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Abstract. For almost all tuples (x1, . . . , xn) of complex numbers, a strong version of Schanuel’s Conjecture is true: the 2n

numbers x1, . . . , xn, ex1 , . . . , exn are algebraically independent. Similar statements hold when one replaces the exponential function
ez with algebraically independent functions. We give examples involving elliptic and quasi–elliptic functions, that we prove to be

algebraically independent: z, ℘(z), ζ(z), σ(z), exponential functions, and Serre functions related with integrals of the third kind.
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1. Extended abstract

Schanuel’s Conjecture is one of the main open problems in the theory of transcendental numbers.
We remark that a stronger statement, which we call Strong Schanuel Property, is valid for almost all
numbers, and we give an explicit example where the Strong Schanuel Property is satisfied.

The algebraic independence statement for almost all tuples is valid not only for the usual
exponential function, but more generally for algebraically independent functions. We develop this
remark for functions related with elliptic curves; we use the Weierstrass model and investigate the
algebraic independence of values of elliptic ℘ functions as well as of quasi–elliptic functions ζ and σ.
We also consider values of the functions which were introduced by Serre [Wal79a, Appendix] in order
to study elliptic integrals of the third kind.

The result that we obtain for almost all numbers is a first step before suggesting conjectures
extending Schanuel’s one to these elliptic and quasi–elliptic functions. The above functions
are involved in the parametrization of the exponential of commutative algebraic groups. In
[BeWa25, BeWa26], we show how this approach contributes to produce new conjectures having a
geometrical origin, which means that they are special cases of the Grothendieck-André generalized
period Conjecture, involving motives, like in earlier works of Cristiana Bertolin (see in particular
[Be02] and [Be20]).

In the appendix, motivated by a joke of D.W. Masser, we state a result involving both a Weierstrass
zeta function and the Riemann zeta function.

2. Introduction

The following statement was proposed as a conjecture by Stephen Schanuel while he attended a course
by Serge Lang, which gave rise to the book [Lan66].

Schanuel’s Conjecture. If x1, . . . , xn are complex numbers linearly independent over Q, then at
least n of the numbers x1, . . . , xn, e

x1 , . . . , exn are algebraically independent over Q.

In other terms the transcendence degree over Q of the field Q(x1, . . . , xn, e
x1 , . . . , exn) is at least

n.
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This lower bound n for the transcendence degree is clearly best possible: for instance if x1, . . . , xn
are algebraic, then the transcendence degree is n. This Theorem of Lindemann–Weierstrass is one of
the very few known special cases where Schanuel’s Conjecture is known to hold.

Our first remark is that a stronger statement is valid for almost all tuples (for Lebesgue measure
in Cn).

Definition. We say that an n–tuple (x1, . . . , xn) of complex numbers satisfies the Strong Schanuel
Property if the 2n numbers x1, . . . , xn, e

x1 , . . . , exn are algebraically independent over Q.
In Example 3.2, § 3., we produce uncountably many explicit n–tuples (x1, . . . , xn) of complex

numbers that satisfy the Strong Schanuel Property.
The fact that the Strong Schanuel Property holds for almost all tuples of complex numbers merely

uses the fact that the exponential function is transcendental (over C(z)). It is the special case K = Q,
t = 2, f1(z) = z, f2(z) = ez of the following result:

Proposition 2.1. Let K be a finitely generated extension of Q. Let f1, . . . , ft be meromorphic
functions in C which are algebraically independent over K. Then for almost all tuples (z1, . . . , zn) of
complex numbers, the nt numbers

fj(zi) (i = 1, . . . , n, j = 1, . . . , t) (2.1)

are algebraically independent over K.

The converse is plain: if f1, . . . , ft are meromorphic functions in C which are algebraically
dependent over C, if we denote by K the field generated over Q by the coefficients of a polynomial
in C[X1, . . . , Xt] which vanishes when the variables are specialized as f1, . . . , ft, then for all n and all
tuples (z1, . . . , zn) of complex numbers the nt numbers (2.1) are algebraically dependent over K.

Our main result on algebraic independence of periodic and quasi–periodic functions is the following
theorem, which involves Weierstrass ℘, ζ and σ functions as well as Serre functions fu (see §4.). Among
a number of special cases it contains [Rey82, Lemma 5] and [Mas75, Lemma 20.10]. We identify the
ring End(E) of endomorphisms of E with the set of complex numbers α such that αΩ ⊂ Ω, where
Ω is the lattice of periods of E. The field of fraction k := End(E) ⊗Z Q of End(E) is the field of
endomorphisms of E, namely k = Q in the non–CM case, and k = Q(τ) in the CM case, whenever τ
is the quotient of two independent periods.

Theorem 2.2. Let t1, . . . , tr be complex numbers linearly independent over Q. Let u1, . . . , us be
complex numbers.
1. Assume that ω1, ω2, u1, . . . , us are linearly independent over Q. Then the 4 + r + s functions

z, ℘(z), ζ(z), σ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

are algebraically independent.
2. Assume further that the elliptic curve E has complex multiplication with field of endomorphisms k.
Let α1, . . . , αs be elements in End(E) r Z. Assume that ω1, u1, . . . , us are linearly independent over
k. Then the 4 + r + 2s functions

z, ℘(z), ζ(z), σ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

are algebraically independent.

Proposition 6.8 shows that in item 1 the assumption that ω1, ω2, u1, . . . , us are linearly independent
over Q cannot be omitted.

From Proposition 2.1 and Theorem 2.2 we deduce at once:
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Corollary 2.3. (Strong elliptic Schanuel property) Let K be a finitely generated extension of
Q. Let t1, . . . , tr be complex numbers linearly independent over Q. Let u1, . . . , us be complex numbers.
1. Assume that ω1, ω2, u1, . . . , us are linearly independent over Q. Then for almost all n–tuples
(z1, . . . , zn) of complex numbers, the n(4 + r + s) numbers

zi, ℘(zi), ζ(zi), σ(zi), e
t1zi , . . . , etrzi , fu1(zi), . . . , fus(zi) (i = 1, . . . , n)

are algebraically independent over K(g2, g3).
2. Assume that the elliptic curve E has complex multiplication; let k be the field of endomorphisms
of E. Let α1, . . . , αs be elements in End(E) rZ. Assume that ω1, u1, . . . , us are linearly independent
over k. Then for almost all n–tuples (z1, . . . , zn) of complex numbers, the n(4 + r + 2s) numbers

zi, ℘(zi), ζ(zi), σ(zi), e
t1zi , . . . , etrzi , fu1(zi), . . . , fus(zi), fu1(α1zi), . . . , fus(αszi) (i = 1, . . . , n)

are algebraically independent over K(g2, g3).

It is a challenge to state a conjecture, extending Schanuel’s one, which would hold for all tuples
(z1, . . . , zn) of complex numbers. Such a statement should hold in particular when these n numbers
are algebraic, like in the Lindemann–Weierstrass Theorem. Hence, in the conclusion, one should not
predict anything better than a transcendence degree > n(3 + r+ s) for part 1 (resp. > n(3 + r+ 2s)
in the CM case for part 2). Such a lower bound is sometimes too optimistic (see for instance the
so–called exceptional case in [BeWa25]). Also, we would need to assume some condition of linear
independence of the zi over the field of endomorphisms of ℘. One should as well replace the finitely
generated field K by Q

(
g2, g3, ℘(u1), . . . , ℘(un)

)
.

The elliptic function ℘ parametrizes the exponential of an elliptic curve, the zeta function ζ occurs
in the parametrization of the exponential of an extension of an elliptic curve by the additive group,
Serre functions fu occur in the parametrization of the exponential of extensions of an elliptic curve
by the multiplicative group [Wal79a, Appendix by Serre], [Mas75, Chapter 20, Exercise 20.104].

In forthcoming joint papers [BeWa25, BeWa26] with Cristiana Bertolin, we propose new
conjectures in the style of Corollary 2.3 but which we expect to be true for all tuples of complex
numbers.

3. Explicit examples of tuples satisfying the Strong Schanuel
Property

We now give explicit examples of tuples satisfying the Strong Schanuel Property. We denote by ‖ · ‖
the distance to the nearest integer.

Theorem 3.1. Let ψ : Z>0 → R>0 be a decreasing function such that

ψ(q) < e−q
4
.

Let x1, . . . , xn be real numbers. Assume that there exists a sequence (qk)k>0 of positive integers such
that

0 < kn−1‖qkxn‖ 6 kn−2‖qkxn−1‖ 6 · · · 6 k‖qkx2‖ 6 ‖qkx1‖ 6 ψ(qk)

for all k > 0. Then the n–tuple (x1, . . . , xn) satisfies the Strong Schanuel Property.

