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Explicit formulas for the Fourier coefficients of a class of
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Abstract. We determine explicit formulas for the Fourier coefficients of a class of eta quotients by making use of some results
from the theory of ternary quadratic forms.
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1. Introduction

As usual Z, Ny, and N denote the sets of all integers, nonnegative integers, and positive integers,
respectively and Q, C denote the fields of rational numbers, complex numbers, respectively. We let
H :={z € C|Im(z) > 0}. For z € H the Dedekind eta function is defined by

8

(1 _ eQTrinz) .

Dedekind’s eta function is holomorphic on H and satisfies 7(z) # 0 for all z € K.
If S is a finite subset of N and {as|s € S} C Z, then the product

[ 7% (s2)

seS

is called an eta product or eta quotient in the literature. We use the term eta quotient for such
products. Kohler[Kéh11, p. 31] uses eta product. Some authors use eta product whenas >0 (s € S)
and eta quotient otherwise, see for example Ono [Ono04, p. 18].

The determination of the coefficients of the Fourier expansion of an eta quotient is an important
and ongoing area of research in number theory. Kohler’s comprehensive book on eta quotients [Koh11]
provides a great many such determinations. We just mention one of his examples [K6hl1, p. 282],
namely,
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where (%) is the Legendre-Jacobi-Kronecker symbol. The notation d|n under a summation sign
indicates that d runs through the positive divisors of the nonzero integer n.
We now define the class of eta quotients for which we determine the Fourier coefficients explicitly.

Definition 1.1. We denote by C the class of eta quotients

fla;z) =[] n*(dz), a=(ar,a2,a3,a4,0a6,as,a12, a2) € Z°, (1.1)
d|24
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having exponents aq (d|24) which satisfy the following conditions

d|24

Zdad =V, (1 3)
d|24

24
> =ag=0, (1.4)

d|24 d

24(c, d)?
> HED 0, (15)

for all positive divisors ¢(# 1,24) of 24. (Here (¢,d) denotes the ged of ¢ and d.)

Clearly f(a;z) is holomorphic on H. From (1.1) we see that the level of f(a;z) is 24. By (1.2)
the weight of f(a;z) is

By (1.5) f(a; z) is holomorphic at its cusps [Koh11, p. 37]. Using Petersson’s formula for the multiplier
system of the Dedekind eta function [Kno93, p. 51], [Koh11, p. 14], we deduce using (1.2)—(1.4) that

f(a; 2) transforms for <CCL Z) € I'g(24) like a half-integral weight modular form of weight 3 and
Nebentypus y given by
92 az+as+ag+taz4+1 3 az+aetaiz+az4
= () )
|d| d|

b

I'o(N) (N € N) denotes the congruence subgroup {(Z d

We have established that if f(a; z) € C, then

) € My(Z)|ad — be = 1,¢ = 0 (mod N)}.

9 aztaetagtaza+1 3 az+ag+ai2+az4
fla;z) € Ms | T'o(24), (> <> . (1.6)
2 * *
We partition the class € into 4 nonoverlapping subclasses C1, Co, C3, Cg as follows:
C1:={f(a;2) € Claz + ag + ag + az4 = 1 (mod 2), a3 + ag + a1z + az4 = 0 (mod 2)}, (1.7)
Co :={f(a;2) € Clag + ag + ag + az4 = 0 (mod 2),as + as + ai2 + a4 = 0 (mod 2)}, (1.8)
Cs:={f(a;2) € Clag + ag + ag + az4 = 1 (mod 2), a3 + ag + a2 + az4 = 1 (mod 2)}, (1.9)
Co :={f(a;2) € Clag + ag + ag + az4 = 0 (mod 2), a3 + ag + a2 + az4 = 1 (mod 2)}, (1.10)

so that € = €1 U Gy U C3U Cg and, by (1.6)—(1.10),

TN, & C 1 ([0, ()
egCMB ( ,(%)), GGCM% (F0(24),(g)).

From this point on, we make use of some simplifying notation. We set ¢ := €2™* (2 € H) so that
lg| <1 and, for k € N, we set Ej, := Ex(q) := [0, (1 — ¢*") so that n(kz) = q2*k4Ek. Hence, we have

f(gv Z) - H (qiEd>ad = q2714 Zd\24 dagq H Egd

d|24 d|24
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so, by (1.3), we have

fla;z) =[] B3 (1.11)

d|24

It is clear from (1.11) that, for |¢| < 1, f(a; ) has a Fourier expansion
[ee]
fla;z) =14 clain)g™, (1.12)
n=1

where the Fourier coefficients c(a;n) are integers. In our main result (Theorem 1.1) we give explicit
formulas for the c(a;n) according as f(a;z) € €1, Cq, C3, Cg, respectively. These formulas involve the
exact powers of 2 and 3 dividing n as well as the largest square dividing n which is not divisible by
2 or 3. We therefore express n € N in the form

n = 2%3%gh?, (1.13)
where o, 8 € Ny, g,h € N, and
(g,6) = (h,6) =1, g squarefree. (1.14)

In Section 3 we require the number of representations of n by certain ternary quadratic forms of
type ax? + by? + cz? (a,b,c € N) of discriminant A, where

1 2 0 O
A==-10 2b 0| =4abc e N.
0 0 2c

In order to give a formula for the number of such representations, it is convenient to define
s(n, A) 1= sqf(nA), (1.15)

where sqf(m) denotes the squarefree part of m € N. We also define

i(n,A) =] <0 <p1”’(h)) - (_3(’;’&) o <pl”’(h)_1)) : (1.16)

plh

where o is the sum of divisors function and v,(h) denotes the exponent of the largest power of the
prime p dividing h.

We require the following two simple properties of s(n, A) and I(n,A). Let k,n € N be such that
k|n. Let A and A’ be discriminants of ternary quadratic forms az? + by? 4 cz? (a, b, c € N) such that
A = kA'. Then

s(n,A) = sqf (nA) = sqf (nkA') = sqf (%A/k‘Q) = sqf (%A') =s (%,A/> . (1.17)

Now, restrict k to be one of 2,3,6. Hence, by (1.14), we have (k,g) = (k,h) = 1, and by (1.13)

Z=210g 2030 g, 2130 g2

according as k = 2,3,6. Thus, appealing to (1.17), we obtain

l <%,A’) = H (a <p'/p(h)> _ (‘?’(%A/)> o <pr(h)—1>>

plh
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that is

l (%,A’) = I(n,A). (1.18)

In preparation for the proof of Theorem 1.1 in Section 4, we determine in Section 2 the theta
quotients in each of C1, Co, €3, and Cg, and in Section 3 the number of representations of n by certain
ternary quadratic forms ax? + by? + cz?.

Our main result (Theorem 1.1) gives an explicit formula for the Fourier coefficients ¢(a;n) (n € N)
of every eta quotient f(a;z) in the class €. The proof is given in Section 4 and follows from the results
in Sections 1-3.

Theorem 1.1. Let a = (a1, a2, as, a4, ag, as, a12, a24), where the a; are integers satisfying (1.2)—(1.5).
Let n € N. We express n in the form (1.13), where «, 8, g, h satisfy (1.14). If

(a2 + ag + ag + a2, a3 + ag + a12 + az4) = (1,0), (0,0), (1,1),(0,1) (mod 2)
then the eta quotient
o0
[I7d2) =1+> elain)g™ (ol < 1)
d|24 n=1

belongs to the class Cy,Co,C3,Cq, respectively. We define A = disc(z? + y?> + mz?) = 4m if the
eta quotient is in Cp (m € {1,2,3,6}). We define s(n,A) and I(n,A) as in (1.15) and (1.16),
respectively. Then the Fourier coefficient c(a;n) (n € N) is given by

c(a;n) = <R2[a/2} + 531872 4 T) l(n,A)h (Q <\/—s(n, A))) ,

where [0] denotes the greatest integer less than or equal to the real number 6, h (Q( —s(n,A)))

is the class number of the imaginary quadratic field Q (\/—s(n, A)), and the values of R, S, and T

are given in Tables 4.1, 4.2, 4.3, 4.4 according as the eta quotient is in C1, Co, C3, Cq, respectively.
The values of v, w, x, y, z occurring in Tables 4.1, 4.2, 4.3, 4.4 are given in terms of the values of
cla;t) (t € {1,2,3,4}) in (2.19), (2.21), (2.23), (2.25) according as the eta quotient is in C1, Ca, C3, Cq,
respectively.

