz1) for any
1 < i < k. Moreover, we have ZS 1(|ts+1 —v| = |ts —v]) < |t; —t;| < |t; +t;] for any 1 < i < j <k, so that
we have w(|t; +t;]) < log X /em@x(lili-1)  We also bound w(|2¢;]),1 < i < k and w(|2u|) trivially by log X.

Observe that, upon setting u = ¢~ /2¢*? in the function £(u, xp) defined in (1.2), we have that

i0 ;
£ rew) =15 g o)

Using this in Theorem 1.1, we readily deduce a restatement of the theorem in terms of [,(%, Xp) that asserts
under the same notation as Theorem 1.1,

" fe( )

a2t da? . 1 ajar/2 1 ajar/2
<<X(log X)( 1+otag)/4 H min (10g X, ﬁ) min (log X, =— ) (437)
1<j<i<k J l

1 \aj/4+a;/2
X min( ,—) .
11 |26,

Here the implied constant depends on k and a;, but not on X or the t;’s.

161

> Je(%)

DeHagi1,q

ak

It follows from (4.37) that for (t1,...,tk,v) € Cigty 11>

((2m—k)2+k) /4+(2m—k)? /4-+(2m—k) /2+3k /4 o logX mek 10gX
L(t,v) <X (log X) Him H H

Tod1,oli lirns
P emax(lo,l1 Pt emax(li,.lj—1)
k—1 k=1 k
:X(logX)m(Q"H'l) exp ( (2m — k) Zmax lo,ly,...,1 Z ma N P 1))
=0 1=1 j=i+1

Moreover, we have |B,| < e'°/log X, so that, for k > 2 and 2m > k + 1,

/\E ”/fx\dt) < ) B / L(t,u)dudt

DG'H29+1 q 1<lo<K Cug, g, slj
1<l lp 1<K k=1

<<X(10g X)2m27m+1

k—1 k—1 k-1 k

% Z lgmfkexp ((Qm—k—l)lo—i—Zli—(Qm—k)ZmaX(loJl,...,li)— Z ma; ...,lj71))

1<lo<K i=0 i=0 i=1 j—itl
1<liidp 1 <K

=X (log X )2 —m+1
k—1 k-1 k
X Z l%m_kexp( (2m — k) Zmax loyl1, ... 1) Z ma j_l))
1<lh<K i=1 i=1 j=i42

1<ly,.. g1 <K

<X (log X)sz_erl Z lg" " exp ( (2m — k) Z z;ioll Z Z 2?7 —1 S)

1<) <K i=1 i=1 j=i42
1<ty dpg—1 <K

<X (log X)2m2*m+1 .
(4.38)
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We now set k = 2 to see that the above estimation holds for m > 3/2.

Note that the estimation given in (4.37) is still valid with 6; replaced by m — 6; on the left-hand side of
(4.37) while keeping 6;, 6; intact on the right-hand side of (4.37). Using this, one checks that our arguments
above can be used to show that

3 (j‘c(—eif/ﬁ, XD)’dt)zm < X (log X )2m*—m+1, (4.39)

DeMtagr1.4

We then deduce from (4.33), (4.34), (4.38) and (4.39) that (4.32) holds. This completes the proof of the
proposition.
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