Before proving Theorem 3.1, we show how it produces uncountably many explicit examples of
n–tuples of real numbers (in fact Liouville numbers) satisfying the Strong Schanuel Property.
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Example 3.2. Define a sequence (qk)k>0 of positive integers by q0 = 1 and qk+1 = 3q
4
k for k > 0.

For ` > 1 and 1 6 i 6 n, let ε
(i)
` ∈ {−1,+1}. For i = 1, . . . , n and k > 1, set

xi =
∞∑
`=1

ε
(i)
`

(
4(`− 1)

)n−i
q`

and p
(i)
k = qk

k∑
`=1

ε
(i)
`

(
4(`− 1)

)n−i
q`

,

so that

qkxi − p
(i)
k = qk

∞∑
`=k+1

ε
(i)
`

(
4(`− 1)

)n−i
q`

= ε
(i)
k+1

(4k)n−iqk
qk+1

+ qk

∞∑
`=k+2

ε
(i)
`

(
4(`− 1)

)n−i
q`

·

Then for 1 6 i 6 n and k sufficiently large, we have

(4k)n−iqk
2qk+1

6
∣∣∣qkxi − p(i)

k

∣∣∣ 6 2(4k)n−iqk
qk+1

·

Hence for sufficiently large k we have

‖qkxi‖ 6
2(4k)n−iqk

qk+1
=

(4k)n−i+1qk
2kqk+1

6
1

k
‖qkxi−1‖

for 2 6 i 6 n and

‖qkx1‖ 6
2(4k)n−1qk

qk+1
6 e−q

4
k .

From Theorem 3.1, it follows that the numbers x1, . . . , xn, e
x1 , . . . , exn are algebraically independent

over Q.
The proof of Theorem 3.1 rests on three preliminary lemmas. The first one is a special case of a

Durand’s result [Dur77], quoted in [Wal88, Theorem p. 226].

Lemma 3.3. (A. Durand) Let x1, . . . , xn be real numbers with n > 1. Assume that for any integer
k > 1 there exists an integer q such that

0 < kn−1‖qxn‖ 6 kn−2‖qxn−1‖ 6 · · · 6 k‖qx2‖ 6 ‖qx1‖ 6 q−k.

Then x1, . . . , xn are algebraically independent.

The next auxiliary lemma is a lower bound for a non homogeneous linear form in one logarithm;
there are several such estimates, we use a special case of [Wal00, Theorem 9.1]. We denote by h the
absolute logarithmic height of an algebraic number.

Lemma 3.4. Let α be a nonzero algebraic number, logα a logarithm of α, β a non zero algebraic
number, D the degree of the field Q(α, β), and A, B real numbers satisfying

logA > max{1,h(α), | logα|}, B > max{e, h(β), D logA}.

Then
|β − logα| > exp{−226D3 logA logB}.

We will need also an upper bound for the distance of a complex number θ to the nearest zero of
a polynomial F ∈ Z[X] in terms of |F (θ)|. The next lemma is due to N.I. Fel’dman [Wal00, Lemma
15.13]. Here, H denotes the usual height of a polynomial, i.e. the maximum of the absolute values of
its coefficients.
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Lemma 3.5. Let F be a nonzero polynomial in Z[X] of degree D. Let θ be a complex number, α a
root of F at minimal distance of θ and ` the multiplicity of α as a root of F . Then

|θ − α|` 6 D3D−2H(F )2D|F (θ)|.

We can now prove the main result of this section.

Proof of Theorem 3.1. Under the assumptions of Theorem 3.1, assume that there exists a nonzero
polynomial f ∈ Z[X1, . . . , Xn, Y1, . . . , Yn] such that

f(x1, . . . , xn, e
x1 , . . . , exn) = 0.

Let L be the maximum of the partial degrees of f with respect to the 2n variables. Write

f(X,Y ) =
∑
`

∑
m

f`,mX
`Y m

where ` stands for (`1, . . . , `n) with 0 6 `i 6 L (1 6 i 6 n), m for (m1, . . . ,mn) with 0 6 mj 6 L

(1 6 j 6 n), X` for X`1
1 · · ·X`n

n and Y m for Y m1
1 · · ·Y mn

n .
Using the assumption of Theorem 3.1 on the existence of a sequence (qk)k>0, we introduce n

sequences (pk1)k>1, . . . , (pkn)k>1 of integers such that, for k > 1 and 1 6 i 6 n,

|qkxi − pki| = ‖qkxi‖.

Lemma 3.3 implies that the numbers x1, . . . , xn are algebraically independent.
We substitute pki/qk to Xi and epki/qk to Yi in f(X,Y ): set

ξk := f(p
k
/qk, e

p
k
/qk) =

∑
`

∑
m

f`,m(p
k
/qk)

`(epk/qk)m,

where p
k
/qk stands for (pk1/qk, . . . , pkn/qk) and epk/qk for (epk1/qk , . . . , epkn/qk). Then

ξk =
∑
`

∑
m

f`,m

(
(p
k
/qk)

`(epk/qk)m − x`(ex)m
)

where x` = x`11 · · ·x`nn and (ex)m = em1x1+···+mnxn . One deduces

|ξk| 6 c1ψ(qk) (3.2)

with a constant c1 independent on k. The number ξk can be written as q−nLk Fk(e
1/qk) where Fk ∈ Z[T ]

is the polynomial

Fk(T ) =
∑
`

∑
m

f`,mp
`
k
qnL−`1−···−`nk T pk1m1+···+pknmn .

We claim that, for sufficiently large k, the exponents pk1m1 + · · ·+ pknmn (0 6 mi 6 L) are pairwise
distinct. Indeed, otherwise, since the set of (m1, . . . ,mn) has at most (L+ 1)n elements (independent
on k), we would have a non trivial linear relation

a1pk1 + · · ·+ anpkn = 0

with −L 6 ai 6 L, (1 6 i 6 n) valid for infinitely many k. Dividing by qk and taking the limit of the
left hand side as k →∞ we would deduce

a1x1 + · · ·+ anxn = 0,
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which is not true since x1, . . . , xn are algebraically independent, hence linearly independent.
We claim that, for sufficiently large k, the polynomial Fk(T ) is not zero. Otherwise, we would

have ∑
`

f`,mp
`1
k1 · · · p

`n
kn = 0

for all (m1, . . . ,mn) with 0 6 mi 6 L. Again, by taking the limit as k →∞, the relations∑
`

f`,mx
`1
1 · · ·x

`n
n = 0

would give a contradiction with the algebraic independence of x1, . . . , xn.
Let αk be a root of Fk(T ) at a nearest distance of e1/qk . The degree of αk is at most c2qk and

its logarithmic height at most c3 log qk, with positive constants c2 and c3 which do not depend on k.
Using (3.2) together with Lemma 3.5 we deduce∣∣∣e1/qk − αk

∣∣∣ 6 c4ψ(qk),

which implies that α has a logarithm which satisfies∣∣∣∣ 1

qk
− logαk

∣∣∣∣ 6 c5ψ(qk). (3.3)

On the other hand, Lemma 3.4 with D = c2qk, A = qc3k , B = qk, yields∣∣∣∣ 1

qk
− logαk

∣∣∣∣ > exp{−c5q
3
k(log qk)

2}. (3.4)

The estimates (3.3) and (3.4) are not compatible, hence the result. �

4. Elliptic and quasi–elliptic functions

Let Ω = Zω1 + Zω2 be a lattice in C with elliptic invariants g2, g3. We consider the following
Weierstrass functions (see for instance [Mas75]): the Weierstrass sigma function

σ(z) = z
∏

ω∈Ωr{0}

(
1− z

ω

)
exp

(
z

ω
+

z2

2ω2

)
, (4.5)

the Weierstrass zeta function ζ = σ′/σ and the Weierstrass elliptic function ℘ = −ζ ′.
Further, for u ∈ Cr Ω, we introduce the Serre function

fu(z) =
σ(z + u)

σ(z)σ(u)
e−ζ(u)z.

The periods of the Weierstrass elliptic function ℘ are elliptic integrals of the first kind. The Weierstrass
zeta function ζ has quasi–periods η = ζ(z+ω)−ζ(z) which are given by elliptic integrals of the second
kind. Serre functions fu were introduced in an appendix of [Wal79a] to investigate elliptic integrals
of the third kind.

