Hardy-Ramanujan Journal 48 (2025) Part B, 43-57 submitted 17/03/2025, accepted 01/10/2025, revised 08/12/2025

Vanishing Coefficient Results in Three Families of
Infinite ¢-products

S. Ananya, Channabasavayya, D. Ranganatha and R. G. Veeresha

Abstract. In the recent past, the work in the area of vanishing coefficients of infinite g-products has been taken to the forefront.
Weaving the same thread as Ramanujan, Richmond, Szekeres, Andrews, Alladi, Gordon, Mc Laughlin, Baruah, Kaur, Tang, we
further prove vanishing coefficients in arithmetic progressions moduli 5, 7, 11, 13, 17, 19 and 29 of the following three families of
infinite products, where {Xa,b,sm,km,u,v (n)}nanv {Ya,b,sm,k’m,u,v(n)}TLZno and {Za,b,sm,km,u,v (n)}nZno are defined by
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here m, a, b, s, k,u and v are chosen in such a way that the infinite products in the right-hand side of the above are convergent and
no is an integer (possibly negative or zero) depending on a, b, s, k,u and v. The proof uses the Jacobi triple product identity and
the properties of Ramanujan general theta function.
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1. Introduction

The reference [Ramanujan88, p. 49] provides insights into the calculation of coefficients of the following
infinite g-products done by Ramanujan for up to n = 1000, but provides no conclusion:
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here and throughout the paper, we use the following ¢g-product notations:
o0
(@; @)oo = [[(1—ag"™"), (a,q€C, gl <1)
k=1
and
(a1,a2,. .., am; Qoo = (a1; @)oo (a2; Qoo * +* (Am; @)oo,  Where a1, az,as,...,an € C.

Motivated by the works of Ramanujan, Richmond and Szekeres [RiSz78| explored the vanishing
coefficients in the following infinite products and proved that if
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then a(4n + 3) = 0 and (4n + 2) = 0. Along with it, they proposed the following conjecture:

Z,y _ (q q ) (q7;q12)oo nd 25 _ ( q12)oo (qll;q12)oo’

(450") o ('t ¢1%) o (2% 4'?) o (@75 ¢"?) o

then v(6n + 5) = 0 and 6(6n + 3) = 0. This led to the work of Andrews and Bressoud [AnBr79].
They proved the following theorem using Ramanujan’s 1; formula, which included Richmond and
Szekeres’ results [RiSz78] and their conjecture as special cases:

Theorem 1.1. If 1 <1 < k are relatively prime integers of opposite parity and

qu ::(qq)(q 4% ) oo

" ?) oo (6P PF)

2k—r

then ¢(kn+r(k—r+1)/2) =
The results of these types were further generalized by Alladi and Gordon [AlGo94] and James Mc
Laughlin [McL19].

In 2018, Hirschhorn [Hir19] proved the following theorem, which serves as a foundational step in
enriching knowledge on vanishing coefficients in other classes of infinite products:

Theorem 1.2. Let the sequences {a(n)} and {b(n)} be defined by

o0

Z a(n)q" = (=4, —¢" ¢°)o(a,¢"; ¢")2 (1.1)

Zb —¢*;¢%)0 (4% 4" 4"0) 2%, (1.2)

then a(5n+2) =a(bn+4) =b(bn+1) =b(dbn +4) = 0.

The proof employed g¢-series manipulations, Jacobi’s triple product identity (JTPI), and linear trans-
formations to the indices.

In the same year, Tang [Tan19] considered the variants of (1.1) and (1.2) obtained some comparable
results. For example, he proved that if {a1(n)}, {bi1(n)}, {a2(n)} and {ba(n)} are defined as below,

o

Y ai(n)g" = (=g, —q* ¢")%(¢*, ¢% ¢" omzbl "= (0" —0%0")% (0" 4% 0 0) s

n=0
)

> as(n)g" = (=¢, =% ¢")%(¢% ¢"; 4" 0072172 = ~0°;4°)%(4, 4”5 4" oo

n=0

then
a1(bn+4) =b1(5n + 1) = az(5n + 3) = az(dbn +4) = ba(5n + 3) = ba(bn +4) = 0.

Soon after, Baruah and Kaur [BaKa20] obtained some new results of the above type and proved
them using JTPI and elementary g-series manipulation techniques.

In the recent past, Mc Laughlin [McL21] studied and presented that vanishing coefficients of some
infinite products can be categorized into families and they can be proved. To cite his work, he proved
if t € {1,2} define the sequence {s(n)} by

o0

Z = (0,077 7000

then s(5n + 3t? +t) = 0 for all n.
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Mc Laughlin used the Quintuple product identity (QPI) [McL19, Eq. (4.6)] to prove vanishing
coefficients in the infinite products, whereas others have used JTPI and properties of Ramanujan’s
general theta function. He also extended such vanishing coeflicient results to other moduli, such as
7 and 11. In [McL21], Mc Laughlin proved several results and listed several results on vanishing
coefficients in infinite products with negative signs, which were proved by Kaur and Vandna [VaKa22,
KaVa22] quite recently. In 2023, Tang [Tan23a] proved many vanishing coefficient identities of three
infinite products by using properties of Ramanujan’s theta function, QPI and an extended QPI (EQPT)
due to Cao [Caoll], and these types of products were studied by many researchers, as mentioned
above. He generalized the results of Hirschhorn [Hir19], Vandna and Kaur [VaKa22, KaVa22|, Baruah
and Kaur [BaKa20], Mc Laughlin [McL21], etc. He provided a total of 36 results and offered two
conjectures. Mc Laughlin [McL21] results could be applied to only a finite number of specific cases.
But, these new results due to Tang [Tan23a] can be applied to an infinite number of particular cases.
In [Tan23b], Tang continued the same for odd moduli. Finally, he posed several conjectures that are
still not answered. For more recent work, please see [ChDa24, ChRa24, CKD24]. Motivated by the
above work, in this paper we define the following three infinite products:

Definition 1.1. Deﬁne {Xa,b,sf,k&u,v(n)}nzno; {Ya,b,sﬁ,kﬁ,u,v(n)}HZno and {Za,b,s&kﬁ,u,v(n)}nzno by
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where a,b,s,k,l,u and v are chosen in such a way that the infinite products in right-hand side of
(1.3)-(1.5) are convergent and ng is an integer (possibly negative or zero) depending on a,b, s, k,u
and v.