2. Theta quotients in C

Ramanujan’s theta function ¢(q) [Ber06, p. 6] is defined by

pl@)= > ¢, ld <1 (2.1)

n=-—o00
Jacobi’s triple product identity gives p(g) as an eta quotient, namely

©(q) = E{?ESE;?  [Ber06, p. 11]. (2.2)
Let r,s,t,u € Z. Appealing to (2.2), we obtain

SDT(Q)SOS (q2)¢t(q3)(pu(q6) — E;QTE§T723E372tE4727‘+55Eg)t72uE8728E1722t+5uE2742u‘
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Then (1.11) gives

0" ()0 (°)' (6% 9" (¢%) = f(g; 2),

where a = (a1, az, a3, aq, ag, ag, a12, az4) is given by

ap = —2r,as = dr — 2s,a3 =
ag = 5t — 2u,ag =

We now choose 7, s,t,u so that f(a;z) € €. We have

Z}M:r+s+t+%

—2t,a4 = —2r + 5s,
—2s,a19 = —2t 4 du, agy = —2u.

d|24
(0 ife=1,
24(67r + 2t) if c =2,
0 if ¢ =3,
Ezzqg@aw: 24(12s +4u)  if c =4,
o d 24(6r + 18t)  if ¢ =6,
0 if ¢ =8,
24(12s5 4 36u) if ¢ = 12,
0 if ¢ = 24.

Hence, if we choose 7, s,t,u € Ny such that r + s+ ¢ +u = 3 then f(a;z) € C. There are 20 4-tuples
(r,s,t,u) € Né satisfying r + s +t + u = 3. These are listed in Table 2.1 from which we observe that

(@), 2@’ (@), e(@* (@), e@e’ (@), e(@)ed®)e(d®) € e,
(@), 2(@)e(@®), o) (@), P (@e(d®),  e(@)e(d’)e(d®) € €,
(@), 0@, @e(@®), (@)@, e@ed®)e(d®) € €,
*(@°), V@), K (P)e®), ¢ (@)e(d®), e@ed®)ed’) € Ce.

We show next that the theta products in (2.3) are linearly independent. Suppose that
c19°() + c20(0)9* (%) + e3p(0) 9% (@) + cap(@)¢°(6°) + eso(d®)p(a*) () = 0

for some c1, co, c3, cq, c5 € C. Then, using
o(q) = 142+ 2¢* +2¢° +2¢" + 2¢*° + - -
n (2.7), we obtain

(c1+ca+c3+ca+es)+ (6cr + 2c0 + 2c3 + 2¢4)q + (1261 + dea + 2¢5) P
+(8¢1 + 8co + 4cs + 205)(13 + (6¢1 + 6¢2 + 10c3 + QC4)q4
+(24¢1 + 8co + 4cs)q° + (24c1 + 8ca + deg + dey +2¢5)¢° 4+ - =0,
so that
c1+ca+ces+cg+c5=0,
6c1 + 2¢0 + 2¢3 4+ 2¢4 = 0,
12¢1 + 4co 4+ 2¢5 = 0,
8c1 + 8co + 4es + 2¢5 = 0,
6¢c1 + 6¢o + 10¢c3 + 2¢4 = 0,
24c1 4 8cg +4c5 = 0,
24c1 + 8co + 4cs + 4ecy + 2¢5 = 0.
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rstu @T(Q)@S(qz)ﬁpt(q?’)@u(qﬁ) aip a2 az a4 G ag A12 A24 ternary class
3000 ©3(q) 615 0-6 0 0 0 0  a?+4y>4 22 ey
0300 ©3(q?) 0-6 015 0-6 0 0 222+2y>+222 Gy
0030 ©3(¢%) 0 06 015 0-6 0 322+3y2+322 C3
0003 ©>(q%) 0 00 0—6 015—6 622+6y>+622 Cg
1200 ©0(q)*(¢?) -2 1 0 8 0-4 0 0 22+2y%+222 e
1020 ©0(0)*(¢®) 2 5-4-210 0-4 0 22+3y>+322 e
1002 ©(q)0%(¢%) -2 5 0-2-4 0 10 -4 2%+ 69>+ 622 ey
0120 o(@®)*(¢®) 0-2-4 510-2-4 0 222+3y2+322 G
0102 ©(¢®)¥%(¢%) 0-2 0 5-4-210 -4 22246y>+622 G
0012 0(¢®)¥%(q%) 0 0-2 0 1 0 8-4 322+4+6y>+622 C
2100 ©%(q)p(q?) -4 8 01 0-2 0 0 22+y>+222 Cy
2010 ©*(q)e(q*) —410-2-4 5 0-2 0 a2®+y>+322 C3
2001 ©*(q)(q%) ~410 0-4-2 0 5-2  22+4+y>+622 Ce
0210 ©*(¢*)(q”) 0-4-210 5-4-2 0 222+2y2+322 €y
0201 ©*(¢*)p(¢°) 0-4 010-2-4 5-2 2224+22+622 €
0021 ©*(¢*)p(q°) 0 0-4 0 8 0 1-2 322+32+622 Cg
0111 2(0*)(¢*)(d°) 0-2-2 5 3-2 3-2 222+32+4622 €
1011 w(q)e(q*)e(¢°) —2 5-2-2 3 0 3-2 a2432+622 G
1101 p(q)e(a®)e(d°) 2 3 0 3-2-2 5-2 224+22+6:2 G
1110 e()e(q?)e(q®) —2 3-2 3 5-2-2 0 2242%+322 G
Table 2.1: Theta products in €1, Cs, C3, and Cq

Solving this system of linear equations, we obtain

6126220320420520,

so that ©%(q), ¢(@)¢*(@*), v(@)¥*(@*), w(@)¥*(@®), ¢(a*)(¢*)p(¢®) are linearly independent.
Similarly, we can show that the theta products in (2.4), (2.5), and (2.6) are also linearly independent.

By a result of Cohen and Oesterlé [CoOe77, pp. 75,76], we have

dim M3 (T'g(24), x) = b(24, f) = 5.

Hence, the theta products in (2.3), (2.4), (2.5), (2.6) form a basis for M% (To(24),1), M% (To(24), (2)),

M; (To(24), (), Ma (To(24), (%)), respectively.

determined v, w, z, y, z € C such that

fla;2) = v*(q) + we(Q)9* (@) + 2(0)9*(6*) + ye(@)e*(d°) + 20(a)(a*)(¢°)
fa;2) = v () o(6®) + we? (@) + 20(q°) 0 (@%) + ye(a®)e* (%) + zo(@)e(q*)e(¢®)
fla;2) = ve*(@)o(d®) + we? (@*) + 2¢0°(6*)o(6®) + yo(@®)e* (¢°) + zo(@) () (d°)

fla; z) = ve®(¢°) + we*(¢*)e(¢°) + 20 (¢*) () + y* (@) (a®) + zo(@) () (q®)

Thus, if f(a;z) € C, there exist uniquely

if f(a;2) € Cy,
(2.8)

if f(@a Z) € 627
(2.9)

if f(a;2) € Cs,
(2.10)

if f(g; Z) € Cs.,
(2.11)

noting that the order of the theta products in (2.9)—(2.11) differs slightly from those in (2.4)—(2.6).
By (1.11) or (1.12) we have f(a;2)|q=0 = 1 and, by (2.1), that ¢(0) = 1. Hence, by (2.8)—(2.11), we
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have
vtwt+zr+y+z=1 (2.12)

regardless of the class €1, Ca, C3 or Cg to which f(a;z) belongs.
For k1, ko, ks € N and n € Ny we define the representation number r(k1, ko, k3; n) by

r(k1, ko, ks;n) := card { (z1, w2, 73) € Z°|k127 + kow3 + k3zi = n}

so that r(k1, ke, k3;0) = 1 and
o(d")e(d")p(q") = 1k, ko, kssn)g™ = Z (v, ko, k33 m)g"™. (2.13)

If m ¢ Ny we define r(k1, k2, k3;m) := 0. Thus, for example, we have

o0

i 2,2,6;n)q Zr(l,l,?);g)qn

n=0
For f(a;z) € €1, equating coefficients of ¢" (n € N) in (1.12) and (2.8), we obtain using (2.13)
cla;n) =or(1,1,1;n) +wr(1,2,2;n) + xr(1,3,3;n) + yr(1,6,6;n) + 2r(2,3,6;n) (n € N); (2.14)
for f(a;z) € Cq using (2.9)
cla;n) =vr(1,1,2;n) + wr (1, 1,1; ) +2r(2,3,3;n) + yr (1,3, 3; g) +2r(1,3,6;n) (neN);
(2.15)
for f(a;z) € C3 using (2.10)
c(a;n) =or(1,1,3;n) + wr (1, 1,1; %) +xr(2,2,3;n) + yr (1, 2,2; g) +2r(1,2,6;n) (n € N);
(2.16)
and for f(a;z) € C¢ using (2.11)
n n n
c(a;n) = or (1, 1,1; 6) + wr (1, 1,2; g) + xr (1, 1,3; 5) +yr(1,1,6;n) + 2zr(1,2,3;n) (n €N).
(2.17)

The values of r(1,1,1;n),7(1,2,2;n),7(1,3,3;n),7(1,6,6;n) and (2, 3,6;n) are easily calculated
for n =1,2,3,4 and are given in Table 2.2.

n 1 2 3 4
r(1,1,1;,n) 6 12 8 6
r(1,2,2;n) 2 4 8 6
r(1,3,3;n) 2 0 4 10
r(1,6,6;n) 2 0 0 2
r(2,3,6;n) 0 2 2 0

Table 2.2: Values of representation numbers
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Taking n = 1,2,3,4 in (2.14), we obtain for f(a;z) € C;

c(a;1) = 6v + 2w + 2z + 2y,
c(a;2) = 12v + 4w + 2z, (2.18)
c(a;3) = 8v + 8w + 4x + 2z,
c(a;4) = 6v + 6w + 102 + 2y.
Solving the system (2.18) together with (2.12) for v, w, z,y, and z, we obtain
(v =~ + e(a;2) — e(a;3) + 2elas 4),
= 1 le(g1)— (a 2)+ c(a 3) — gela; 4),
o=~ s + befar2) — belws3) + relas ), (219)
y=1+iela;1) - te(a;2) + he(a;3) — (,;4%
s=3—Lle1)+ c(a 2) — (a 3) + 5@ 4).