For ω ∈ Ω, we have ℘(z + ω) = ℘(z), ζ(z + ω) = ζ(z) + η(ω) and

σ(z + ω) = ε(ω)σ(z) exp
(
η(ω)

(
z +

ω

2

))
(4.6)

with

ε(ω) =

{
1 if ω/2 ∈ Ω,

−1 if ω/2 6∈ Ω.
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Further,
fu(z + ω) = fu(z) exp (η(ω)u− ωζ(u)) .

The quasi–periodicity of the Weierstrass zeta function defines a Z–linear map (homomorphism of
abelian groups)

η : Ω → C
ω 7→ η(ω).

We set ηi = η(ωi) for i = 1, 2. We will choose the order of ω1, ω2 with positive imaginary part of
ω2/ω1, so that Legendre relation [Mas75, Exercise 20.33] is

ω2η1 − ω1η2 = 2πi. (4.7)

This relation holds for a basis (ω1, ω2), while for a pair of two linearly independent periods ω′1, ω
′
2 we

have
ω′2η(ω′1)− ω′1η(ω′2) ∈ 2πiZ r {0}. (4.8)

For u ∈ Cr Ω and ω ∈ Ω, we define

λ(u, ω) = η(ω)u− ωζ(u), (4.9)

so that the quasi–periodicity relation of fu is

fu(z + ω) = fu(z) exp
(
λ(u, ω)

)
(ω ∈ Ω). (4.10)

From Legendre relation 4.7 we deduce

λ(u, ω1)ω2 − λ(u, ω2)ω1 = (ω2η1 − ω1η2)u = 2πiu. (4.11)

5. Strong Schanuel Property for values of algebraically independent
functions

Proof of Proposition 2.1. We will use the following facts.
• If F is a nonzero meromorphic function in Cn, then the set Z(F ) of zeroes of F in Cn has Lebesgue
measure zero.
• A countable union of sets of Lebesgue measure zero has Lebesgue measure zero.
• The set of polynomials in nt variables with coefficients in K is countable.

For P a nonzero polynomial in nt variables with coefficients in K, define a nonzero meromorphic
function in Cn by

FP (z1, . . . , zn) = P
(
(fj(zi)) 16i6n

16j6t

)
and let Z(FP ) ⊂ Cn be the set of zeroes of FP . The set of tuples (z1, . . . , zn) ∈ Cn such
that the nt numbers (2.1) are algebraically dependent over K is the union of all Z(FP ) with
P ∈ K[(Xij) 16i6n

16j6t
] r {0}. Hence the result. �

6. Algebraic independence of periodic and quasi–periodic functions

In this section we prove Theorem 2.2. We need preliminary results.
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6.A. Auxiliary results

In a multiplicative Z–module, which is nothing else than an abelian group written multiplicatively,
linear dependence is called multiplicative dependence. For instance the set (C×)Ω of sequences of
nonzero complex numbers indexed by Ω is a multiplicative Z–module; elements x1, . . . ,xm of (C×)Ω,
where xi = (xi,ω)ω∈Ω, are multiplicatively dependent if there exists (h1, . . . , hm) ∈ Zm r {0} such
that

xh11 · · ·x
hm
m = 1,

that is
xh11,ω · · ·x

hm
m,ω = 1 for all ω ∈ Ω.

For z = (zω)ω∈Ω ∈ CΩ, exp(z) ∈ (C×)Ω denotes
(
exp(zω)

)
ω∈Ω

. For z1, . . . , zm in CΩ, the

elements exp(z1), . . . , exp(zm) are multiplicatively dependent in (C×)Ω if and only if there exists
(h1, . . . , hm) ∈ Zm r {0} such that

h1z1,ω + · · ·+ hmzm,ω ∈ 2πiZ for all ω ∈ Ω.

In this case, let

h0(ω) =
1

2πi
(h1z1,ω + · · ·+ hmzm,ω) .

Then, for (a, b) ∈ Z2,
h0(aω1 + bω2) = ah0(ω1) + bh0(ω2).

We introduce two elements of CΩ:

ω = (ω)ω∈Ω, η = (η(ω))ω∈Ω.

In the C–vector space CΩ, for t ∈ C and x = (xω)ω∈Ω ∈ CΩ, we have

tx = xt = (txω)ω∈Ω ∈ CΩ.

Based on (4.9), for u ∈ Cr Ω, we define an element in CΩ as

λ(u,ω) = ηu− ωζ(u) =
(
λ(u, ω)

)
ω∈Ω

=
(
η(ω)u− ωζ(u)

)
ω∈Ω

.

Recall that for complex numbers t1, . . . , tr, the r numbers et1 , . . . , etr are multiplicatively
independent if and only if the r + 1 numbers 2πi, t1, . . . , tr are linearly independent over Q.

Our first auxiliary result is a generalisation of Vandermonde determinants.

Lemma 6.1. Let (rt)t>0 be a sequence of monic polynomials in C[T ] where the degree of rt is t.
Let t1, . . . , tm positive integers and w1, . . . , wm complex numbers. Set D = t1 + · · · + tm. Then the
determinant of the D ×D matrix

M :=
(
rt(a)waj

)
06a<D

06t<tj , 16j6m

is

k(t1, . . . , tm)
m∏
j=1

w
tj(tj−1)/2
i

∏
16i<j6m

(wj − wi)titj (6.12)

with

k(t1, . . . , tm) =
m∏
j=1

tj−1∏
t=1

t!.
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The matrix M is
M =

(
M1(w1) M2(w2) . . .Mm(wm)

)
where, for 1 6 j 6 m and w ∈ C, Mj(w) is the D × tj matrix

Mj(w) :=
(
rt(a)waj

)
06a<D
06t<tj

,

namely

Mj(w) :=


r0(0) r1(0) r2(0) · · · rtj−1(0)
r0(1)w r1(1)w r2(1)w · · · rtj−1(1)w
r0(2)w2 r1(2)w2 r2(2)w2 · · · rtj−1(2)w2

...
...

...
. . .

...
r0(D − 1)wD−1 r1(D − 1)wD−1 r2(D − 1)wD−1 · · · rtj−1(D − 1)wD−1

 .

Proof. By means of linear combinations of the columns, we see that the determinant does not depend
on the polynomials rt. Without loss of generality we assume rt(z) = zt.

For a > 0 and t > 0 we have (
z

d

dz

)t
za = atza.

For a = 0 we have za = 1 and (zd/dz)t1 = δt,0 (Kronecker symbol; in particular za = 1 for z = a = 0).
Denote by C[z]<D the D–dimensional vector space of polynomials of degree < D. For w ∈ C×

and 1 6 j 6 m, we have((
z

d

dz

)t
P

)
(w) = 0 (0 6 t < tj) ⇐⇒

(
d

dz

)t
P (w) = 0 (0 6 t < tj). (6.13)

Therefore, when w1, . . . , wm are nonzero distinct complex numbers, the linear map

C[z]<D −→ CD

P (z) 7−→

(((
z

d

dz

)t
P

)
(wj)

)
06t<tj , 16j6m

is injective, hence its determinant in the canonical bases of C[z]<D and CD, which is M , is not zero.
We deduce that the determinant of M , which is a polynomial ∆ in w1, . . . , wm, vanishes only

when either some wj vanishes or two wj coincide. Therefore this determinant is a constant times a
product of powers of wj and a product of powers of wi − wj .

We expand this determinant as a sum of products using Laplace rule. Each wj occurs tj times with

distinct exponents > 0, hence ∆ is divisible by w
ti(ti−1)/2
j . Further, each monomial in this expansion

has degree D(D− 1)/2, hence this polynomial ∆ is homogeneous of degree D(D− 1)/2. Furthermore
this expansion shows that the degree of ∆ in wj is

(D − 1) + (D − 2) + · · ·+ (D − tj) = tj(D − (tj + 1)/2).

We claim that this polynomial is divisible by (wi−wj)titj for 1 6 i < j 6 m. To prove this claim, we
consider the values at wj of the derivatives of ∆ with respect to wi. Using (6.13), we replace ∂/∂wi
with wi∂/∂wi. The column of index (t, i) with 0 6 t < ti is the transpose of(

δt,0, wi, 2
tw2

i , 3
tw3

i , . . . , (D − 1)twD−1
i

)
(6.14)

For 0 6 t 6 ti − 1, let τt > 0. If we apply the operator (wi∂/∂wi)
τt to the column which is the

transpose of (6.14) and then we substitute wj to wi, we obtain the transpose of(
δt+τt,0, wj , 2

t+τtw2
j , 3

t+τtw3
j , . . . , (D − 1)t+τtwD−1

j

)
. (6.15)
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Let τ > 0. If the value of (wi∂/∂wi)
τ∆ when we substitute wj to wi is not 0, then there exists non

negative integers τ0, . . . , τti−1 with sum τ such that the ti−1 columns (6.15) are pairwise distinct and
are not equal to one the columns of index (t′, j) as long as 0 6 t′ < tj . Therefore we have τt+t > tj for
0 6 t < ti and τ0, τ1 +1, . . . , τti−1+ti−1 are pairwise distinct. This implies τ0 +τ1 + · · ·+τti−1 > titj ,
and our claim is proved.