Historically, the coefficient-vanishing property for the above infinite products with s =1,k =2 and a
few values of u, v has been studied in the above. In this paper, we investigate the vanishing coefficients
for s =k =1, s =1,k = 3 and some values of u and v. In order to state our results, we adapt the
following convention here.

Xap,stktun(Pn +qt) =0 holds under the condition ged(p,t) =1, (1.6)

where p, g are some positive integers and ¢ is any integer.
The main results of this paper are stated as follows and we use the JTPI and the properties of
Ramanujan general theta function to establish the same results:

Theorem 1.3. Let { > 1 and t satisfying the condition stated in (1.6). Then

Xi20,50,1502,1 (50 + 2t) = Zt 04 50,150,2,1(5n + 2t) = 0, (1.7)
Xot,70210,1,2(Tn + 2t) = You 4 70210,1,2(Tn + 2t) = 0, (1.8)
Xiot,702102,1(Tn +4t) = Zy 61 7021021 (Tn 4+ 4t) = 0, (1.9)
Xar3e,110,330,1,2(11n 4 5t) = Yag 31.110,330,1,2(11n 4 5t) = 0, (1.10)
Xorge11¢,330,2,1(11n + 6t) = Zoy g¢.110,330,2,1(11n + 6t) = 0, (1.11)
Xot3¢,13¢,390,1,3(13n + 12t) = Yoy 34.130,300,1,3(13n + 12t) = 0, (1.12)
Xotot130,390,3,1(13n + 1) = Yot 91 130.300,3,1(13n + 1) = 0, (1.13)
Xi126,13¢,390,4,1 (130 + 8t) = Z; 12¢,130,390,4,1(13n + 8t) = 0, (1.14)
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Xat130,390,1,4(13n +4t) = Yar 1 130,300,1,4(13n + 4t) = 0,
Xst.36190,570,1,4(19n 4 10t) = Yar 3¢ 19¢0,57¢,1,4(19n + 10t) = 0,
Xt gt10e,570,4,1 (190 + 6t) = Z4 8¢ 100570,4,1(19n + 6t) = 0,
Xoyot,200,870,1,2(29n + 10t) = Y4 94 20¢,87¢,1,2(291 + 10t)
Xorse1en1e,1,2(1In +4t) = Yo 3¢ 110110,1,2(11n + 4t) = 0,
Xet,t,100,100,1,2(190 4 4t) = Yor,1.100,100,1,2(19n + 4t) = 0.

Xt ae,100,190,1,3(19n + 17t) = Zsy a1190,19¢,1,3(19n 4+ 17t) = 0.

(1.15)

(1.16)

(1.17)

0, (1.18)
(1.19)

(1.20)

(1.21)
Xtot130130,1,3(13n + 10t) = Zy 9130,130,1,3(13n + 10t) = 0, (1.22)
(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

Xeot,¢,130,130,1,3(13n + 11t) = Y1 4.130,130,1,3(13n + 11¢) = 0,
Xott,70,70,1,3(Tn + 6t) = Yor 4 70701,3(Tn + 6t) = 0,
Xst.3e170170,1,8(17Tn 4+ 16t) = Yar 3¢ 170,170,1,8(17n + 16t) =
Xst6t,170,170,1,2(17Tn 4 10t) = Yar 6¢,170,17¢,1,2(17n + 10t) =
Xstea7e170,1,4(17Tn 4+ 6t) = Y 1 170,170,1,4(17n + 6t) = 0,
Xat.3t,130,130,1,4(13n + 8t) = Yiy 31,13¢,130,1,4(13n + 8t) =
Xst,6t,11¢,330,2,5(11n + 9t) = Zsy 61,110,330,2,5(11n + 9t) =

9

9

)

o O

Theorem 1.4. Let £ > 1 and t satisfying the condition stated in (1.6). Then

Xt aen7051023(17Tn + 9t) = Z3p ap1705102,3(17n 4+ 9t) = 0,
Xarot 17051032170 4+ 15t) = Yag o1 170,510,3,2(17n + 15t)
Xaraen70510,1,6(17Tn 4+ 11t) = Yag 3¢ 170510,1,6(17n + 11¢)
(
(

)

0
0,

(1.30)

(1.31)