We have shown for f(a;z) =1+ 2 c(a;n)g"™ € € that c¢(a;n) is given by (2.14), where v, w, z,y, z
are given in (2.19).
We now turn to the class C2. The relevant representation numbers are given in Table 2.3.

n 1 2 3 4
r(1,1,2;n) 4 6 8 12
r(1,1,1;n/2) 0 6 0 12
r(2,3,3;n) 0 2 4 0
r(1,3,3;n/2) 0 2 0 O
r(1,3,6;n) 2 0 2 6

Table 2.3: Values of representation numbers

Taking n = 1,2, 3,4 in (2.15), we obtain for f(a;z) € Co

c(a; 1) = 4v + 2z,
c(a;2) = 6v + 6w + 2z + 2y, (2.20)
c(a;3) = 8v + 4z + 2z,
c(a;4) = 12v + 12w + 62.
Solving the system (2.20) together with (2.12) for v, w,z,y, and z, we obtain
v=—343c(a;1) + Le(a;2) — 55¢(a;4),
w = _%C(g7 1) + %C a; 4)7
T = % — %c(g; 1) — %c(g; 2) + ic(g; 3) + 14 (a;4), (2.21)
y =3+ ge(al) + je(@2) — je(a;3) — ge(as4)
(2 =3 — te(a;2) + Le(a;4)

We have shown for f(a;2) =1+ 2 c(a;n)g"™ € €y that ¢(a;n) is given by (2.15), where v, w, z,y, z
are given in (2.21).

Next we consider the class C3. The values of the relevant representation numbers are given in
Table 2.4.
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n 1 2 3 4
r(1,1,3;n) 4 4 2 12
r(1,1,1;n/3) 0 0 6 O
r(2,2,3;n) 0 4 2 4
r(1,2,2;n/3) 0 0 2 0
r(1,2,6;n) 2 2 4 2

Table 2.4: Values of representation numbers

Taking n = 1,2, 3,4 in (2.16), we deduce

c(a;1) = 4v + 2z,
c(a;2) = 4v + 4z + 2z, (2.22)
c(a; 3) = 2v + 6w + 2x + 2y + 4z,
c(a;4) = 120 + 4z + 2z.
Solving the system (2.22) together with (2.12) for v, w, z,y, and z, we obtain

v=—%c(a;2) + tc(a; 4),

w=—3 — je(a;1) — §e(a;2) + Fe(a; 3) + Fela; 4),

z=—3c(a;1) + je(a; 2), (2.23)

Y= % — %c(a; 2) — ic(g, 3),

(2 = 3c(a; 1) + fe(a; 2) — Te(as 4)

We have shown for f(a;z) = 14> 77, c¢(a;n)¢™ € C3 that ¢(a;n) is given by (2.16), where v, w, z,y, z
are given in (2.23).
Finally, we consider the class Cg. Table 2.5 gives the values of the relevant representation numbers.

n 1 2 3 4
r(1,1,1:n/6) 0 0 0 0
r(1,1,2;n/3) 0 0 4 0
r(1,1,3n/2) 0 4 0 4
r(1,1,6:n) 4 4 0 4
r(1,2,3;n) 2 2 6 6

Table 2.5: Values of representation numbers

For the class Cg we take n = 1,2, 3,4 to obtain

c(a;1) =4y + 2z,
12) =4 4 2
c(a;2) = 4r + 4y + 2z, (2.24)
c(a;3) = 4w + 62,
c(a;4) = 4z + 4y + 62.
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Solving the system (2.24) together with (2.12) for v, w, z,y, and z, we obtain

1c(a; 1) + 3c(a; 2), (2.25)
(

We have shown for f(a;z) =1+ 7 c(a;n)q" € Cg that c(a;n) is given by (2.17), where v, w, z,y, 2
are given in (2.25).

Our final step in the evaluation of ¢(a;n) from (2.14)—(2.17) is the determination of r(1,1,1;n),
r(1,2,2;n),.... This is carried out in Section 3.

3. Ternary quadratic forms

In the previous section we showed that if the eta quotient f(a;z) =1+ -, c¢(a;n)q" belongs to the
class C; (i € {1,2,3,6}), then ¢(a;n) is given as a linear combination of representation numbers of five
ternary quadratic forms ax? + by? + cz* of discriminant A = 4abc (depending on the subclass €; to
which f(a;z) belongs) with the coefficients in the linear combination depending on a. The ternaries
in question are

24?122 (A=2%), 2?2+ 22 4222 (A=2Y), 2%+ 3y° 4322 (A =223%),
2?4+ 6y% + 627 (A =2"3%), 227 +3y% + 622 (A =23?) if f(a;2) € Cy,
2?4+t 4222 (A=2%), 2?4yt 422 (A=2%), 227+ 3y 4322 (A =2%3%),
2?4 3y% + 322 (A =223%), 2%+ 397 +62% (A =2%3%) if f(a;2) € Co,
2242 +322 (A=2%3), 2242 +2%2 (A=27), 222 +2y%+32% (A =23),
2?22 4222 (A =2, 2? +297 +622 (A=2'3) if f(a;2) € €3,
4yt 422 (A=2%), 2P+ yP 4222 (A=2%), 2Pyt +327 (A =2%3),
224 y? +62% (A=233), 2% +2y% +32% (A=223) if f(a;2) € Ce.
Each of theses ternaries is alone in its genus [JKS97] so its representation number can be
determined by Siegel’s formula [Sie35] (see for example [Cas78, pp. 377-8]). This was carried out
in 1971 by Lomadze [Lom71] for all primitive, positive, diagonal, integral, ternary quadratic forms
that belong to one-class genera. Using these formulas for the thirteen ternaries of interest to us, and

after considerable simplification using Dirichlet’s class number formula for an imaginary quadratic
field, we obtain all the thirteen formulas in the form

r(a,b,c;n) = k(a,b,c;n)l(n, A)h (Q (\/ —s(n, A))) , (3.1)

where A = 4abe, s(n,A) is defined in (1.15), I(n,A) is defined in (1.16), h (Q( —s(n,A)))

denotes the class number of the imaginary quadratic field Q (\/—s(n, A)), and the values of

k(a,b,c;n) (n € N) are given in Tables 3.1-3.4 with n in the form (1.13).
Using the results obtained in Sections 2 and 3, we show in Section 4 that for f(a;z) =
1+3 0, cla;n)g" € € we have

cla;n) = (R2[°‘/2} + 531872 4 T) l(n,A)h (Q (W)) ,

where n is expressed in the form (1.13), the values of R, S, and T are given in terms of «, f, g,
c(a,1),...,c(a,4), and A =4,8,12 or 24 according as f(a; z) € C1,Cq,C3 or Cg.