We recover the partial degree of ∆ with respect to wi:

ti
∑
j 6=i

tj +
ti(ti − 1)

2
= tiD −

ti(ti + 1)

2
·

From

D2 =

 m∑
j=1

tj

2

=

m∑
j=1

t2j + 2
∑

16i<j6m

titj

we deduce
D(D − 1)

2
=

m∑
j=1

tj(tj − 1)

2
+

∑
16i<j6m

titj

and (6.12) follows.
For t > 0, the Vandermonde determinant of 0, 1, 2, . . . , t− 1, namely

k(t) := det


1 0 0 · · · 0
1 1 1 · · · 1
1 2 22 · · · 2t−1

...
...

...
. . .

...
1 (t− 1) (t− 1)2 · · · (t− 1)t−1


has the value 1

k(t) = 1t−12t−2 · · · (t− 2)2(t− 1) =

t−1∏
i=1

it−i =

t−1∏
j=1

j!.

By induction we deduce

k(t1, · · · , tm) =
m∏
j=1

k(tj).

�

From Lemma 6.12 we deduce:

Lemma 6.2. Let w1, . . . , wm be nonzero complex numbers, T a positive integer and qt,j (0 6 t 6 T ,
1 6 j 6 m) complex numbers, not all of which are 0. There exists a constant η > 0 with the following
property. Let A be a real number. For 0 6 a 6 m(T + 1), define

ξa =

T∑
t=0

m∑
j=1

qt,j(A+ a)twaj .

(i) Assume
ξa = 0 for 0 6 a 6 m(T + 1).

Then w1, . . . , wm are not pairwise distinct.
(ii) Assume that the numbers ξa (0 6 a 6 m(T + 1)) are not all 0. Then

max
06a6m(T+1)

|ξa| > ηmax{1, A}−mT (T+1).

1This sequence
(
k(t)

)
t>0

is the sequence https://oeis.org/A000178 of the on-line Encyclopedia of Integer Sequences.

https://oeis.org/A000178
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Proof. We use Lemma 6.1 with t1 = · · · = tm = L+1 for the sequence of polynomials rt(T ) = (A+T )t

(t > 0).
(i) If there is a nontrivial solution qt,j to the linear system of equations ξa = 0, the determinant of
this system is zero. Lemma 6.12 implies that w1, . . . , wm are not pairwise distinct.
(ii) Without loss of generality, reordering the sequence w1, . . . , wm if necessary, we may assume

{w1, . . . , wm} = {w1, . . . , wµ}

with 1 6 µ 6 m. We have

ξa =
T∑
t=0

µ∑
j=1

q̃t,j(A+ a)twaj

with
q̃t,j =

∑
16i6m
wi=wj

qt,i for 0 6 t 6 T, 1 6 j 6 µ.

Since the numbers ξa (0 6 a 6 m(T + 1)) not all vanish, the coefficients q̃t,j are not all zero. The
nonzero values |q̃t,j | are bounded from below by

min
I

∣∣∣∣∣∑
i∈I

qt,i

∣∣∣∣∣ ,
where the minimum is over the subsets I of {1, . . . ,m} such that

∑
i∈I qt,i 6= 0; this minimum is a

positive constant which does not depend on A. Since w1, . . . , wµ are pairwise distinct, the determinant
of the system of linear forms ξa is not zero, and has an absolute value bounded from below by a positive
constant, as shown by Lemma 6.1. Inverting the matrix shows that there is a constant c > 0 such
that

c 6 max{1, A}mT (T+1) max
06a6m(T+1)

|ξa|.

�

Lemma 6.3. Let v1, . . . , vn be nonzero complex numbers. Let Q ∈ C[X0, X1, . . . , Xn] be a nonzero
polynomial with partial degrees 6 L. There exist two positive constants c1 and c2 depending on
v1, . . . , vn and Q such that the following holds. Let A be a positive real number. Assume

|Q(A+ a, vA+a
1 , . . . , vA+a

n )| < c1c
−A
2 for any a ∈ Z satisfying 0 6 a < (L+ 1)n+1.

Then
Q(A+ a, vA+a

1 , . . . , vA+a
n ) = 0 for any a ∈ Z satisfying 0 6 a < (L+ 1)n+1

and there exists (h1, . . . , hn) ∈ Zn satisfying

0 < max
16i6n

|hi| 6 L and vh11 · · · v
hn
n = 1.

Proof. Let us write

Q(X0, X1, . . . , Xn) =
∑
`

q`X
`0
0 X

`1
1 · · ·X

`n
n ,

where ` stands for (`0, `1, . . . , `n), 0 6 `i 6 L (0 6 i 6 n). Then

Q(A+ a, vA+a
1 , . . . , vA+a

n ) =
∑
`

q̃`(A+ a)`0(v`11 · · · v
`n
n )a,
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where
q̃` = q`(v

`1
1 · · · v

`n
n )A.

We use Lemma 6.2 with m = (L+ 1)n and the following numbers w1, . . . , wm:

v`11 · · · v
`n
n , 0 6 `i 6 L, 1 6 i 6 n.

�

Notice that conversely, if there exists (h1, . . . , hn) ∈ Zn r {0} satisfying

vh11 · · · v
hn
n = 1,

then ∏
hi>0

Xhi
i −

∏
hi<0

X
|hi|
i

is a nonzero polynomial Q of partial degree |hi| in Xi and 0 in X0 which satisfies, for any a ∈ Z,

Q(a, va1 , . . . , v
a
n) = 0.

We need a version of Lemma 6.3 for two variables. Notice that elements (v1, w1), . . . , (vn, wn) in
(C×)2 are multiplicatively dependent if and only if there exists (h1, . . . , hn) ∈ Zn r {0} such that

vh11 · · · v
hn
n = wh11 · · ·w

hn
n = 1,

which is equivalent to
(va1w

b
1)h1 · · · (vanwbn)hn = 1

for all (a, b) ∈ Z2.

Lemma 6.4. Let (v1, w1), . . . , (vn, wn) be n elements in (C×)2. The following assertions are
equivalent.
(i) There exists a nonzero polynomial P ∈ C[X1, . . . , Xn] such that, for any (a, b) ∈ Z2,

P (va1w
b
1, . . . , v

a
nw

b
n) = 0.

(ii) There exists a nonzero polynomial Q ∈ C[T1, T2, X1, . . . , Xn] such that, for any (a, b) ∈ Z2,

Q(a, b, va1w
b
1, . . . , v

a
nw

b
n) = 0.

(iii) The elements (v1, w1), . . . , (vn, wn) in (C×)2 are multiplicatively dependent.

Proof. (i) ⇒ (ii) is plain.
(iii) ⇒ (i): if there exists (h1, . . . , hn) ∈ Zn r {0} such that

(va1w
b
1)h1 · · · (vanwbn)hn = 1

for all (a, b) in Z2, then the polynomial

P (X1, . . . , Xn) =
∏
hi>0

Xhi
i −

∏
hi<0

X−hii

satisfies property (i).
(ii) ⇒ (iii): assume Q satisfies property (ii). Let L be an upper bound for the partial degrees of Q.
For each a ∈ Z, we have, for all b ∈ Z,

Q(ab, b, (va1w1)b, . . . , (vanwn)b) = 0.
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From Lemma 6.3 with vi replaced with vai wi, it follows that there exists (`
(a)
1 , . . . , `

(a)
n ) ∈ Zn r {0}

such that
(va1w1)`

(a)
1 · · · (vanwn)`

(a)
n = 1 and max

16i6n
|`(a)
i | 6 L.

There are at most (L+ 1)n tuples (`
(a)
1 , . . . , `

(a)
n ). From Dirichlet’s box principle we deduce that there

exist two distinct integers a1 and a2 in Z with 0 6 a1 < a2 6 (L + 1)n for which `
(a1)
i = `

(a2)
i for

1 6 i 6 n:

(va11 w1)`
(a1)
1 · · · (va1n wn)`

(a1)
n = (va21 w1)`

(a1)
1 · · · (va2n wn)`

(a1)
n = 1.