(1.32)
Xstot,110,330,2,3(11n + 6t) = Zst 9t 110,330,2,3(11n + 6t) = 0, (1.33)
Xotot,110,33¢,32(11n + 1) = Yar 94 110,330,3,2(11n + t) = 0, (1.34)
Xot31,110,330,1,6(11n + 10t) = Ya; 3¢ 110,330,1,6(11n + 10t) = 0, (1.35)
Xiot103306,1(11n 4 4t) = Zy 24 110330,6,1(11n + 4t) = 0, (1.36)
Xt ot505033(0n +2t) = Zy 91 50503.3(5n + 2t) =0, (1.37)
Xaore7e1,3(Tn+1) = Zagop 70701 3(Tn + 1) = 0, (1.38)
Xiot7e7023(Tn +4t) = Zy o1 7070,2,3(Tn + 4t) = 0, (1.39)
Xappa1e1101,6(11n +5t) = Yag 1 110110,1,6(11n + 5t) = 0, (1.40)
Xt arn1011023(11n 4+ 9t) = Z3 4 110,110,2,3(11n 4 9¢) (1.41)
Xotse11e1103,6(1In +1) = Yo 3¢ 110110,3,6(11n +1) = 0, (1.42)
Xeot,4t,130,13¢,3,3(13n + 2t) = Yg1.4¢,130,13¢,3,3(13n + 2t) = 0, (1.43)
Xat1,130,130,3,4(13n + 8t) = Yz 1.130,13¢,34(13n + 8t) = 0, (1.44)
Xtae170,17¢33(1Tn + 16t) = Zy 43.170,170,3,3(17n + 16t) = 0, (1.45)
Xatat170,1703,6(17n + 15t) = Yy 31.170,170,3,6(17n + 15t) = 0. (1.46)

0,

2. Preliminary

Definition 2.1. The Ramanujan general theta function [Ber12, p. 34, Eq. 18.1] is denoted by f(a,b),

and is defined as

fla,p)s= > @ HNRy=R2 g < 1, (2.47)

n=—oo
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Lemma 2.1. [Ber12, p. 34, Entry 18 and Entry 19] We have

f(a,b) = f(b,a), (2.48)
f(1,0) = 2f(a,®), (2.49)
f(=1,a) =0, (2.50)
f(a,b) = (—a, —b, ab; ab) (2.51)

Definition 2.2. Ramanujan defines the following three particular cases of (2.47) [Ber12, p.36, Entry
22]:

o(q) := f(a,q),
ola) = fla.a*) = 5 F(1,0)
f(=q) == f(=¢,-¢*) = (6:9)o

The following lemma expresses the product of two theta functions as the sum of the product of theta
functions:

Lemma 2.2. [Beri2, p. 46, Entry 30] If ab = cd, then

fle,d)f(a,b) =af (d Zabcd) f <lc), Zabcd) + f(ad, be) f(ac, bd), (2.52)
f*(a,b) = af(1,a**)f(b/a,a®b) + f(ab,ab)f(a?,b?), (2.53)
f(a,b) = af(b/a,a®v®) + f(a’b,ab?). (2.54)

Lemma 2.3. [Tan23b, Lemma 2.2] We have

(" ") =F(a®F, )M (1, 1) + ¢F f ("%, %) M (1, 2)

+ @ f (g, TR M (1, 2), (2.55)
(=" =" )3 =f(=**, = )M (11, 1) — ¢* f(—g" T3, =) M (11, 2)
+ ** f(—g" 3~ M (1, 2), (2.56)

where

M(p,1) =f(g",¢") f(@*,d*) + ¢" F(1,¢*) f (1, ¢%),
M(p,2) =f(1,¢*")f(¢*, q") + f(g", ¢") f(d", ¢"").

It is worth noting that M (u,1) and M (u,2) are series in g*.
Lemma 2.4. [Liu?2/, Lemma 2.2] For any positive integer n, we have
f(a,b)" Z Ch,z(ab)a® f (a" 0%, a 20" %), (2.57)
z=—00
where Cy, .(ab) is a formal Laurent series in ab.
We end this section with the following definition:
Definition 2.3. Let k > 0,1 > 0 be integers and let A(q) = >.," ya(n)q" be a formal power series.

Define Ej; by

o)

Eri(Ag)) == a(kn + )¢
n=0
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3. Proofs of Theorems 1.3 and 1.4
Proof of equation (1.7). Upon using equation (2.57) with n = 2, we write
2

[e.9]
> Xiorseaseza(n)g” = (qt, ¢ qsé)

n=—oo

<q2t’ q15é—2t; q15z>

o o0

1
2
(6% )2, (g1 ¢15%)

_ 1 . z 54
_(q5e;q5E)2 (g15¢; q15¢) { Z (—1)°Caz(q™)

Z=—00

{f(—(]t, —q5£—t)2f(—q2t, _q15€—2t)}

% thf(_th’ _q158—2t)f(q5éz+2t’ q—5€z+10£—2t) } ] (358)

Observe that

0o
2
§ : (_1>mq%+%72tm+5€n2fSan+5€n72nt+tz

thf(_q2t’ _q15f72t)f(q5€z+2t’ q75éz+10572t)

m,n=—00

Employing the linear transformations m =2r — z+ s — 1, n = 3r — z — s in above sum, we obtain
Es o (thf<_q2t OVl q_5£z+10€—2t)> — 0.V 2.

Therefore, from (3.58), we arrive at X; 9; 50,150,2,1(5n + 2t) = 0. Following a similar strategy, we find
Ziat.50,150,2,1(5n + 2t) = 0, which establishes the proof of equation (1.7).

Proof of equation (1.25). We have

o0
8
8t 170-8t. 17¢ 3t 170-3t. 17¢
§ XSt,St,17e,17£,1,8(n)qnZ(q ,q iq ) (q ,q iq )
o0

o0
n=—oo

:19{]@(_(1& g\ TR F(— g _qmst)s}

(ql’?Z; qlﬁ)oo

Employing equation (2.57) with n = 8 in the above, we obtain

Z=—00

o0 o0
1 ¢
Z Xst3t,170,1701,8(n)q" :mg{ Z (—1)Z08,z(q17 )qut

n=—oo (q ) q17é)()o

% f(—(]8t, _q17€—8t)f(q17€z+24t’ q—17€z+136€—24t) }

To prove equation (1.25), it is enough to show that,

Ei7 161 (q3th(_q8t’ gl TE) (gL TE 2L q—17£z+136€—24t)> —0, V=

We have

170— 1 24 -1 1364—24
qStzf(_qSt’ —q e St)f(q Tlz+ t’q TLz+1364 t)