a, g | s(n,4) | k(1,1,1;n) k(1,2,2;n) k(1,3,3;n) k(1,6,6;n) k(2,3,6;n)
a(even) [B(even)
a=0,>0|g=1 g 12302 6 4.302 _ 2 2 2 2.382 29
g=1 (mod 24),g # 1 24.30/2 _ 12 8-30/2 4 4 4 4.38/2 _4
g =5 (mod 24) 12-35/2 43872 0 0 2.38/2
g =7 (mod 24) 0 0 16 8 0
g =11 (mod 24) 24 - 35/2 24 - 372 0 0 12-38/2
g =13 (mod 24) 24 -30/2 — 12 8-30/2 4 4 4 4-30/2 4
g =17 (mod 24) 12 - 35/2 4.3P/2 0 0 2-38/2
=19 (mod 24) 48 -30/2 — 24 48 - 30/ — 24 24 0 24 - 38/ — 24
g =23 (mod 24) 0 0 0 0 0
a>26>0|g=1 g 12-35/2 —¢ 12-35%/2 —¢ 8.2%/2 _6 4.24/2 _¢ 6-3°/2 -6
g=1 (mod 24),g # 1 24.30%/2 _ 12 24 -3°/2 — 12 16 - 2/2 — 12 8-20/2 _ 12 12.30/2 —12
g =5 (mod 24) 12-38/2 12-38/2 0 0 6 - 35/
g =7 (mod 24) 0 0 16 - 2%/2 8. 20/2 0
=11 (mod 24) 24 - 35/2 24 - 35/2 0 0 12-38/2
g =13 (mod 24) 24 -30/2 — 12 24 -3/ — 12 16 -2%/2 — 12 8242 12 12-3°%/2 12
= 17 (mod 24) 12 - 38/2 12-38/2 0 0 6-3°/2
g =19 (mod 24) 48 -38/2 — 24 48 - 30/ — 24 48 -20/2 — 24 24 -20/2 — 24 24 - 30/ — 24
g = 23 (mod 24) 0 0 0 0 0
a(even) fB(odd)
a=0,>1]g= 3¢ 12.36-D/2 4 12.36-D/2 _4 4 0 6-306-D/2 _4
g=1 (mod 8),g#1 36-36-D/2_12 36.306-1/2 _12 12 0 18 -308-1/2 _ 12
g =5 (mod 8) 0 0 8 4 0
g =3 (mod 4) 18.36-1/2 _¢  ¢.36-1/2_29 2 2 3.30-1/2 _9
a>28>1]g= 3¢ 12.36-D/2 4 12.36-D/2 _4 8.24/2 _ 4 4.202 _ 4 6-306-D/2 _4
g=1(mod 8),g #1 36-36-D/2_12 36.30-1/2_12  24.2%/2 _12 12.20/2 12 18.306-1/2 _19
g =5 (mod 8) 0 0 8- 20/2 4-20/2 0
g =3 (mod 4) 18.3B-1/2 ¢ 18.30-D/2 _¢ 8.24/2 ¢ 4.20/2 ¢ 9.36-1/2 _¢

Continued on next page
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a,B ] g | s(n,4) | k(1,1,1;n) k(1,2,2;n) k(1,3,3;n) k(1,6,6;n) k(2,3,6;n)

a(odd) S(even)

a=1,>0]g=1 (mod 3) 2g 12.3°/2 4.30/2 0 0 2.38/2
g =2 (mod 3) 24 -38/2 — 12 8-3%/2 4 4 4 4-382 4
a>3,>0]g=1 (mod 3) 29 12 - 3672 12- 3872 0 0 6-3°/2
g =2 (mod 3) 24 -30/2 — 12 24-302 12 16-20@-D/2 12 g.20=D/2_12  12.38/2 12
a(odd) B(odd)
a=1,>1 6g 18.36-D/2 _¢  6.300-D/2_29 2 2 3.306-D72 _9
a>38>1 6g 18.3-D/2 _¢ 18.36-D/2_¢ g.200-D/2_¢g 4.20c-D2_¢g 9.30-1D/2_¢

Table 3.1: Values of k(1,1,1;n), k(1,2,2;n), k(1,3,3;n), k(1,6,6;n), k(2,3,6;n). Here A = 4 and s(n, A) = 20— 2la/238=25/2 g
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a, | g | s(n,8) | k(1,1,2;n) k(1,1,1;n/2) k(2,3,3;n) k(1,3,3;n/2) k(1,3,6;n)
a(even) [B(even)
a=0,>0| g=1 (mod 3) 2g 4.3P/2 0 0 0 2.30/2
g =2 (mod 3) 8302 4 0 4 0 4-302 -
a>2,>0]g=1 (mod 3) 2g 12 - 3°/2 12 - 3°/2 0 0 6-30/2
g =2 (mod 3) 24 -30/2 — 12 24 - 3812 12 8242 12 8292 12 12-3°/2 — 12
a(even) B(odd)
a=0,8 6g 6-306-D/2 _9 0 2 0 3.306-D/2 _9
a>2,3> 6g 18.3-D/2 ¢ 18.308-1/2 _¢ 4.20/2 _¢ 4.20/2 _¢ 9.306-D/2 _¢
a(odd) B(even)
a>1,>0]g=1 g 12-3%72 _¢ 12-3%2 —¢ g.200-D/2 _g  g.2(a-1)/2_g¢ 6-3°2 -6
g=1 (mod 24),g # 1 24 -30/2 — 12 24-302 12 16-2"D/2 12 16.20e"D/2 12 12.38/2 12
g =5 (mod 24) 12-38/2 12-38/2 0 0 6 - 35/
= 7 (mod 24) 0 0 16 - 2(a=1)/2 16 - 2(a=1)/2 0
g — 11 (mod 24) 24 - 35/2 24 - 35/2 0 0 12-35/2
g =13 (mod 24) 24 -38/2 — 12 24-302 12 16-20-D/2 12 16.20-D/2 12 12.3%2 12
g = 17 (mod 24) 12 38/2 12-38/2 0 0 6 - 30/2
19 (mod 24) 48 -38/2 — 24 48 -30/2 —24  48.2(0"1/2 94 48.2(0=1)/2 _24  24.30/2 _24
g _ 23 (mod 24) 0 0 0 0 0
a(odd) B(odd)
a>1,>1]g=1 3¢ 12.36-D72 4 12.36-D/2_4 g.20e-D2_4  g.20e-D/2_4  ¢.306-D/2_4
g=1 (mod 8),g#1 36-300-D/2 12 36.36-1/2_12 24.20-D/2 _12 24.2(=D/2 _12 18.30-D/2 _12
g =5 (mod 8) 0 0 8- 2(a=1)/2 8- 2(a-1)/2 0
g =3 (mod 4) 18.36-1D/2 _g 18.30B-1/2_¢g g.9("1/2 _g §.2(@=1)/2 _g 9.30B-1/2 _g

Table 3.2: Values of k(1,1,2;n), k(1,1,1;n/2),

k(2,3,3;n), k(1,3,3;n/2),

k(1,3,6;n). Here A = 8 and s(n, A) = 20+1-2l(e+1)/236-2(5/2 o
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a, B g | s(n,12) | k(1,1,3;n) k(1,1,1;n/3) k(2,2,3;n) k(1,2,2;n/3) k(1,2,6;n)
a(even) [B(even)
a=0,=0]g=1 39 4 0 0 0 2
g=1 (mod 8),g#1 12 0 0 0 6
g =5 (mod 8) 8 0 4 0 0
g =3 (mod 4) 2 0 2 0 1
a>2,=0|g= 39 8.20/2 _ 4 0 4.29/2 _ 4 0 2
g=1 (mod 8),g#1 24 .29/2 _ 12 0 12292 12 0 6
g =5 (mod 8) 8- 20/2 0 4.20/2 0 0
=3 (mod 4) 8-2%2 6 0 4-24% 6 0 3
a=0,>2g= 39 4 4.38/2 4 0 4.38/2 4 6-30/2 4
g=1 (mod 8),g#1 12 12-36/2 — 12 0 12-36/2 —12 18-3°/2 — 12
g =5 (mod 8) 8 0 4 0 0
g =3 (mod 4) 2 6-3%2 -6 2 2302 -2 3-302 2
a>2,>2|g= 39 8.20/2 4 4302 —4 4.201%2 4 4302 —4 6-3°/2 —4
g=1 (mod 8),g #1 24.24/2 _ 12 12-3°%/2 12 122972 12 12-3°%/2 12 18-3°/2 — 12
g =5 (mod 8) 8- 20/2 0 4.20/2 0 0
g =3 (mod 4) 8.24/2 _6 6-3°/2 -6 4.202 _ 6 6-3°2 -6 9-3%2 6