The subgroup Z(a1, 1) +Z(a2, 1) has index a2− a1 in Z2. For i = 1, . . . , n set hi = (a2− a1)`
(a1)
i . For

(a, b) ∈ Z2 we have
(a2 − a1)(a, b) = (−a+ ba2)(a1, 1) + (a− ba1)(a2, 1),

hence

n∏
i=1

(vai w
b
i )
hi =

n∏
i=1

(vai w
b
i )

(a2−a1)`
(a1)
i =

n∏
i=1

(va1i wi)
`
(a1)
i (−a+ba2)

n∏
i=1

(va2i wi)
`
(a1)
i (a−ba1) = 1.

�

6.B. Without the sigma function

We give a necessary and sufficient condition for functions z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)
to be algebraically independent.

Proposition 6.5. Let t1, . . . , tr, u1, . . . , us be complex numbers with ui 6∈ Ω for 1 6 i 6 s. The
following conditions are equivalent.
(i) The 3 + r + s functions

z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

are algebraically dependent.
(ii) There exists (h1, . . . , hr+s) ∈ Zr+s r {0} such that the meromorphic function

e(h1t1+···+hrtr)zfu1(z)hr+1 · · · fus(z)hr+s

belongs to C
(
℘(z), ℘′(z)

)
.

(iii) The r + s elements

exp(t1ω), . . . , exp(trω), exp(λ(u1,ω)), . . . , exp(λ(us,ω))

of (C×)Ω are multiplicatively dependent.
(iv) The 2 + r + s elements(

2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
trω1

trω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(us, ω1)
λ(us, ω2)

)
of C2 are linearly dependent over Q.

Proof. The equivalence (iii) ⇔ (iv) and the implication (ii) ⇒ (i) are plain.
(iii) ⇒ (ii): Assume that the r + s elements(

exp(t1ω)
)
ω∈Ω

, . . . , exp
(
(trω)

)
ω∈Ω

, exp
(
λ(u1, ω)

)
ω∈Ω

, . . . , exp
(
λ(us, ω)

)
ω∈Ω
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of (C×)Ω are multiplicatively dependent: there exists (h1, . . . , hr+s) ∈ Zr+s r {0} such that

e(h1t1+···+hrtr)ω+hr+1λ(u1,ω)+···+hr+sλ(us,ω) = 1

for all ω ∈ Ω. From (4.10) it follows that the function

F (z) = e(h1t1+···+hrtr)zfu1(z)hr+1 · · · fus(z)hr+s

satisfies F (z + ω) = F (z) for all ω ∈ Ω, and therefore belongs to C
(
℘(z), ℘′(z)

)
.

(i) ⇒ (iii):
Assume that

P (Y1, Y2, Y3, X1, . . . , Xr+s) =
∑
m

∑
`

pm,`Y
m1

1 Y m2
2 Y m3

3 X`1
1 · · ·X

`r+s
r+s

is a nonzero polynomial in C[Y1, Y2, Y3, , X1, . . . , Xr+s] such that the meromorphic function

F (z) = P
(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
(6.16)

is 0. For z0 ∈ Cr Ω let Qz0(T1, T2, X1, . . . , Xr+s) ∈ C[T1, T2, X1, . . . , Xr+s] denote the polynomial

Qz0(T1, T2, X1, . . . ,Xr+s) =∑
m

∑
`

pm,`(z0 + T1ω1 + T2ω2)m1℘(z0)m2(ζ(z0) + T1η1 + T2η2)m3

e(`1t1+···+`rtr)z0(fu1(z0)
)`r+1 · · ·

(
fus(z0)

)`r+sX`1
1 · · ·X

`r+s
r+s .

Recall Legendre relation (4.7): ω2η1 − ω1η2 = 2iπ. Since the coefficients pm,` are not all zero, there
exists z0 ∈ C r Ω such that Qz0 is not the zero polynomial. For ω = aω1 + bω2 ∈ Ω we deduce from
F (z0 + ω) = 0:∑

m

∑
`

pm,`(z0 + aω1 + bω2)m1℘(z0)m2(ζ(z0) + aη1 + bη2)m3

e(`1t1+···+`rtr)(z0+ω)
(
fu1(z0 + ω)

)`r+1 · · ·
(
fus(z0 + ω)

)`r+s = 0

which, by (4.10), is
Qz0(a, b, et1ω, . . . , etrω, eλ(u1,ω), . . . , eλ(us,ω)) = 0.

The conclusion follows from Lemma 6.4. �

Remark 6.6. The proof of (i) ⇒ (iii) together with Lemma 6.3 shows that it the equation (6.16) is
satisfied, then there exists (h1, . . . , hr+s) ∈ Zr+s r {0} such that

(h1t1 + · · ·+ hrtr)ω + hr+1λ(u1, ω) + · · ·+ hr+sλ(us, ω) ∈ 2πiZ

for all ω ∈ Ω and
max{|h1|, . . . , |hr+s|} 6 L

where L is an upper bound for the partial degrees of P .

Corollary 6.7. Let t1, . . . , tr, u1, . . . , us be complex numbers. Assume uj 6∈ Ω for 1 6 j 6 s. Let
i1, . . . , i%, j1, . . . , jσ be indices such that(

2πi
0

)
,

(
0

2πi

)
,

(
ti1ω1

ti1ω2

)
, . . . ,

(
ti%ω1

ti%ω2

)
,

(
λ(uj1 , ω1)
λ(uj1 , ω2)

)
, . . . ,

(
λ(ujσ , ω1)
λ(ujσ , ω2)

)
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is a basis of the Q–vector space spanned by(
2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
trω1

trω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(us, ω1)
λ(us, ω2)

)
.

Then {
z, ℘(z), ζ(z), eti1z, . . . , eti%z, fuj1 (z), . . . , fujσ (z)

}
is a transcendence basis over C of the field

C
(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
.

Proof. By renumbering the sequences t1, . . . , tr and u1, . . . , us if necessary, there is no loss of generality
to assume that (i1, . . . , i%) = (1, . . . , %) and (j1, . . . , jσ) = (1, . . . , σ). By the implication (iv)⇒ (i) of
Proposition 6.5, the 3 + %+ σ functions

z, ℘(z), ζ(z), et1z, . . . , et%z, fu1(z), . . . , fuσ(z) (6.17)

are algebraically independent. It only remains to prove that for % < i 6 r in case r > % (resp.
σ < j 6 s in case s > σ) the function etiz (resp. fuj (z)) is algebraic over the field generated over C
by the functions (6.17).

Assume r > % and let i satisfy % < i 6 r. By assumption the 3 + %+ σ elements(
2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
t%ω1

t%ω2

)
,

(
tiω1

tiω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(uσ, ω1)
λ(uσ, ω2)

)
are linearly dependent over Q. From (v)⇒(1) in Proposition 6.5, it follows that the 4+%+σ functions

z, ℘(z), ζ(z), et1z, . . . , et%z, etiz, fu1(z), . . . , fuσ(z)

are algebraically dependent. Since the functions (6.17) are algebraically independent, it follows that
the function etiz is algebraic over the field generated by the functions (6.17).

In the same way, if s > σ, for σ < j 6 s, the 3 + %+ σ elements(
2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
t%ω1

t%ω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(uσ, ω1)
λ(uσ, ω2)

)
,

(
λ(uj , ω1)
λ(uj , ω2)

)
are linearly dependent over Q. Proposition 6.5 implies that the 4 + %+ σ functions

z, ℘(z), ζ(z), et1z, . . . , et%z, fu1(z), . . . , fuσ(z), fuj (z),

are algebraically dependent. Since the functions (6.17) are algebraically independent, it follows that
the function fuj (z) is algebraic over the field generated by the functions (6.17).

�

We show that the assumption in Theorem 2.2 that ω1, ω2, u1, . . . , us are linearly independent over
Q cannot be omitted (see the discussion in [Mas75] after Lemma 20.10 p. 257).

Proposition 6.8. Let u1, . . . , us be complex numbers which do not belong to Ω but such that ω1, ω2,
u1, . . . , us are linearly dependent over Q. Then there exist (k1, . . . , kr) ∈ Zr r {0} and t0 ∈ C such
that the function

et0zfk1u1 (z) . . . fksus (z)

belongs to C
(
℘(z), ℘′(z)

)
.
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Proof. Assume that ω1, ω2, u1, . . . , us are linearly dependent over Q:

k1u1 + · · ·+ ksus = ω0 ∈ Ω

with (k1, . . . , kr) ∈ Zr r {0}. Let

t0 = k1ζ(u1) + · · ·+ ksζ(us)− η(ω0).