9]
q3tz § : ( -1 ) mq8tm+ g£m2 — 177€m+17€nz+24nt+68£n2 —68¢n

m,n=—0co

In order to extract those terms whose exponent is congruent to 16¢ (mod 17) in the above, set 8mt +
Tnt + 3tz = 16t (mod 17), which is equivalent to m + 3n = —2 — 6z (mod 17) and 3m —8n = —6 — 2
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(mod 17). Solving these congruences, we obtain m = 8 — 3z +3s —2 and n = —3r + z + s. So,
(17n + 16t)-component of R is

Err16t (37 f (¢, —q' T8 f (T4 (T 1TEH 136024t

oo
_ Z (_1)z+sq17€+%éz+16t7867£zr+¥6527136tr+51tzfL§9£s+%522+1156£r2

,8=—00

170z | 323022
—(—1)Pg T I B 6 (g 2890y p(8OTEATIS60136t  —86TC11560-136t) _ ()

Using the same approach, one can demonstrate Yg; 3 17¢,17¢,1,8(17n + 16t) = 0, which completes the
proof of equation (1.25). The proofs of egs. (1.8) to (1.24), egs. (1.26) to (1.28) follow the same path.

Proof of equation (1.29). From (2.53) and equation (2.57), we have

o0
Z Xst.6t,110,330,2,5(1)q"

n=—oo
2 5
_ <q5t7 g1t qne) (q6t7 336t q33£)
o0 oo
_ 1 5t 110=5t\2 p(_ 6t _ 33(—6t\5
(g1 q110)2 (g33¢; g338)] {f(—q _ Jf(=d" )
) o) ’ o)
_ 1 116y ¢ 10t 22010t 5t 220
= e g (P ) 2 ()
o0 ’ o0

o0

f(qllé—IOt’ q10t+11€)> > < Z (_1)2057Z(q33€)f(_q165€—33€z—30t7 _q33€z+30t)>

Z=—00
1 o0
334 114 220
- 2 s X ) (il R~ 200 s ),
(qM% M) 5 (@335 ¢339 e
where
6t > 116m2+11¢ 10t 1650n2 330 165¢4n 30nt
s 3 (g S s (g
m,n=—o0
6tz+5t = 116m2+10tm+ 16502 33/ 1650n 300t
R e S (g e g 50
m,n=—o0

To obtain the (11n + 9t)-component of R; 1, we set mt 4+ 3nt + 6zt = 9t (mod 11), which yields
m+3n=—-2—6z (mod 11) and 4m — 10n = 3 — 2z (mod 11). Note that s takes the form s = 2k for
some integer k. Solving m + 3n = 11r — 2 — 6z and 4m — 10n = 11s — 8 — 2z for m and n and then
substituting in (3.59), we obtain

429 5.2 33 _ _
E11,9t(R1,1) — (_1)zq22€+20t+ 57 4z= 4662+ Ezf(_L _ 363€)f(q 72602+6050—110t

72602+6056+110t\ __
q q ) =0.

)

In R 2, settings 10mt + 3nt + 6tz + 5t = 9t (mod 11) gives us m —3n = 11r —4+ 6z and 4m + 10n =
11s + 6 + 2z. From this, it is clear that s takes the form s = 2k for integer k and upon solving, we
obtain m = 5r — 1+ 3z + 3s, n = —2r + 1 — z + s. Substituting these in (3.60), we obtain

Fr101(Rys) = (_1)1fzq1768735t+%€z2+66t276%3&](-(_1’ _q363£)f(q726€z+110t’ q7726fz+1210£7110t) —0.

This completes the proof.
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Proof of (1.35). Using (2.56), we find that

o0
> Xorauiesseis(n)q”

n=—oo

6
_ (q2t g2, qne)oo (qgt7 £33 q33£)

o

f b g2ty f Bt _q33é—3t)6}

33¢. ,33¢
?

(qllf; qllé)(><>

t

2 g

2
20 _ge-2ny <f(_q3t, _q334—3t)3>
2 g

1
(4% q )go{ -
1

(g1 1) (¢33, q33£)go F(=a
1
(¢33 ¢33%) {f(_q

o 112—27&) <f(—q9t, _q99€—9t)M(33£7 1)

33¢. ,330\6
) [e’e]

(qllk; qllﬁ)oo
2
qStf(_q33€-i-91t7 _q66£—9t)M(33€’ 2) + thf(_q?)BZ—Qt7 —q66€+9t)M(33Z, 2)) }’

which is equivalent to
oo

> Xovstaiesse6(n)q”

n=—oo
1
= 5 (@) M(33,1)2 Roy — 20(q ™) M (330, 1) a2
(g1 g110)__ (33¢; ¢33¢)
’ o0 I o0
+2M (33¢,1)M (33(,2) ( F(@*, ") <R23 + R 4> — (¢, ¢") <R25 + R 6))
+ (Z)( 99() (33€ 2) <R274 — R2’3> — 2q33£cp(q198£)M(33€, 2)2 <R276 — R275>
+ 2q33£M(33£7 2)2 <f(q33f7 q165€)R271 . f(q66f7 q132€)R272> }7 (361)
where -
11402 | 11¢n
R271 — f(q18t7q1986—18t)f(_q2t’ _q11€—2t) — Z (_1)nq99£m2+99€m—18tm+T+T—2tn7
m,n=—00
Roo = O f (g0 18t g99+18t) p(_ o2t (11E6=2t) _ Ot Z ) 99em H18tm Ln? 4 110 _ oy,
34 ? ) 9
m,n=—0o0
Rog := ql2tf(q00018t 1320418ty (g2t _ o116=2t) _ (12t Z )" 2o’ +330m-18tm- 1122 1ln oy,
m,n=—00
Rog = ¢btf(qf00T18t g1320-18ty (g2t _ 11=2t) _ 6t Z ) ¢200m*+33tm— 18tm+ 1en®  1lin oy,
m,n=—0oo
Rog = qBLf(qP30T18t 16518ty (g2t _ g116=2t) _ 3t Z ) 290 +664m— 18tm+ 1en®  11in oy,
m,n=—oo
Rog := q'otf(q33018t g1O5+18) (g2t _ o116=2t) _ (150 Z )" ¢*om? +66¢m-18tm-4 112 11n oy,
m,n=—0o0