Continued on next page
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a, B | g | s(n,12) | k(1,1,3;n) k(1,1,1;n/3) k(2,2,3;n) k(1,2,2;n/3) k(1,2,6;n)
a(even) B(odd)
a=0,8>1|g=1 g 2 12.36-D72 _g 2 4.36-D/2_9  ¢.306-1/2_9
g=1 (mod 24),g # 1 4 24 .3(6-1/2 _ 12 4 8.36-1/2 _4  12.36-1)/2 _4
g =5 (mod 24) 0 12 - 38-1/2 0 4-366-1/2 6-308-1/2
g =7 (mod 24) 16 0 8 0 0
g =11 (mod 24) 0 24 - 3(8=1)/2 0 24 - 3(8-1)/2 36 - 3(-1)/2
g =13 (mod 24) 4 24 - 300-D/2 _ 12 4 §-36-1/2_4  12.36-1/2 _4
g =17 (mod 24) 0 12 3-1/2 0 4. 3B-1/2 6-3(8-1)/2
g =19 (mod 24) 24 48 - 3A-1/2 _ 94 0 48 -3-1D/2 _ 94 72.308-D/2 _ 94
g =23 (mod 24) 0 0 0 0 0
a>2,>1]g=1 g 8242 _¢ 12.36-D72 _g 4.20/2 _¢ 12.36-D72 _¢ 18.38-D/2 _g
g=1 (mod 24),g # 1 16-20/2 —12  24.36-D/2_12  g.2¢/2_12  24.3-D/2_12 36.36-1/2_12
g =5 (mod 24) 0 12 - 38-1)/2 0 12-3(6-1/2 18- 3(8-1)/2
g =7 (mod 24) 16 - 20/2 0 8- 20/2 0 0
g =11 (mod 24) 0 24 - 3(8=1)/2 0 24 - 3(8=1)/2 36 - 3(8-1)/2
g =13 (mod 24) 16-2%/2 —12  24.30-D/2 12 g.292 12  24.300-D/2_12 36.305-D/2 _12
g =17 (mod 24) 0 12 3-1/2 0 12 3-1/2 18 - 3(8-1)/2
g =19 (mod 24) 482072 — 24  48-308-D/2 _24  24.2%2 _24 48.3(6-1/2 _24 72.305-1)/2 _94
g = 23 (mod 24) 0 0 0 0 0
a(odd) B(even)
a=1,=0 6g 2 0 2 0 1
a>33=0 69 g.20@-1)/2 _g 0 4.20=1/2 _g 0 3
a=1,8>2 69 2 6-3°2 -6 2 2.30/2_2 3.30/2_2
a>3,3>2 6g g.20-1)/2 _g 6-3°2_¢6 4.20-1/2 _g 6-3°2_¢6 9.302 _¢
a(odd) B(odd)
a=1,>1]g=1 (mod 3) 29 0 12.306-1)/2 0 4.306-1)/2 6-3(6-1)/2
g =2 (mod 3) 4 24 -38-1/2 _ 12 4 §-36-1/2 4  12.36-1)/2 _4
a>3,>1]g=1 (mod 3) 29 0 12.30-1)/2 0 12.306-1/2 18 . 3(A=1)/2
g =2 (mod 3) 16-20@-1/2 _ 12 24.36-1/2 _12 g.20@=1/2 _12 24.36-1/2 _12 36.30-1D/2 _12

Table 3.3: Values of k(1,1,3;n), k(1,1,1;1/3), k(2,2,3;n), k(1,2,2;1/3), k(1,2,6;n). Here A = 12 and s(n, A) = 20~ 2[/238+1-2[(5+1)/2] 5
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a, g | s(n,24) | k(1,1,1;n/6) k(1,1,2;n/3) k(1,1,3;n/2) k(1,1,6;n) k(1,2,3;n)
a(even) [(even)
a=0,=0 69 0 0 0 2 1
a=0,>2 69 0 2.302 _2 0 2 3.302_2
a>26=0 6g 0 0 4.2%2% ¢ 4.2%2% ¢ 3
a>2053>2 69 6-3°2 -6 6-3°2—-6 4.202 _¢ 4.242 _ 6 9.3%2_¢
a(even) B(odd)
a=0,>1]g=1 (mod 3) 29 0 4.306-1)/2 0 0 6-3(F-1/2
g =2 (mod 3) 0 8-306-1/2 _4 0 4 12-308-D/2 _4
a>2,6>1]g=1 (mod 3) 29 12.30-1/2 12.306-1/2 0 0 18 . 3(B-1)/2
g =2 (mod 3) 24-30-D/2 _12 24.36-1/2 12  §.20/2 12 8-20/2 12 36-306-1/2 _12
a(odd) S(even)
a>1,8=0|g=1 3g 0 0 g.-20-D/2 4 g.ole-1)/2_4 2
g=1(mod 8),g #1 0 0 24.2(0=1/2 _ 12 94.2(=1/2 _ 19 6
g =5 (mod 8) 0 0 8- 2la=1)/2 g 2(a=1)/2 0
=3 (mod 4) 0 0 g.20-1/2_g  g.20-1/2_g 3
a>1,8>2|g= 39 4.3P2 _4 4.3P2 _4 g.-200-D/2 4 g.9le-D)/2_4 6-3°/2 -4
g=1(mod 8),g#1 12-36/2 —12 12-36/2 12 24.200-D/2_12 94.2(-D/2 _12  18.3%/2 _12
g =5 (mod 8) 0 0 8- 2a=1)/2 8. 2(a=1)/2 0
g =3 (mod 4) 6-3°/2 -6 6-3%2 -6 g-20=D/2_¢  g.200-1)/2 _¢ 9.3%2 ¢
a(odd) B(odd)
a>1,8>1]g=1 g 12.30-D2 ¢ 12.30-D2_¢ g.20-D2_¢g  g.20-D22_g5 18.30-1/2 _g4
g=1 (mod 24),g # 1 24.36-1/2 _12 24.36-1/2 _12 16.20"D/2_12 16.20-D/2_12 36.36-1/2_12
g =5 (mod 24) 12 3(6-1/2 12 36-1/2 0 0 18- 3(-1)/2
g =7 (mod 24) 0 0 16 - 2(e=1)/2 16 - 2(@=1)/2 0
g =11 (mod 24) 24 - 3(8-1)/2 24 - 3(8-1)/2 0 0 36 - 3(8-1)/2
g =13 (mod 24) 24-36-1/2 _ 12 24.30-D/2 _12 16.20-D/2 12 16.20@"D/2 _12 36.300-1D/2 _12
g =17 (mod 24) 12 3(8-1)/2 12 3(6-1)/2 0 0 18- 3(6-1)/2
=19 (mod 24) 48 -3B=1/2 _ 94 48.300-D/2 94 48.2(0=1/2 _24 48.2(=1)/2 _94 72.30-1/2 _94
g =23 (mod 24) 0 0 0 0 0
Table 3.4: Values of k(1,1,1;n/6), k(1,1,2;n/3), k(1,1,3;n/2), k(1,1,6;n), k(1,2,3;n). Here A = 24 and s(n,A) =

g0+1-2[(a+1)/2]3A+1-2((6+1)/2]
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4. Proof of Theorem 1.1

Suppose that f(a;z) € €1,C2,Cs, or Cs. Then c(a;n) is given by (2.14), (2.15), (2.16), or (2.17),
respectively. The values of v, w,x,y, z are given in terms of c¢(a;t) (¢t € {1,2,3,4}) in (2.19), (2.21),
(2.23), (2.25), respectively. The required thirteen formulas for r(a, b, ¢;n) ((a,b,¢) = (1,1,1), (1,1, 2),
(1,1,3), (1,1,6), (1,2,2), (1,2,3), (1,2,6), (1,3,3), (1,3,6), (1,6,6), (2,2,3), (2,3,3), (2,3,6)) are

given by (3.1) together with the values of k(a, b, ¢;n) given in Tables 3.1 3.4. Then, for all n € N, we

have, making use of (1.17) and (1.18),

c(a;n) = <R2[a/2} + 531872 4 T) l(n,A)h (Q < —s(n, A))) ,

where the values of R, S,T are given in Tables 4.1-4.4 and A = 4,8,12,24 according as f(a;z) €
6’1, 62, 63, or 66.