Then for ω ∈ Ω,

t0ω + k1λ(u1, ω) + · · ·+ ksλ(us, ω) = η(ω)ω0 − η(ω0)ω ∈ 2πiZ.

We deduce that the function
et0zfk1u1 (z) . . . fksus (z)

is periodic with group of periods containing Ω, hence belongs to C
(
℘(z), ℘′(z)

)
. �

Example 6.9. Algebraic dependence of the three function etz, ℘(z) and fu(z) when u is a torsion
point.
Let u ∈ (Ω ⊗Z Q) r Ω. There exists an integer h > 2, such that ω0 := hu belongs to Ω. Set
t0 = hζ(ω0/h) − η(ω0). Proposition 6.8 shows that the function fu(z)het0z belongs to the field
C
(
℘(z), ℘′(z)

)
.

Using [Wal79b] (see [BeWa26] for more details) one checks that t0 belongs to Q
(
g2, g3, ℘(u), ℘′(u)

)
and that the function fh

2

u (z)eht0z belongs to the field Q
(
g2, g3, ℘(u), ℘′(u), ℘(z), ℘′(z)

)
.

From the algebraic independence of the two functions et1z and et2z, when t1 and t2 are linearly
independent over Q, it follows that the set of t ∈ C× for which the three functions etz, ℘(z), fu(z) are
algebraically dependent is the set Q×t0 of nonzero rational multiples of t0.

We now prove part 1 of Theorem 2.2 without the sigma function.

Proposition 6.10. Let t1, . . . , tr be complex numbers linearly independent over Q. Let u1, . . . , us be
complex numbers such that ω1, ω2, u1, . . . , us are linearly independent over Q. Then the 3 + r + s
functions

z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

are algebraically independent.

Proof. Assume that t1, . . . , tr are linearly independent over Q and that the 3 + r + s functions

z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

are algebraically dependent. From Proposition 6.5 we deduce that the 2 + r + s elements(
2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
trω1

trω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(us, ω1)
λ(us, ω2)

)
of C2 are linearly dependent over Q. Hence there exist rational integers h0, h

′
0, h1, . . . , hr+s, not all

zero, such that{
2πih0 + (h1t1 + · · ·+ hrtr)ω1 + hr+1λ(u1, ω1) + · · ·+ hr+sλ(us, ω1) = 0,

2πih′0 + (h1t1 + · · ·+ hrtr)ω2 + hr+1λ(u1, ω2) + · · ·+ hr+sλ(us, ω2) = 0.

Since t1, . . . , tr are linearly independent over Q and since ω2/ω1 6∈ Q, the numbers hr+1, . . . , hr+s are
not all zero. We eliminate h1t1 + · · · + hrtr by multiplying the first equation by ω2 and subtracting
the second equation multiplied by ω1. From (4.11) we deduce

hr+1u1 + · · ·+ hr+sus = h0ω2 − h′0ω1,

which proves that ω1, ω2, u1, . . . , us are linearly dependent over Q. �



M. Waldschmidt, Schanuel Property 93M. Waldschmidt, Schanuel Property 93

The following result, which is a consequence of Proposition 6.5 and Remark 6.6, shows that there
is no formula expressing fu1+u2(z) in terms of fu1(z) and fu2(z). As a function of the variable u in C,
fu(z) is not meromorphic in C: there is an essential singularity at the points u in Ω. However fu(z)
is an analytic function of (u, z) in (Cr Ω)2.

Corollary 6.11. Let ℘ be an elliptic function.
(a) The six functions

z, ℘(z), ζ(z), fu1(z), fu2(z), fu1+u2(z)

of three variables (z, u1, u2) in the domain

{(z, u1, u2) ∈ C3 | z 6∈ Ω, u1 6∈ Ω, u2 6∈ Ω, u1 + u2 6∈ Ω}

are algebraically independent over C.
(b) Let λ ∈ Cr {0, 1,−1}. Then the five functions

z, ℘(z), ζ(z), fu(z), fλu(z)

of two variables (z, u) in the domain

{(z, u) ∈ C2 | z 6∈ Ω, u 6∈ Ω, λu 6∈ Ω}

are algebraically independent over C.
(c) Let s > 1 and let u1, . . . , us be s elements in Cr Ω. The two following assertions are equivalent.
(i) The meromorphic functions

z, ℘(z), ζ(z), fu1(z), . . . , fus(z)

of a single variable z in C are algebraically dependent over C.
(ii) There exists (a1, . . . , as) ∈ Zs r {0} such that

a1u1 + · · ·+ asus ∈ Ω and a1ζ(u1) + · · ·+ asζ(us) = η(a1u1 + · · ·+ asus). (6.18)

If property (ii) is satisfied, then the function

fu1(z)a1 · · · fus(z)as

belongs to C
(
℘(z), ℘′(z)

)
.

Proof.
(a) Assume that there is a nonzero polynomial P ∈ C[X0, X1, X2, Y1, Y2, Y3] satisfying

P
(
z, ℘(z), ζ(z), fu1(z), fu2(z), fu1+u2(z)

)
= 0.

From Proposition 6.5 and Remark 6.6, we deduce that for all (u1, u2) ∈ (CrΩ)2 such that u1+u2 6∈ Ω,
there exists (a1, a2, a3) ∈ Z3 r {0} with max{|a1|, |a2|, |a3|} bounded above by the partial degrees of
P with

a1λ(u1, ω) + a2λ(u2, ω) + a3λ(u1 + u2, ω) ∈ 2πiZ (6.19)

for all ω ∈ Ω.
Writing the relation(

a1ζ(u1) + a2ζ(u2) + a3ζ(u1 + u2)
)
ω −

(
a1u1 + a2u2 + a3(u1 + u2)

)
η(ω) ∈ 2πiZ
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for ω1 and ω2 yields the existence of two rational integers b1 and b2 such that

a1u1 + a2u2 + a3(u1 + u2) = b1ω1 + b2ω2,

a1ζ(u1) + a2ζ(u2) + a3ζ(u1 + u2) = b1η1 + b2η2.

One deduces

ζ
(
z + a1u1 + a2u2 + a3(u1 + u2)

)
= ζ(z) + a1ζ(u1) + a2ζ(u2) + a3ζ(u1 + u2). (6.20)

We fix z ∈ CrΩ and we let u2 be sufficiently small not 0 so that u2 and z+ (a2 +a3)u2 are not poles
of ℘. We let u1 tend to 0. The existence of an upper bound for max{|a1|, |a2|, |a3|}, independent on u1

and u2, shows that the left hand side of (6.20) is bounded above and that ζ(z)+a2ζ(u2)+a3ζ(u1 +u2)
on the right hand side is also bounded above. Hence a1 = 0 for |u1| and |u2| sufficiently small. In the
same way a2 = 0 for |u1| and |u2| sufficiently small. Then equation (6.19) gives a contradiction.
(b) Let λ ∈ Cr {0}. Assume that there is a nonzero polynomial P ∈ C[X0, X1, X2, Y1, Y2] such that

P
(
z, ℘(z), ζ(z), fu(z), fλu(z)

)
= 0.

The same argument as before, based on Proposition 6.5 and Remark 6.6, shows that for each u ∈ CrΩ
such that λu 6∈ Ω, there exists (a1, a2) ∈ Z2 r {0}, bounded by the degree of P , such that

ζ
(
z + (a1 + a2λ)u

)
= ζ(z) + a1ζ(u) + a2ζ(λu).

Letting u tend to 0 shows that a1 + a2/λ = 0. Fixing u 6∈ Ω with λu 6∈ Ω and letting z tend to 0
shows that (a1 + a2λ)u ∈ Ω. This is true for all u 6∈ Ω with λu 6∈ Ω, hence a1 + a2λ = 0. We conclude
λ2 = 1.
(c) Assume (6.18). Then a1λ(u, ω) + · · ·+ asλ(us, ω) ∈ 2πiZ for all ω ∈ Ω, hence the function

fu1(z)a1 · · · fus(z)as

is periodic with Ω as periods, and therefore belongs to C
(
℘(z), ℘′(z)

)
.

Conversely, assume that there is a nonzero polynomial P ∈ C[X0, X1, X2, Y1, . . . , Ys] such that

P
(
z, ℘(z), ζ(z), fu1(z), . . . , fus(z)

)
= 0.

Proposition 6.5 and Remark 6.6 show that there exists (a1, . . . , as) ∈ Zs r {0}, with absolute values
bounded by the degree of P , such that a1λ(u, ω) + · · ·+ asλ(us, ω) ∈ 2πiZ for all ω ∈ Ω, hence

ζ(z + a1u+ · · ·+ asus) = ζ(z) + a1ζ(u1) + · · ·+ asζ(us).