To arrive at the required result, we extract those terms whose exponents are congruent to 10¢ (mod 11)
in Ry ;, 1 <1 <6. Substitutingm = —1+r+s,n=4-9r+2sin Ry, m = —14+r+s,n = —4+9r—2s
in Roo,m=r+s,n=9r—2s+1in Ry 3, m =r+s,n = —9r+2s—2in R4, m = r+s,n = —9r+2s+2
in Rys and m =745, n =97 —2s— 3 in Ry, we find that
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1089472 2 1089¢r
_ r =St 1121487 — 20 4110 1—-22ts+-10t
Ev110t(R21) = E (-1)'q 2 2

r,8=—00

— q110€+10tf(_1’ _q1089€)f(q1218—22t q121€+22t) — 0’

)

o0
2
BEri10t(Ras) = Z (_1)rq%+121zs2—%—121es+165£+22ts—t
r,§=—00

— q165€—tf(_1’ _q1089€)f(q22t q242€—22t) — 0’

)
o0

2 26
14 1089Er™ 4 19710524 3636r 4 99454 114+10¢
E11710t(R2,3): 2: (_1) +rq 5 T s+ == +22ts+ 116+
r,8=—00

11£+10tf(_q726£7 _q363€)f(q1218722t q121€+22t)

= —dq ) 9

o0
1089472 2, 363¢
Ell,lOt(RZA): § : (_1)qu’"+12168 + 5555 —22t54+-1144-10t

r,8=—00

q11z+10tf(_q726z _ 363e)f(q121e—22t

1210+22t
,—q )

) )

108912 2 363¢r
o Ot 1 12148% — 22222 412105 —22ts+330—t
Bio(Ros) = Y (—1)g 2 T et

r,8=—00

— P (T P03y (g2 22t

I I

oo
2
1 10896r= 4 191052 363Lr 4 191054 22¢5+330+21¢
Ei110t(Rag) = E (—1)MHrg 2 TR TRl anlstastt

r,5=—00
= BRI (LTI 3630 p (2420422 (=22t
= BT B03E) 242022t 22

Using these in equation (3.61), we deduce that Xo; 3 11¢,33¢,1,6(11n + 10t) = 0. In a similar way, one
can prove Yo 3¢ 11¢,33¢,1,6(11n + 10t) = 0. This complete the proof of equation (1.35). The proofs of
(1.32), (1.40) and (1.36) follow in the same path. We omit the details here.

Proof of (1.39). Applying (2.53) and (2.56), we obtain

i 2 3
> Xiovrereas(n)g" = (qﬁqwt;q”) (q”,q””t;q”)

[e.e] o0

n=—oo

5
(q7€; qm)oo

SR {f(—qt, —q" 2 f (=g, —q”_%)?’}

:1{ (f(q%, G2 o) — 24t F(gT q2t+7€)(p(q14£)>

5
(q7€; qm)oo

« (Jc(_qﬁt7 —q21€76t)M(7£, 1) - thf(_anr@i7 _q14576t)M(7£’ 2)

+ q4tf(*q7£_6t, 7q14l+6t)M(7£’ 2)) }

1
ZW {SO(C]?E)MW& 1)R3,1 - QSO(C]MZ)MU& 1)33,2

T olg™)M(7E,2) (R3,3 - Rg,4> T 20(q") M (76,2) <R3 - R3,6> }
(3.62)

where
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o0
140—2¢ 2t 210—6t 6t TOm2 4+ Tlm—2tm+2Un” 4 2Un g,
Ray = f(¢"%, ) (=0 =g = ) (=)t tTm e Rm Ty G,
m,n=—o0
TO+2t 702t 214—6t 6t ¢ > n Tem242tmt 2dn? | 21 _ gy,
Ryo:=q' f(@" N f(—" % =) =¢" Y (-1)"q 2+ Tgt bin
m,n=—0o0
4t 14¢—2t 2t 14/+6t T¢—6t 4t - n 7Zm2+75m72tm+w+m+6tn
R33:=q"f(q ) f(—q =g =g Y (1) 2T,
m,n=—0o0
o p/ 140—2t 2t 140—6t 70+6t 2t > N TOm24T0m—2tm+2Un2 { Tin gy,
R3a:=q"f(q 47 ) f(—q =g =g Y (1) 2 T2 ;
m,n=—00
3t gy TOH2  TO—2t 140—6t 70461 3t G Tom? 4 2tm+ 212 Tin_ g
— - n m m-+—-s— —-— —0otn
R35:=q"f(¢""",q¢""7)f(—q =g =g Y (1) 2 T2 ;
m,n=-—o0
5t e/ TO+2t  TO—2t 140—6t 70461 5t S Tom?+2tm+ 2102 | Tin g
— - n m m-+—5 5 — n
Ry :=q" f(q" P "2 f(—q"0 ") = ¢ DT (1) 2t —6in,
m,n=—o0

To arrive at the required result, we extract those terms whose exponents are congruent to 4¢ (mod 7).
Employ the transformations: m =r+2+43s,n =2r+1—-sin R3;,m =r+2+3s,n=—2r—1+sin
R3o,m=r+3s,n=—-2r+sin R33, m=r+3s—1,n=2r—sin R34, m=r+3s,n=—-2r+1+s
in R35, and finally m =r+2+3s, n =2r 41— s in R3s. We obtain (7n + 4t)-component