a, B ‘ g ‘ R ‘ S ‘ T
a(even) fB(even) s(n,4) =
a=0,0>0|g=1 0 120 + 4w + 2z —6v — 2w + 2x 4+ 2y — 22
g=1 (mod 24),g # 1 0 24v 48w+ 4z | —12v — 4w + 4z + 4y — 4z
g =5 (mod 24) 0 120 + 4w + 22 0
g =7 (mod 24) 0 0 16z + 8y
g =11 (mod 24) 0 24v + 24w + 122 0
g = 13 (mod 24) 0 v+ 8w+4z | —12v — 4w + 4o + 4y — 4z
g =17 (mod 24) 0 120 + 4w + 2z 0
g =19 (mod 24) 0 48v + 48w + 24z | —24v — 24w + 24x — 24z
g =23 (mod 24) 0 0 0
a>2,6>0]¢g=1 8z + 4y 12v 4+ 12w 4+ 62 —6
g=1(mod 24),g#1 | 16z + 8y | 24v + 24w + 12z —12
g =5 (mod 24) 0 120 + 12w + 62 0
g =7 (mod 24) 16z + 8y 0 0
g =11 (mod 24) 0 24 + 24w + 122 0
g = 13 (mod 24) 16z + 8y | 24v + 24w + 12z —12
g =17 (mod 24) 0 12v 4+ 12w + 62 0
g =19 (mod 24) 482 + 24y | 48v + 48w + 24z —24
g =23 (mod 24) 0 0 0
a(even) B(odd)  s(n,4) = 3g
a=0,6>1]1¢g=1 0 12v 4+ 12w + 62 —4v — 4w + 4dx — 4z
g=1 (mod 8),g #1 0 36v + 36w + 182 | —12v — 12w + 12z — 122
g =5 (mod 8) 0 0 8z + 4y
g =3 (mod 4) 0 18v + 6w + 3z —6v — 2w + 22 + 2y — 22
a>2,8>1|g= 8z + 4y 12v + 12w 4 62 -4
g=1(mod8),g#1 |24z + 12y | 36v + 36w + 18z —12
g =5 (mod 8) 8z + 4y 0 0
g =3 (mod 4) 8z +4y | 18v+ 18w + 9z —6
a(odd) B(even) s(n,4) =2g
a=1,>0| g=1 (mod 3) 0 120 + 4w + 2z 0
g =2 (mod 3) 0 2qv+ 8w+ 4z | —12v — 4w + 4o + 4y — 4z
a>3,>0]g=1 (mod 3) 0 12v + 12w + 62 0
g =2 (mod 3) 162 + 8y | 24v + 24w + 12z —12
Continued on next page
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a, B ‘ g ‘ R ‘ S ‘ T
a(odd) B(odd)  s(n,4) = 6g
a=1,p8>1 0 18v 4 6w + 32 —6v — 2w+ 2x 4 2y — 22
a>3,60>1 8x + 4y 18v + 18w + 9z —6
Table 4.1: Values of R, S, T for f(a;z) € €
a, B g ‘ R ‘ S T
a(even) B(even) s(n,8) =2g
a=0,>0]g=1 (mod 3) 0 4v + 2z 0
g =2 (mod 3) 0 8v + 4z —4v+4x — 4z
a>2,>0|g=1 (mod3) 0 12v + 12w + 62 0
g =2 (mod 3) 8xr + 8y | 24v+ 24w + 122 —12
afeven) B(odd)  s(n,8) = 6g
a=0,>1 0 6v + 3z —2v 4+ 2x — 2z
a>2,6>1 4x + 4y 18v + 18w + 9z —6
a(odd) B(even) s(n,8) =g
a>1,>0 g—l 8x + 8y 12v 4+ 12w + 62 —6
=1 (mod 24),9 #1 | 16z + 16y | 24v + 24w + 12z —12
g = 5 (mod 24) 0 12v + 12w + 62 0
7 (mod 24) 16z + 16y 0 0
g = 11 (mod 24) 0 24v 4 24w + 122 0
g =13 (mod 24) 16z + 16y | 24v + 24w + 12z —12
g =17 (mod 24) 0 120 + 12w + 62 0
g = 19 (mod 24) 487 + 48y | 48v + 48w + 24z —24
23 (mod 24) 0 0 0
a(odd) B(odd)  s(n,8) =3¢
a>1,>1|g=1 8z + 8y 120 + 12w + 62 —4
g=1(mod 8),g# 1 | 24z + 24y | 36v + 36w + 182 —12
g =5 (mod 8) 8x + 8y 0 0
g =3 (mod 4) 8z + 8y 18v + 18w + 9z —6

Table 4.2: Values of R, S, T for f(a;z) € Co
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a, B g ‘ R ‘ S T
a(even) B(even) s(n,12) = 3g
a=0,=0|g=1 0 0 dv + 2z
g=1 (mod 8),g #1 0 0 12v 4 62
g =5 (mod 8) 0 0 8v + 4z
=3 (mod 4) 0 0 +2x+2
a>2,0= g=1 8v + 4z 0 —4v —4x 4 2z
g=1(mod8),g#1 | 24v+ 12z 0 —12v — 122 + 62
g =5 (mod 8) 8v + 4x 0 0
= 3 (mod 4) 8v + 4x 0 —6v — 6z + 3z
a=0,>2|g= 0 4w + 4y + 62 dv —dw — 4y — 4z
g=1 (mod 8),g #1 0 12w+ 12y + 182 | 12v — 12w — 12y — 122
g =5 (mod 8) 0 0 8v + 4z
g =3 (mod 4) 0 6w + 2y + 3z 2v — 6w + 2z — 2y — 2z
a>2,6>2g=1 8v +4x 4w + 4y + 62 —4
g=1(mod8),g#1 | 24v+ 12z | 12w + 12y + 18z —12
g =5 (mod 8) 8v + 4x 0 0
g =3 (mod 4) 8v + 4x 6w + 6y + 9z —6
a(even) B(odd) s(n,12) =g
a=0,>1]g=1 0 12w 4 4y + 62 20 — 6w+ 22 — 2y — 2z
g=1(mod 24),g #1 0 24w 4+ 8y 4+ 12z | 4v — 12w + 4o — 4y — 4z
g =5 (mod 24) 0 12w + 4y + 62 0
g =7 (mod 24) 0 0 16v + 8x
=11 (mod 24) 0 24w + 24y + 362 0
g =13 (mod 24) 0 24w+ 8y + 12z | 4v — 12w + 4o — 4y — 4=
= 17 (mod 24) 0 12w + 4y + 62 0
g =19 (mod 24) 0 48w + 48y + 72z | 24v — 24w — 24y — 24z
g = 23 (mod 24) 0 0 0
a>2,>1]1g=1 8v+4r | 12w+ 12y + 182 —6
g=1(mod24),g#1 | 16v+ 8z | 24w + 24y + 362 —12
g =5 (mod 24) 0 12w + 12y + 182 0
g =7 (mod 24) 16v + 8z 0 0
g =11 (mod 24) 0 24w + 24y + 362 0
g =13 (mod 24) 16v + 8z | 24w + 24y + 362 —12
g =17 (mod 24) 0 12w + 12y + 182 0
g =19 (mod 24) 48v + 24z | 48w + 48y + 72z —24
g =23 (mod 24) 0 0 0
a(odd) B(even) s(n,12) = 6g
a=1,=0 0 0 2042z + 2
a>3,=0 8v + 4z 0 —6v — 62 + 32
a=1,>2 0 6w + 2y + 3z 20 — 6w + 2x — 2y — 2z
a>3,6>2 8v + 4x 6w + 6y + 9z —6
a(odd) Blodd)  s(n,12) =2¢g
a=1,>1|g=1 (mod 3) 0 12w + 4y + 62 0
g =2 (mod 3) 0 24w + 8y + 12z | 4v — 12w + 4o — 4y — 4z
a>3,6>1]g=1 (mod 3) 0 12w + 12y + 182 0
g =2 (mod 3) 16v + 8z | 24w + 24y + 362 —12

Table 4.3: Values of R, S, T for f(a;z) € C3
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4. Proof of Theorem 1.1

Q, g ‘ R S T
a(even) B(even) s(n,24) = 6g
a=0,=0 0 0 2+ =
a=0,0>2 0 2w+ 3z —2w + 2y — 2z
a>2,=0 4x + 4y 0 —6x — 6y + 3z
a>2,0>2 dx + 4y 6v 4+ 6w + 9z —6
a(even) B(odd)  s(n,24) =2g
a=0,>1]g=1 (mod 3) 0 4w + 62 0
g =2 (mod 3) 0 8w + 12z —4w + 4y — 4z
a>2,>1]g=1 (mod 3) 0 120 4+ 12w + 18z 0
g =2 (mod 3) 8xr + 8y | 24v + 24w + 362 —12
a(odd) B(even) s(n,24) = 3g
a>1,8= g=1 8z + 8y 0 —dx — 4y + 2z
g=1(mod8),g#1 | 24x + 24y 0 —12z — 12y + 62
g =5 (mod 8) 8x + 8y 0 0
g =3 (mod 4) 8z + 8y 0 —6x — 6y + 32
a>1,0>2|g= 8z + 8y 4v + 4w + 62 —4
g=1(mod8),g#1 | 24z + 24y | 12v+ 12w + 18z —12
g =5 (mod 8) 8x + 8y 0 0
g =3 (mod 4) 8x + 8y 6v + 6w + 9z —6
a(odd) B(odd) s(n,24) =g
a>1,0>1 g:l 8r+8y | 12v+ 12w + 182 —6
g=1(mod 24),g #1 | 16x + 16y | 24v + 24w + 362 —12
g =5 (mod 24) 0 12v + 12w + 182 0
g="7 (mod 24) 16z + 16y 0 0
=11 (mod 24) 0 24v + 24w + 362 0
g =13 (mod 24) 16z + 16y | 24v + 24w + 362 —12
g =17 (mod 24) 0 120 4+ 12w + 182 0
g =19 (mod 24) 487 + 48y | 48v + 48w + 72z —24
g =23 (mod 24) 0 0 0

Table 4.4: Values of R, S, T for f(a;z) € Cq
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5. Examples

A search of (a1, az, a3, as, ag, as, ai2, ass) € Z8 satisfying (1.2)—(1.5) in the range —28 < a; < 28, i €
{1,2,3,4,6,8,12,24} yielded 34 eta quotients in C1, 30 in Cy, 30 in €3, and 34 in Cg4, see Tables 5.1,
5.2, 5.3, and 5.4, respectively. These tables also contain the values of (v,w,,y,2) € Q% computed
using (2.19), (2.21), (2.23), and (2.25), respectively.