Letting z tend to 0, we deduce a1u+ · · ·+ asus ∈ Ω and (6.18) follows. �

Remarks.
• In (c), assertion (ii) with s = 1 corresponds to s = 1, t0 = 0 in Proposition 6.8.
• Given a1 and a2 in Z r {0}, the numbers u ∈ C r Ω such that v = −a1u/a2 satisfies v 6∈ Ω and
ζ(v) = −a1ζ(u)/a2 are the zeroes of the derivative of the function

σ(−a1z/a2)a
2
2

σ(z)a
2
1

;

see the multiplication formula for the Weierstrass zeta function, for instance [BeWa25, Table 2].
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6.C. With CM and without the sigma function

The next result implies that when the elliptic curve E is CM, for t ∈ C r {0}, u ∈ C r Ω ⊗Z Q and
α ∈ End(E) r Z, the six functions

z, etz, ℘(z), ζ(z), fu(z), fu(αz)

are algebraically independent. This is related with the fact that when u is not a torsion point,
the nontrivial endomorphisms of E do not extend to endomorphisms of the extension of E by Gm

associated with u — see [Ber82].

Proposition 6.12. Let t1, . . . , tr be complex numbers linearly independent over Q and u1, . . . , us
complex numbers such that ω1, , u1, . . . , us are linearly independent over k. Let α1, . . . , αs be elements
of End(E) r Z. Then the 3 + r + 2s functions

z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

are algebraically independent.

Proof. Since End(E) ∩ Q = Z, the assumption of Proposition 6.12 implies that the numbers αi are
irrational.

We assume that t1, . . . , tr are linearly independent over Q and that

P (Y1, Y2, Y3, X1, . . . , Xr+2s) =
∑
m

∑
`

pm,`Y
m1

1 Y m2
2 Y m3

3 X`1
1 · · ·X

`r+2s

r+2s

is a nonzero polynomial in C[Y1, Y2, Y3, , X1, . . . , Xr+2s] such that the meromorphic function

F (z) = P
(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

)
is 0. We will prove that ω1, , u1, . . . , us are linearly dependent over k.

For z0 ∈ Cr Ω let Qz0(T1, T2, X1, . . . , Xr+2s) ∈ C[T1, T2, X1, . . . , Xr+2s] denote the polynomial

Qz0(T1, T2,X1, . . . , Xr+2s) =∑
m

∑
`

pm,`(z0 + T1ω1 + T2ω2)m1℘(z0)m2(ζ(z0) + T1η1 + T2η2)m3e(`1t1+···+`rtr)z0

(
fu1(z0)

)`r+1 · · ·
(
fus(z0)

)`r+s(fu1(α1z0)
)`r+s+1 · · ·

(
fus(αsz0)

)`r+2sX`1
1 · · ·X

`r+2s

r+2s .

Since the coefficients pm,` are not all zero, there exists z0 ∈ C r Ω such that Qz0 is not the zero
polynomial. For ω = aω1 + bω2 ∈ Ω we deduce from F (z0 + ω) = 0:∑
m

∑
`

pm,`(z0 + aω1 + bω2)m1℘(z0)m2(ζ(z0) + aη1 + bη2)m3e(`1t1+···+`rtr)(z0+ω)

(
fu1(z0 + ω)

)`r+1 · · ·
(
fus(z0 + ω)

)`r+s(fu1(α1(z0 + ω))
)`r+s+1 · · ·

(
fus(αs(z0 + ω))

)`r+2s = 0.

Since αiω ∈ Ω for 1 6 i 6 s, we may use (4.10); hence

Qz0(a, b, et1ω, . . . , etrω, eλ(u1,ω), . . . , eλ(us,ω), eλ(u1,α1ω), . . . , eλ(us,αsω)) = 0.

From (ii)⇒(iii) in Lemma 6.4 we deduce that the 2 + r + 2s elements(
2πi
0

)
,

(
0

2πi

)
,

(
t1ω1

t1ω2

)
, . . . ,

(
trω1

trω2

)
,

(
λ(u1, ω1)
λ(u1, ω2)

)
, . . . ,

(
λ(us, ω1)
λ(us, ω2)

)
,(

λ(u1, α1ω1)
λ(u1, α1ω2)

)
, . . . ,

(
λ(us, αsω1)
λ(us, αsω2)

)
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of C2 are linearly dependent over Q. Hence there exist rational integers h0, h
′
0, h1, . . . , hr+2s, not all

zero, such that
2πih0 + (h1t1 + · · ·+ hrtr)ω1+hr+1λ(u1, ω1) + · · ·+ hr+sλ(us, ω1)

+ hr+s+1λ(u1, α1ω1) + · · ·+ hr+2sλ(us, αsω1) = 0,

2πih′0 + (h1t1 + · · ·+ hrtr)ω2+hr+1λ(u1, ω2) + · · ·+ hr+sλ(us, ω2)

+ hr+s+1λ(u1, α1ω2) + · · ·+ hr+sλ(us, αsω2) = 0.

(6.21)

Since t1, . . . , tr are linearly independent over Q and since ω2/ω1 6∈ Q, the numbers hr+1, . . . , hr+2s

are not all zero. We eliminate h1t1 + · · · + hrtr by multiplying the first equation of (6.21) by ω2

and subtracting the second equation multiplied by ω1. Recall (4.11). Since αi 6= 0, the two periods
ω′1 := αiω1 and ω′2 := αiω2 are linearly independent, hence from (4.8) it follows that there exist
nonzero integers k1, . . . , ks such that αiω2η(αiω1)− αiω1η(αiω2) = 2πiki for 1 6 i 6 s; then

λ(ui, αiω1)ω2 − λ(ui, αiω2)ω1 = α−1
i kiui.

Hence
(hr+1 + α−1

1 hr+s+1k1)u1 + · · ·+ (hr+s + α−1
s hr+2sks)us = h0ω2 − h′0ω1.

Since αi 6∈ Q and ki 6= 0 for 1 6 i 6 s, the coefficients hr+i +α−1
i hr+s+iki (1 6 i 6 s) are not all zero.

Hence ω1, u1, . . . , us are linearly dependent over k. �

6.D. With the sigma function

We will deduce Theorem 2.2 from the following result.

Proposition 6.13. Let t1, . . . , tr, u1, . . . , us be complex numbers with ui 6∈ Ω.
1. Then the Weierstrass sigma function is transcendental over the field

C
(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
.

2. Assume further that the elliptic curve E has complex multiplication. Let α1, . . . , αs be elements in
End(E) r Z. Then the Weierstrass sigma function is transcendental over the field

C
(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

)
.

We will use two preliminary results.

Lemma 6.14. Let F be a nonzero meromorphic function in C, let ω ∈ C r {0} and let U be a
nonempty open subset of C contained in {z ∈ C | 0 < <e(z/ω) < 1}. Then there exists z0 ∈ U such
that for all a ∈ Z, z0 + aω is neither a pole nor a zero of F .

Proof of Lemma 6.14. Assume that F is a meromorphic function in C such that, for each z0 ∈ U ,
there exists az0 ∈ Z such that z0 + az0ω is either a pole or a zero of F . Since the points z0 + az0ω are
pairwise distinct, the set {z0 + az0ω | z0 ∈ U} is not countable, hence F = 0. �

Lemma 6.15. There exists ω ∈ Ω such that, for η = η(ω), we have <e(ωη) > 0.

Proof of Lemma 6.15. Recall that the Weierstrass sigma function is entire and not zero, and has a
zero at each point of Ω. Using either Schwarz Lemma or the canonical product (4.5), we deduce that
it has order of growth (see for instance [Lan66, Chap.2 §1]) at least 2 (as a matter of fact the order
is 2).
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If we had <e(ωη) 6 0 for all ω ∈ Ω, we would deduce from (4.6) that there exists a constant C > 0
such that, for all z ∈ C,

|σ(z)| 6 C exp
(
|z|max{<e(η1),<e(η2)}

)
with

C = sup{|σ(xω1 + yω2)| | 0 6 x, y 6 1},

and σ would have order 6 1. �

Proof of Proposition 6.13.
1. Thanks to Lemma 6.15, there is no loss of generality in assuming <e(ω1η1) > 0. Suppose that
there exists a nonzero polynomial in 4 + r + s variables P ∈ C[T0, T1, T2, T3, X1, . . . , Xr+s] of degree
L0 > 1 in T0 such that the meromorphic function

F (z) = P
(
σ(z), z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
is zero. Write

P (T1, T2, T3, X1, . . . , Xr+s, T0) = P0(T1, T2, T3, X1, . . . , Xr+s)T
L0
0 + P1(T0, T1, T2, T3, X1, . . . , Xr+s),

with P0(T1, T2, T3, X1, . . . , Xr+s) 6= 0 while P1(T0, T1, T2, T3, X1, . . . , Xr+s) has degree < L0 in T0 , so
that

F (z) = F0(z)σ(z)L0 + F1(z) (6.22)

with
F0(z) = P0

(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
,

F1(z) = P0

(
σ(z), z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z)

)
.