E741(R3,1) =E741(R32) =0,
E7,4t (R3,3) :E774t(R3 ) — q4tf( 494—0—141& 49€ 14t)f( q qQSZ)’
E7,4t (R3,5) :E7,4t(R3,6> — q14ﬁ Stf( 98€ 14t7 q14t)f( q49€, _q98f)'

Operating E7 4 to (3.62) on both sides and employing the above, we arrive at Xy o; 70 702 3(7Tn+4t) = 0.
Similarly, we obtain Z ot 7¢7¢2.3(7n + 4t) = 0, completing the proof of (1.39). The proofs of (1.30),
(1.31), (1.33), (1.34) and (1.41) follow in the same path.

Proof of (1.44). From (2.53) and (2.56), we have > >° X1 130130,3,4(n)q"
4 1 B
_ (q4t’q13£ 4t7q13é) <qt g3 t’qBSZ) - {fS( At g13e=dty g1 gt 130 t)}
< (¢"5¢Y) %
1

o ((]13((]135)7{{f(_q12t’ _q39€—12tM(13€’ 1) _ q4tf(—q13£+12t, _q266—12t)M(13€, 2)
’ [oe]

+ qStf(_q13€+12t’ —q26£+12t)M(13€, 2)} <f2( t 136 t)) 2}

= M{RG,lM(l?»f, 1)<f2(1,q26ﬁ)f(1,q5%) B4 0(d*) % (g 13@)) + Rg2M(134,1)

X (f(l,qm)soQ(qW) + f2(1,q2“)s0(q2“)> —2M (13, 1)p(q"*) F(1,4°%) F(a"%, ¢*)

X <R63 + Rg 4)M (13¢ 2){ {¢2(q13‘)<(p( W)(RM — R 6> + £(1,¢%Y

X (RW - Rm) } { (@39 (1, %) £(¢"%, ¢*°%) (Rﬁ 9 — Re,10 + Re,11 — R 12>}
{ 250

<90 266) <RG,6 - R6,10> + f(1,¢%)q" <R6,5 - RG,9>> }}, (3.63)

f2



S. Ananya, Channabasavayya, D. Ranganatha and R. G. Veeresha, Vanishing Coefficient Results 53

where

oo
R6,1 = 2 q12tm+ %€m2—%€m+4tn+26€n2—26€n

)
m,n=—00
00
39,2 39 2
R62 — q2t Z (_l)mql2tm+7ém — 5 m—4tn+260n

, )
m,n=—0o
o0

39 39
R6,3 — qt Z (_1)mq12tm+7ﬁm2—7€m+4tn+26€n2—13€n’
m,n=—00
9]

39 0239 gy — 2_
R6,4 — q3t Z (_1)mq12tm+ 5 dm* — S fm—4tn+26(n 13€n’
m,n=—00
9]

3952 39 2
R6,5 — q4t Z (_1)mq12tm+ 5 dm* — S m+-4tn+264n 26471’
m,n=—00
)

_ 39 g2 13 2_
R6,6 — q8t Z (_1)mq 12tm+ < m* — S m+4tn+264n 26Zn’
m,n=—o0
00

.__ 6t m 12tm~+ 32 ¢m2 — 13 pm—4tn+260n2
Rer:=¢" ) (-)™q 2 2 ,
m,n=—o00

[eS)

.10t m —12tm~+32¢m?2 — 13 ¢ —4tn+26¢n2
Res :=q E (—=1)™q 2 2 ;
m,n=—00
oo
. 5t m  12tm+ 32 ¢m2 — 13 pm4-4¢n+260n2—130n
Reog :=q E (—=1)™q 2 2

9 )
m,n=—00
00

9t Z —12tm+% tm2— 13 ¢m+4in+260n2—13¢
R6,10 =q (_1)mq m+--Em 5 tm+4in+266n n

)
m,n=—o00
oo
. Tt m _ 12tm+32¢m2— 13 pm—4tn+260n2—13¢n
Re11:=¢q E (=1)™q 2 2

)
m,n=—00
o0

39,2 13 2
R6,12 — qllt Z (_1)mq—l2tm+7€m — 5 m—4tn+26(n —13€n.

m,n=—00

To arrive at the required result, we extract those terms in which the exponents are congruent to 8t
(mod 13) on both sides of (3.63), which can be done using the transformations listed in the following
table.

Term Transformations Term Transformations

Rg1 |m=14+4r+s,n=—-14r—3s| Rgo |m=-24+4r+s,n=—-1—1r+3s
Regs m=244r+s,n=—-14+r—3s| Rgg | m=—-14+4r+s,n=—-1—r+3s
Rg 5 m=4r+s,n=14+r—3s Rs ¢ m=—-4r—s,n=r—23s

Rg 7 m=—-2+4r+s,n=—-r—+3s Rgs m=2+4r—s,n=1—r—+3s
Rgo m=1+4r+s,n=1+r—3s | Rg1o m=—-1—4r—s,n=r—3s
Re11 | m=—-1+4r+s,n=—-r+3s | Rgio m=1—4r—s,n=1—r+3s

With the help of above table, we obtain the (13n + 8t)-components as follows.