We illustrate Theorem 1.1 with four examples, one each from Tables 5.1, 5.2, 5.3, and 5.4. The
four examples show how different the formulas for ¢(a;n) for different sequences of n can be.

ID | (a1,a2,a3,a4,a6,as,a12, a24) (v, w,2,y, 2)
1 (—6,15,0,—6,0,0,0,0) (1, 0 0,0,0)
2 | (-5,13,1,-7,-4,2,5,-2) | 1(3,-2,-3,6,0)
3 (—4,6,2,4,—1,-3,-2,1) $(1,1,3,-3,0)
4 (—4,8,2,-3,1,0,—1,0) £(1,0,1,0,0)
5 (—4,9,2,-5,-2,3,1,—1) i(z, o 3,0)
6 | (—4,10,2,—6,-5,1,8,-3) | 3(1,-1,-1,3,0)
7 (-3,6,—-1,0,3,0,—2,0) 1(1,0,3,0,0)
8 (—3,6,3,—4,-3,2,4,-2) i(1, 1 4 0)
9 (-2,-1,4,7,0,-3,-3,1) | 3(1,— 3,2)
10 (=2,1,0,8,0,—4,0,0) (0 ,1 )
11 (—2,1,4,0,2,0,—2,0) 3(1,-1,2,-1,2)
12 | (-2,2,4,-2,-1,3,0,—1) 1, 1,1,1,2)
13 (-2,3,0,1,2,—1,1,—1) %( ,1,0,1,0)
14 | (-2,3,4,-3,-4,1,7,-3) | £(1,-1,-1,5,2)
15 | (-2,4,0,-1,-1,2,3,-2) 1(0,1,0,3,0)
16 | (—2,5,—4,-2,10,0,—4,0) (0,0,1,0,0)
17 (—2, 5,0,—2,—4,0,10, —4) (0,0,0,1,0)
18 | (-1,-3,1,10,2,-3,-4,1) | 3(1,-2,3,-3,3)
19 (— 1, —1,1,3,4,0,-3,0) 1(1,-2,3,-2,4)
20 (-1,0,1,1,1,3, -1, 1) £(1,-2,3,0,6)
21 (-1,1 ,1 0,-2,1,6,—3) 1(0,0,0,1,1)
22 | (-1,3,-3,-3,6, 2,1, 2) 1(-1,2,1,2,0)
23 | (0,6, — 1 5,7,—6,-7,2) | (1,-3,3,-3,3)
24 (0,—4,-2,8,9, 3, —6,1) | 1(1,-3,3,-3,4)
25 (0, -3, — 2 6 6,0, —4,0) %(1,—3,3, —3,6)
26 (0,—-2,-2,1,11, o ,o) 5(1,-4,5,-4,8)
27 | (0,-2,-2,5,3,-2,3,-2) (0,0,0,0,1)
28 | (0,—1,-2,—1,8, 3 3 —1) | 3(0,-1,2,-1,4)
29 | ( ,o,—2, -3,5,6,—1,—2) %(—1,0,3,0,6)
30 (0,0, -2, —2 5,1,4 -3) §(—1,1,1,1,4)
31 0,1, — 2 —4,2,4,6,—4) 1(-1,1,1,1,2)
32 | (0, ,— -5,-1,2,13,-6) | (-1,1,1,1,1)
33 | (1,-4, 5 4,13,0,—6,0) | 7(1,—4,3,—4,8)
34 (2, 5,-8,2,20,0,-8,0) | z(1,—4,2,—4,8)

Table 5.1: Eta quotients [] 5,7 (dz) € €1
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5.

Examples

ID | (a1,a2,as,aq4,a6,as,a12,a24) (v, w,z,y,2)
1 [ (-6,15,2,-6,-7,0,7,—2) | (3,—2,-3,6,—-3)
2 | (-5,11,3,-4,-5,1,3,-1) | £(4,-2,-3,6,-3)
3 (—4,8,0,1,0,-2,0,0) (1,0,0,0,0)
4 (—4,8,4,—3,—6,0,6,—2) 1, 2 —3,6,—2)
5 (—3,4,5,—1,—4,1,2,—1) 2( ~-1,3,-1)
6 (3610 —4,0,5,—2) i(, ,—3,6,0)
7 | (=2,-1,2,11, 1 -5,-2,1) | 3(1,1,3,-3,0)
8 (—2,1,2,4,1,-2,—1,0) 3(1,0,1,0,0)
9 (2,1 ,60 505 2) 3(2,-1,-2,5,—1)
10 (-2,2,2,2,-2,1,1,-1) 1(2,-1,0,3,0)
11 (-2, 3 2,1,— —-1,8,-3) $(1,-1,-1,3,0)
12 | (-2 —2,3, o 3,-2) (0,0,0,0,1)
13 | (- 1, 1 7,3,-2,-2,0) 1(1,0,3,0,0)
14 | (-1,- 133 304 —2) 1(1,0,-1,4,0)
15 (1,1, 105,1, 1,-1) £(0,0,1,0,1)
16 | (-1,2,—-1,-2,2,4,1,-2) 1(~1,0,3,0,6)
17 | (—1, ,—1, —3,-1,2,8,—4) %—1,0,1,0,4)
18 (0,—-6,0,15,0,—6,0,0) (0,1,0,0,0)
19 (0,-4,0,8,2,-3,1,—1) 5(0,1,0,1,0)
20 (0,-3,0,6,—1,0,3,—2) 1(0,1,0,3,0)
21 | (0,-2,-4,5,10,—2,—4,0) (0,0,1,0,0)
22 (0,—2,0,1,4,0,2,—2) 1(-1,2,1,2,2)
23 | (0,-2,0,5,—4,—2,10, —4) (0,0,0,1,0)
24 (0,—1,0,—-1,1,3,4,-3) 1(-1,1,1,1,2)
25 (0,0,0,—-3,-2,6,6, —4) i(—3, 2,3,0,6)
26 (0,0,0,—2,—2,1,11, —5) %—2,1,2,1,4)
27 (0,1,0,—4,—5,4,13, —6) 1(-2,1,2,-1,4)
28 (0,2,0,—5,—8,2,20,—8) 3(—2,1,2,-2,4)
29 (1,-4,-3,4,6,0,1,—2) 1(-1,2,1,2,0)
30 | (2,-5,-6,2,13,0,—1,—2) 1(-1,2,1,2,-1)

Table 5.2: Eta quotients [, n**(dz) € Co
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ID | (a1,a9,as,a4,a6,as,a12,a,) (v, w,z,y,2)

1 (—8,20,2,-8,-5,0,2,0) (—2,3,4,—12,8)
2 (—6,13,4,—5,—4,0,1,0) $(—1,3, 4 —-12,8)
3 (-5,11,1,-2,-2,0,0,0) 1(, 4, 12 ,8)
4 (—4,6,6,—2,-3,0,0,0) (0, ,2)

5 | (—4,8,2,-1,-3,-1,3,—1) %(0,0,1, ,4)
6 | (—4,10,-2,—-4,5,0,-2,0) (1,0,0,0,0)

7 (-3,4,3,1,-1,0,—1,0) 1(1,3,2,-6,4)
8 (-3,8,—1,-5,1,2,3,-2) 1(3,-3,-2,6,0)
9 | (-2,-1,0,13,2,—6,-5,2) (1,3,1,-3,-1)
10 (—2,1,0,6,4, -3, —4,1) 3(1,3,1,-3,0)
11| (-2,1,4,2,-2,-1,2,-1) 5(0,0,1,-1,2)
12 (-2,2,0,4,1,0,-2,0) 1(1,3,1,-3,2)
13 (-2,3,0,—1,6,0,—3,0) (1,1,0,0,0)
14 (—2,3,0,3,—2,—25 2) (0,0,0,0,1)
15 | (-2,4,0,-3,3,3,—1,—1) 1(2,0,-1,3,0)
16 (-2,5,0,—5,0 6,1,—2) $(5,-3,-4,12,-2)
17 (-2,5,0,—4,0,1,6,—3) $(1,-1,-1,3,0)
18 | (—2,6,0,—6,—3,4,8,—4) 5(3, 3,-3,9,—-2)
19 | (-2,7,0,—7,-6,2,15,—6) (1,-1,-1,3,—1)
20 | (-1,-1,1,5,0,—1,1,-1) 1(0,0,1,0,1)
21 (-1,1,-3,2,8,0,—4,0) %(1,3,0,0,0)
22 (-1,1,1, 2,2,2,2,—2) 1(1,-1,0,4,0)
23 | (-1,2,1,-4,-1,5,4,-3) | £(3,-3,-2,12,-2)
24 | (—1,3,1, 5,f4,3,11,f5) 3(1,-1,-1,4,-1)
25 | (0,—4,-2,10,5, -4, —2,0) (0,0,1,0,0)

26 | (0,-2,-2,3,7,—1,—1,—1) 1(0,0,1,1,0)
27 (0,-1,-2,1,4,2,1,—-2) %(0,0,1,3,0)
28 (0,0,-6,0,15,0,—6,0) (0,1,0,0,0)