(6.23)

Hence F0 is a nonzero meromorphic function.
We use Lemma 6.14 with F = F0 and ω = ω1: let z0 ∈ CrΩ be such that, for all a ∈ Z, z0 + aω1

is not a pole of F0 and F0(z0 + aω1) 6= 0.
Using (4.6), we deduce that there exists a constant c1(z0) = c1 > 1 such that, for any a ∈ Z with

sufficiently large |a|,
|σ(z0 + aω1)| > e|a|

2<e(ω1η1)c
−|a|
1 . (6.24)

From (4.6) and (4.10) it follows that there exists a constant c2(z0) = c2 > 1 such that, for sufficiently
large |a|,

|F1(z0 + aω1)| 6 e|a|
2<e(ω1η1)(L0−1)c

|a|
2 . (6.25)

Combining (6.22), (6.24) and (6.25) with the assumption F = 0, we deduce that there exists a constant
c3(z0) = c3 > 1 such that, for sufficiently large |a|,

|F0(z0 + aω1)| 6 e−|a|
2<e(ω1η1)c

|a|
3 .

Write
P0(T1, T2, T3, X1, . . . , Xr+s) =

∑
m

∑
`

pm,`T
m1
1 Tm2

2 Tm3
3 X`1

1 · · ·X
`r+s
r+s , (6.26)

where m, ` stands for (m1,m2,m3, `1, . . . , `r+s). Then F0(z0 + aω1) = Q(a, va1 , . . . , v
a
r+s) where

Q(X0, X1, . . . , Xr+s) =
∑
m

∑
`

pm,`e
`1t1z0 · · · e`rtrz0

(
fu1(z0)

)`r+1 · · ·
(
fus(z0)

)`r+s
(z0 +X0ω1)m1℘(z0)m2(ζ(z0) +X0η1)m3X`1

1 · · ·X
`r+s
r+s

(6.27)
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and
vi = etiω1 , (1 6 i 6 r), vr+j = λ(uj , ω1), (1 6 j 6 s). (6.28)

Lemma 6.3 implies that F0 vanishes at z0 + aω1 for all sufficiently large |a|, which is a contradiction.

2. The proof of the second part of Proposition 6.13 is the same. The meromorphic function F and
the polynomial P are now

F (z) = P
(
σ(z), z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz),

)
and

P (T0, T1, T2, T3, X1, . . . , Xr+2s) =P0(T1, T2, T3, X1, . . . , Xr+2s)T
L0
0

+ P1(T0, T1, T2, T3, X1, . . . , Xr+2s).

We replace the definition (6.23) of F0 and F1 by setting

F0(z) = P0

(
z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

)
,

F1(z) = P0

(
σ(z), z, ℘(z), ζ(z), et1z, . . . , etrz, fu1(z), . . . , fus(z), fu1(α1z), . . . , fus(αsz)

)
and the definition (6.26) of P0 with

P0(T1, T2, T3, X1, . . . , Xr+2s) =
∑
m

∑
`

pm,`T
m1
1 Tm2

2 Tm3
3 X`1

1 · · ·X
`r+2s

r+2s .

Formula (6.27) becomes

Q(X0, X1, . . . , Xr+2s) =
∑
m

∑
`

pm,`e
`1t1z0 · · · e`rtrz0

(
fu1(z0)

)`r+1 · · ·
(
fus(z0)

)`r+s(fu1(α1z0)
)`r+s+1 · · ·

(
fus(αsz0)

)`r+2s

(z0 +X0ω1)m1℘(z0)m2(ζ(z0) +X0η1)m3X`1
1 · · ·X

`r+2s

r+2s .

Finally formula (6.28) is replaced with

vi = etiω1 , (1 6 i 6 r), vr+j = λ(uj , ω1), vr+s+j = λ(uj , αjω1) (1 6 j 6 s).

�

Proof of Theorem 2.2. Part 1 of Theorem 2.2 follows from Propositions 6.10 and 6.13.1.
Part 2 of Theorem 2.2 follows from Propositions 6.12 and 6.13.2. �

7. Appendix: Weierstrass vs Riemann

This section is motivated by some remarks by David Masser in his book [Mas75, Chap.20], in particular
Lemma 20.7 and the two following exercises:

Exercise 20.87. p.274 Show that the Riemann zeta function and the Weierstrass zeta function are
algebraically independent over C. [Hint: the first is a function of s and the second a function of z.]

Exercise 20.88. p.275 No, seriously, show that the Riemann zeta function ζ(z) and the Weierstrass
zeta function ζ(z) are algebraically independent over C. Well, you know what I mean. . .

Here, in order to avoid any confusion, we denote by ζR the Riemann zeta function and we keep
the letter ζ for the Weierstrass zeta function associated with the elliptic function ℘.

Proposition 7.1. The four functions z, ℘(z), ζ(z), ζR(z) are algebraically independent over C.
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Proof. From ζ(3) = 1.202 · · · < 5/4 we deduce(
2

3

)σ
+

(
2

4

)σ
+ · · ·+

(
2

n

)σ
+ · · · < 1

for σ = 3, hence for σ > 3. Therefore, with the classical notations s = σ + it where σ and t are real,
we have

|ζR(s)| < 21−σ (7.29)

for σ > 3.
We select a basis ω1, ω2 of the lattice Ω with positive real parts of ω1 and ω2. Assume that there

is a nonzero polynomial A(X0, X1, X2, Y ) ∈ Z[X0, X1, X2, Y ] such that A
(
z, ℘(z), ζ(z), ζR(z)

)
= 0.

Without loss of generality we may assume that A is not divisible by Y − 1: writing

A(X0, X1, X2, Y ) = A0(X0, X1, X2) + (Y − 1)A1(X0, X1, X2, Y )

we assume A0 6= 0. Fix v ∈ Cr Ω with real part > 1. We have

A
(
v + aω1 + bω2, ℘(v), ζ(v) + aη1 + bη2, ζR(v + aω1 + bω2)

)
= 0

for all (a, b) ∈ Z with a > 0, b > 0. For max{a, b} sufficiently large, we deduce from (7.29)

|ζR(v + aω1 + bω2)− 1| 6 |21−v−aω1−bω2 | 6 2−cmax{a,b}

with c = min{<(ω1),<(ω2)} > 0. Hence

(ζR(v + aω1 + bω2)− 1)A1

(
v + aω1 + bω2, ℘(v), ζ(v) + aη1 + bη2, ζR(v + aω1 + bω2)

)
tends to 0 as max{a, b} → ∞. Consequently

|A0(v + aω1 + bω2, ℘(v), ζ(v) + aη1 + bη2)|

also tends to 0 as max{a, b} → ∞. Let b be a positive integer. Consider the polynomial

Pb(X) = A0(v +Xω1 + bω2, ℘(v), ζ(v) +Xη1 + bη2) ∈ C[X].

Since |Pb(a)| tends to 0 as a→∞, this polynomial is 0. Let z ∈ C and let

Qz(Y ) = A0(v + zω1 + Y ω2, ℘(v), ζ(v) + zη1 + Y η2) ∈ C[Y ],

so that Qz(b) = Pb(z). Since Pb(z) = 0 for all positive integers b, the polynomial Qz(Y ) has infinitely
many zeroes, hence it is 0. We deduce

A0(v +Xω1 + Y ω2, ℘(v), ζ(v) +Xη1 + Y η2) = 0.

Since ω1η2−ω2η1 6= 0, we deduce that the polynomial A0(X,℘(v), Z) ∈ C[X,Z] is 0 for all v ∈ CrΩ,
a contradiction. �

Using Propositions 2.1 and 7.1, we deduce:

Corollary 7.2. For almost all n–tuples (z1, . . . , zn) of complex numbers, the 4n numbers

z1, . . . , zn, ℘(z1), . . . , ℘(zn), ζ(z1), . . . , ζ(zn), ζR(z1), . . . , ζR(zn)

are algebraically independent over Q(g2, g3).
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