Ei38:(Re,1) = E138:(Re2) = F138:(R6,3) = Fi38:(Re4) =0,
E1378t(R6,5> _ E13,8t(R6,6) _ qStf(_q169£’ _qSSSZ)‘](-((]3385+52t7 q338€752t)’
E13,8t(R6,7) — E13,8t(R6,8) — qé)lf—18tf(7qlfi9f7 fq338£)f(q52t, q676€—52t)’
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E13,8t(R6,9) — E13,8t(R6,10) — *q26£+21tf( q169€ *Q338Z)f(q507€+52t q169€ 52t)’
E13,8t(R6,11) _ E13,8t(R6,12) _ _q26€—5tf( q169Z _q338£)f(q169€+52t q507€ 52t)

Employing the above in equation (3.63), we arrive at the required result. With the similar strategy,
one can prove Yu; s 130,13¢,3.4(13n 4 8t) = 0 completing the proof of equation (1.44).

Proof of equation (1.45). Using (2.56), we find that

o0
> Xiaearearess(n)g”

n=—oo

. - 1 _
_ (qt’qlﬁ t;q17é)go(q4t7q17é 4t;q17£)fgo _ (q17£ q175) {f3( t 17€ t)fS( 4t7 _q17€ 4t)}

1
g,

% f(_q17573t7 —q34€+3t)M(17£, 2)) <f(—q12t, _q518712t)]\4’(1757 1) _ q4tf(_ql7€+12t7 _q342712t)

{ <Jc(_q3t7 —q51€_3t)M<17€, 1) o qtf(_q17€+3t’ _q34£—3t)M(17€, 2) + q2t

M(l?é, 2) + q8tf(_q17é—12t’ _q34Z+12t)M(17£7 2)> }

1
:(qmqm{ﬁa 1M (17¢,2)* + M (17¢,2)? <R5,5 — Rs6 — Rs s+ R5,9> + M(17¢,1) M (17¢,2)
X ( —Rs2+ Rs3 — Rs4 + R5,7> }, (3.64)
where
Rsq:= i (_1)m+nq3tm+52f1€m27%€m+12tn+%2n27%Zn
m,n=—o0

5152 51 51p.2 17
R572 . q4t § : (_1)m+nq3tm+7fm — 5 tm+12tn+ 5 In*—S-fn

)

m,n=—o0
> 1 1 1 17
8t man_ 3tm+2im2— 5L pm—12tn+ 2L in2 -7 ppn
R53:=¢ E (—1)"""q 2 2 2 270,
m,n=—o0
oo

ot Z 3tm+ 3 em2 — Ll im+12tn+4 5L tn2— 5L ¢
R54.:q (_1)m+nq m+5-4m 5 tm+12tn+5-n 5 n’
m,n=-—00

o0

51 17 51 17
Rs5 = q5t Z (_1)m+nq3tm+7€m2—7€m+12tn+7€n2—Eﬂn

)
m,n=—o0
51 17 51 17
2 2
R5 6= q9t 2 : ( 1)m+nq3tm+ 5 Ilm 5 Im—12tn+ ) In 5 In

)
m,n=—o0
> 51 17 51 51
_ 8l g2 17 8l pn2_ 51
R5 .= q2t § : (_1)m+nq 3tm+ 5 4m* — S Im+12tn+ 5 4n”—S-4n

)
m,n=—oo
0o
_ 51 pp2 17 51p,2 17
R5 g = qﬁt § (71)m+nq 3tm+5-4m 5 {m+12tn+5-4n 5 {n

)
m,n=—o0
0
— 51 ppn2 1790 51 pn2_ 17
R59 — q10t § : (_1)m+nq 3tm+5-4m 5 dm—12in+%-fn zén.

m,n=—00
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To arrive at the required result, we extract those terms which are congruent to 16¢ (mod 17) on both
sides of (3.64). Take m = —4s+r+2,n=—-2+4+4r+sin Rs;, m=r —4s,n =14+ 4r + s in Rs 2,
m=1+r—4s,n=1-4r—sin R53, m =1+r—4s,n=1+4r+sin R54, m = —2+r—4s,n =4r+s
inRs5,m=—4r—s,n=—2—r+4sin Rsg, m=1—-r+4s,n=4r+sin Rs7, m = —1+4r+s,n =
247 —4sin Rsg and m = —2 —r +4s, n = —4r — s in R59, we find that

Ei7161(R5,1) =FE17,160(R5,5) = E17,16¢(R5,9) = 0,
_Er716:(Rs.2) =Evron(Rs.a) = q o0 f(— 08, —q290) f(—gPTBH51 | _ 289051ty
E17716t(R5,3) . El?,lﬁt(RE),?) — q17€ftf(_q578€ _ 289@) ( 289€+51t 57867517&)7
(Rs6) =

q —q
(— —51¢ _q867€+51t).

— Erriai(Rssg) = q 9033t (- P78 _g29) ¢ (g

Er716t(Rs6

Using these, we deduce that Xu 3¢.13¢,13¢,1,4(13n + 8¢) = 0. With the similar strategy, one can prove
Zy ar170170,3,3(17Tn +16t) = 0 completing the proof of equation (1.45). The proofs of (1.37), (1.38) and
(1.43) follow the same path.

Proof of (1.46). We have
oo
Z Xarsearearese(n)g”

n=-—00
6
<q4t qm 4t7q17€> <q3t’q17£—3t;q17£>

o0

_ T {f3 At 1704ty 6 3t’_q17é—3t)}

= W{ (17¢,1)° ( (¢°")Ra1 — f(l,qm”)m,z) + M(17¢,1)2M (17¢,2)

X {SO(QSM) ( — Ry3+ R4,5> +£(1,¢"%) <R4,4 - R4,6> —2f(q**, ¢*) <R4 7+ Ry 14>
+2£(¢"™, ¢%) <R4 8§+ Ry 13) } + M(17¢, 2)3{<p(q51£) < — Ry15+ Ry17 — Rao