29 (0,0,-2,0,1,0,8, —4) (0,0,0,1,0)
30 | (1,-2,-5,-1,11,2,-1,-2) 1(—1,1,2,2,0)
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Examples

ID (a17a27a37a4aa6aa8aa127a24) (’U w,T,Y, 2 )
1 [ (-6,13,2,—-1,-5,-2,2,0) (—6,3,2,1,1)
2 (—4,6,4,2,—4,-2,1,0) $(—6,3,2,1,2)
3 | (—4,10,0,—4,-2,0,5,—2) (0,0,0,1,0)
4 (-3,4,1,5,-2,-2,0,0) 1(—6,3,2,1,4)
5 (-3,6,1,-2,0,1,1, 1) 1(0,0,0,1,1)
6 (-3,7,1,—4,-3,4,3,-2) %(6, -3,-2,5,2)
7 (- 38,1,—5 —6,2,10,—4) | ;(6,-3,-2,3,0)
8 (-2,-1,6,5,-3,-2,0,0) (-1,0,1,0,1)
9 (— 2,1,26 -3, 33 1) $(-3,3,1,1,0)
10 | (- 2,3 235 —2,0) (0,0,0,0,1)
11| (-2,3 104 —2) 1(0,1,0,1,0)
12 (— 2,4,2, 3 —4,3,6,—3) 1(3,0,—1,2,0)
13 | (-2,5,2,—4, 7,1,13 —5) %(3,4,*1,1,0)
14 | (-1,-3,3,8,— —1,0) | 1(0,-3,4,—1,4)
15 ( 1,3, 1 1 1, o -1) %(1, 1,1,0,1)
16 | (- 1,03 —2,4,2,-2) 5(6,-3,2,1,2)
17 (1,1, 12103 —2) 1(0,3,0,1,0)
18 | (-1,1,3,-2,-5, 2 9, —4) 1(4,-1,0,1,0)
19 (0,-8,0,20,2, -8, —5,2) (3,-6,2,—2,4)
20 (0,—6,0,13, 4, 5 —4,1) | 3(3,-6,3,-2,4)
21 (0,-5,0,11,1,-2,-2,0) | 4(3,—6,5,—2,4)
22 (0, —4,0,86,6, 2,—3,0) 5(2,-3,2,-1,2)
23 | (0,-4,0,10,-2,—4,5,—2) (0,0,1,0,0)
24 (0,-3,0,4,3,1, -1, —1) %(3,4,3,—1,2)
25 (0,-2,0,2,0,4,1,—2) 5(6,-3,4,-1,2)
26 (0,-2,0,3,0,—1,6,—3) %(1,0,1,0, 0)
27 (0,-1,0,1,-3,2,8,—4) 1(3,0,1,0,0)
28 (0,0,—4,0,8,0,1,—2) (0,1,0,0,0)
29 (0,0,0,0,—6,0, 15 —6) (1,0,0,0,0)
30 | (1,-6,-3,9,8,—2,—-4,0) | 1(6,-9,6,-3,4)
31 | (1,—4,-3,2, 10,1, 3 -1) | 5(2,-2,2,-1,1)
32 | (1,-3,— 3074 -2) | 5(6,-3,6,-3,2)
33 | (1,-2,-3,—1,4, 2 6 —4) 1(2,1,2,-1,0)
34 | (2,-7,— 6 7 15,-2,-6,0) | (2,-3,2,—1,1)

Table 5.4: Eta quotients [, n**(dz) € Cq

Example 5.1. For our first illustration of Theorem 1.1 we consider eta quotient no. 34 in Table 5.1,
which has a := (2,-5,—8,2,20,0,—8,0), namely
ﬁ (1-¢")?(1—¢")*(1—¢q

(1—¢*)5(1 — ¢3m)8(1 — ¢12n)8

6n)20
S 61. (51)

n=1

This eta quotient has
( ) 1 42 48
V,W, T, Y,2) = | 55" 575> 579 |-
Y 333 33
We now use Theorem 1.1 to determine the coefficient of q" in the Fourier expansion of f(a;z) for all

n € N of the form
n=2%3*13, reN,seN,.
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By (1.13) we have a = 2r, B = 2s, g = 13 and h = 1. The relevant ternary quadratic form is
2?2 + y? + 22, which has discriminant A = 4, so by (1.15) we have s(n,A) = sqf (22732413 - 22) = 13
and thus the classnumber h (Q( —s(n, A))) =h(Q(v=13)) = 2. By (1.16), as h = 1, we have
I(n,A) =1(2273%13,4) = 1. Appealing to Table 4.1 we see that

R=16z+8y =0,

S =24v + 24w + 122 = 8,

T=-12

Hence, by Theorem 1.1, we obtain

c(a;2773%13) = (R2" + S3°+T7)2=16-3°—24, reN,s€eNy.
Thus, for example, the coefficient of ¢°?373%472 (r = 10,5 = 3) in the expansion of the eta quotient
(5.1) is 408. To the authors’ knowledge, the computation of this coefficient is beyond the capabilities

of software packages such as Maple.

Example 5.2. Our second example is no. 4 in Table 5.2, namely

. - o0 (1 _ q2n)8(1 _ q3n)4(1 —q
f(Q? Z) T }_[1 (1 _ qn)4(1 _ q4n)3(1 _ q6n)6(1 _ q24n>2

where a := (—4,8,4,-3,—6,0,6,—2) and

3 3
=(2,-1,-2,3,-1).
(/vavxvyuz) <27 ’ 2) 3 >

We use Theorem 1.1 to determine the coefficients of q" in the Fourier expansion of f(a;z) for all
n =10 (mod 12). We set n = 12m — 2, where m € N. Appealing to (1.13) we have

12n)6

S 62,

2(6m — 1) = n = 2°3°gh?,
from which we deduce as h* =1 (mod 12)
a=1,=0,9g=5 (mod 6).

Then from Table 4.2 we have as 120 + 12w + 6z = 12 (3) + 12(—1) + 6(—1) = 18 — 12— 6 = 0 that
R=S=T=0 for g=5,11,17,23 (mod 24). Hence, by Theorem 1.1 we have

c(la;n) =0, n=10 (mod 12).

Example 5.3. For our third example, we consider

H )4( )q(4n)2(1 _) )3 € Cs,

n=1 1_q

where
=(-4,6,6,—2,-3,0,0,0),

which is no. 4 in Table 5.3. From the table we have
(Uv w,x,Y, Z) = (05 ]-7 ]-7 _37 2) .

We determine the coefficient of ¢ in the Fourier expansion of f(a;z) for all n € N of the form
n = 3p?, where p is a prime not equal to 2 or 3. By (1.13) we have a = 0, =1, g = 1, and
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h = p. The relevant ternary quadratic form is x% + y? + 322 of discriminant A = 12. Hence,
s(n, A) = s(3p?,12) = sqf(36p?) = 1. As h = p, by (1.16) we have

1 _
1, &) = 13212 o) - (1) o) =p+ 1= (-1,
Appealing to Table 4.3 we see that
R =0,
S =12w + 4y + 6z = 12,
T =2v—6w+2r—2y—2z=-2,

so, by Theorem 1.1, we have

¢ (a;3p?) = (Rz[a/2] + 83182 T) I(n, A)h <Q ( “s(n, A)))
= (0+12-2) (p+1- (=17 ) A (Q(V-1))
that is
¢ (a;3p?) = 10 <p+ 1— (—1)‘%1) . (prime) £ 2,3.

Example 5.4. In our fourth and final application of Theorem 1.1, we consider the eta quotient

M (1- d )2(1 ¢*")7(1 —¢)"
=11 (1 — 27 (1 — ¢®)5(1 — ¢5m)2(1 — q12n)6

n:l

€ 667
where

a:=(2,-7,—-6,7,15,—2,—6,0),
which is no. 84 in Table 5.4. From the table we see that

(U’ w,x,Y, Z) = (2’ _37 27 _1a 1) .

We use Theorem 1.1 to determine the coefficient of ¢" in the Fourier expansion of f(a;z) for all
n € N of the form n = p, where p is a prime not equal to 2 or 3. By (1.13) we have a =0, = 0,
g =p, and h = 1. The relevant ternary quadratic form is x> + y*> 4+ 622 so that A = 24. Hence, we
have s(n,A) = s(p,24) = sqf(p24) = 6p. As h =1, by (1.16) we have

l(n,A)=1(p,24) = 1.
Appealing to Table 4.4 we see that
R=0, S=0, T=2y+z=-1.
Hence, by Theorem 1.1, we have
laip) = (R+S+Di(p,20)h (Q (vV=s(p21)) )
that s

elaip) = —h (Q(V=6p)). p (prime) #2,3.

We conclude by remarking that our work has shown how modular forms can benefit from classical
results about ternary quadratic forms.
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