+ R4,12> + £(1,¢"%) <R4,16 — Ry18+ Rag — R4,11> +2f (g%, ¢5%%) <R4,4 - R4,6)
+2f(¢"™, ¢*) < — Ry + R4,5> } + M(17¢,1)M(17¢, 2)2{ (™) <R4 13+ Ra 8)

+ f(1,¢"%) ( — Ra14 — R4,7) +2£(¢*, ¢%) (R4 9 — Ry11 + Ry16 — Rans — Ry 2)
+2£(¢"", ¢*) < — Ra10+ Rajn2 — Rajs + Raar + R4,1> }, (3.65)

where

R4 1= f( 2t 51€ 12t)f(q18t7q102f—18t)’

)

R4 9 1= q9tf(_q t’ —q51€_12t)f(q51£_18t, q51£+18t)’

)

R4 3= q4tf(_q17€+12t7 _q34Z712t)f(ql&‘,7 q1028718t)

) )

Ry4:= ql?)tf(_(]174—&-12157 _q34€—12t)f(q51Z—18t’ q51€+18t)

)
El

R4’5 = q8tf-(_ql7€—l2t7 —q34€+12t)f(q18t, q102€—18t)

R4 6= q17tf(_q174—12t7 _q34£-|-12t)f(q51€—18t7 q51£+18t)

)

R477 — q3tf(_q12t, _q51€—12t)f(q17€+18t7 (]85€—18t)7

R4 g = qutf(—q12t, _q51€712t)f(q34£718t7 q68€+18t)7

)

)
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Rug = q"f(~q 1764126 (340-12t) p( 1TEHISE (850-188)
Ruro = ¢S f(— TR 12y BA-18E (68LHISE)
Ran =g f(— gITe-12t _ BALHI2L) p(1TEHISE (850-18)
Runz = ¢ f(— 12 12ty BA0-18E (68LH1SE)
Rurs = ¢ f(—q'2 | — P12 p(BAEHI8E (68018t

Rys = q"" f(—q

Rus = ¢ f(— q17e+12t
Rug = "% f(—q' 12,
Ruir = g f(—g\ 712,
Rus i= q20 f(—q' 712

» —4q

t 51€ 12t)f(q17€718t q85€+18t)
)

_q34€—12t)f(q34€+18t 68¢— 18t)’
q34€fl2t)f(q17€718t 85€+18t)7
q34Z+12t)f(q34€+18t 68¢— 18t)’

34€+12t)f(q17€—18t 85€+18t)

To arrive at the required result, we pick those terms whose exponents are congruent 15¢ (mod 17) on
both sides of (3.65). The linear transformations to be used to extract the (17n + 15¢)-component for
each of the R, ;’s are summarized the following table:

Term Transformations Term Transformations

Ryq m=4r+3s,n=—2+3r —2s Rio |m=—-1+4r+3s,n=—-1—-3r+2s
Rys |m=1+4r+3s,n=-1-3r—2s | R4y m=4r+3s,n=—-2—3r+2s
Rys m=—2—4r —3s,n=3r —2s Ryg m=—4r —3s,n =2 —3r +2s
Ry m=1+4r+3s,n=3r —2s Ryg | m=3+4r+3s,n=—-1-3r+2s
Rag m=2+4r+3s,n=1+3r—2s | Ry10 m=4r+3s,n=1—3r+2s
Ritn |m=1—-4r—-3s,n=—-1+3r—2s | Ry12 m=—1—4r —3s,n=—3r +2s
Ry13 | m=2+4r+3s,n=2+3r—2s | Ry4 m=4r 4+ 3s,n = —3r + 2s

Ry 15 m=—1+4r+3s,n=3r—2s Ry16 | m=1+4r+3s,n=—1-3r+2s
Raq7 m=—4r—3s,n=1—3r —2s Ry41s m=2—4r—3s,n=1—3r+2s

Using the above table, we obtain (17n + 15t)-component for each of the Ry ;, 1 <i < 18 as below.

Eir7156(Ra1) = E17.15¢(Ra2) = E17.15:(Ra3)
—F1715¢(Ra7) = Errast(Raa) = ¢ f (=™,
—FE1715t(Rag) = Bir5t(Raa3) = ¢?2H+06 f(—q

Er75¢(Rag) = —Er7a5t(Raje) = ¢ 2 f(—q

Er7a5¢(Ra10) = —Ei7150(Raas) = 2 f(—q
—FErr15¢(Ran1) = Eirase(Ras) = ¢ f(—q
—Er715¢(Rap2) = Er7a5t(Ranr) = q34€+32tf(_

= Ei1715¢(Ra4) =
_ 2890 £ (6T 102

578¢
)

578¢
a

Ei715¢(Ra5) = E1715¢(Ra6) = 0,
§B67E-1021)

_q289ﬁ)f(q7102t7 q1734€+102t)’

5780 289¢ 144504102t 289¢—102t
=) f(gHPT )

»q
1156[—10215)

)

578£ _ ( 578¢+102t

4

b
q

289¢ 115644102t _578¢—102t
—q*) f (g g ).

i

289()
578@ o )

2898 f( 28904102t 144587102t)

)

Using these in equation (3.65), we deduce that Xu; 3¢ 17,17¢,3,6(5n+2t) = 0. With the similar strategy,

one can prove Yy 3¢ 1717¢,3,6(17n + 15t) = 0 completing the proof of equation (1.46).

(1.42) follows in the same path.

4. Conclusions

The proof of

In this paper, we proved a new set of families of vanishing coefficient results for (1.3)-(1.5) by us-
ing Ramanujan’s theta function and Jacobi Triple Product Identity. We found that computational
experiments have yielded similar results for primes greater than 19, but we restricted ourselves to
p € {5,7,11,13,17,19,29}. We leave this investigation to the interested reader.

Acknowledgement. The authors thank the referee for pointing the errors and aiding in its rectifi-

cation.
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