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Vanishing Coefficient Results in Three Families of

Infinite q-products

S. Ananya, Channabasavayya, D. Ranganatha and R. G. Veeresha

Abstract. In the recent past, the work in the area of vanishing coefficients of infinite q-products has been taken to the forefront.

Weaving the same thread as Ramanujan, Richmond, Szekeres, Andrews, Alladi, Gordon, Mc Laughlin, Baruah, Kaur, Tang, we
further prove vanishing coefficients in arithmetic progressions moduli 5, 7, 11, 13, 17, 19 and 29 of the following three families of

infinite products, where {Xa,b,sm,km,u,v(n)}n≥n0
, {Ya,b,sm,km,u,v(n)}n≥n0

and {Za,b,sm,km,u,v(n)}n≥n0
are defined by

∞∑
n≥n0

Xa,b,sm,km,u,v(n)qn :=
(
qa, qsm−a; qsm

)u
∞

(
qb, qkm−b; qkm

)v
∞
,

∞∑
n≥n0

Ya,b,sm,km,u,v(n)qn :=
(
qa, qsm−a; qsm

)u
∞

(
−qb,−qkm−b; qkm

)v
∞
,

∞∑
n≥n0

Za,b,sm,km,u,v(n)qn :=
(
−qa,−qsm−a; qsm

)u
∞

(
qb, qkm−b; qkm

)v
∞
,

here m,a, b, s, k, u and v are chosen in such a way that the infinite products in the right-hand side of the above are convergent and

n0 is an integer (possibly negative or zero) depending on a, b, s, k, u and v. The proof uses the Jacobi triple product identity and

the properties of Ramanujan general theta function.
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1. Introduction

The reference [Ramanujan88, p. 49] provides insights into the calculation of coefficients of the following
infinite q-products done by Ramanujan for up to n = 1000, but provides no conclusion:

∞∑
n=0

u(n)qn :=

(
q4; q5

)
∞
(
q; q5

)
∞

(q2; q5)∞ (q3; q5)∞
and

∞∑
n=0

v(n)qn :=

((
q3; q5

)
∞
(
q2; q5

)
∞

(q; q5)∞ (q4; q5)∞

)−1

,

here and throughout the paper, we use the following q-product notations:

(a; q)∞ =
∞∏
k=1

(1− aqk−1), (a, q ∈ C, |q| < 1)

and

(a1, a2, . . . , am; q)∞ = (a1; q)∞(a2; q)∞ · · · (am; q)∞, where a1, a2, a3, . . . , am ∈ C.

Motivated by the works of Ramanujan, Richmond and Szekeres [RiSz78] explored the vanishing
coefficients in the following infinite products and proved that if

∞∑
n=0

α(n)qn :=

(
q3; q8

)
∞
(
q5; q8

)
∞

(q; q8)∞ (q7; q8)∞
and

∞∑
n=0

β(n)qn :=

(
q; q8

)
∞
(
q7; q8

)
∞

(q3; q8)∞ (q5; q8)∞
,
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then α(4n+ 3) = 0 and β(4n+ 2) = 0. Along with it, they proposed the following conjecture:

∞∑
n=0

γ(n)qn :=

(
q5; q12

)
∞
(
q7; q12

)
∞

(q; q12)∞ (q11; q12)∞
and

∞∑
n=0

δ(n)qn :=

(
q; q12

)
∞
(
q11; q12

)
∞

(q5; q12)∞ (q7; q12)∞
,

then γ(6n + 5) = 0 and δ(6n + 3) = 0. This led to the work of Andrews and Bressoud [AnBr79].
They proved the following theorem using Ramanujan’s 1ψ1 formula, which included Richmond and
Szekeres’ results [RiSz78] and their conjecture as special cases:

Theorem 1.1. If 1 ≤ r < k are relatively prime integers of opposite parity and

∞∑
n=0

φ(n)qn :=
(qr; q2k)∞(q2k−r; q2k)∞

(qk−r; q2k)∞(qk+r; q2k)∞
,

then φ(kn+ r(k − r + 1)/2) = 0.

The results of these types were further generalized by Alladi and Gordon [AlGo94] and James Mc
Laughlin [McL19].

In 2018, Hirschhorn [Hir19] proved the following theorem, which serves as a foundational step in
enriching knowledge on vanishing coefficients in other classes of infinite products:

Theorem 1.2. Let the sequences {a(n)} and {b(n)} be defined by

∞∑
n=0

a(n)qn := (−q,−q4; q5)∞(q, q9; q10)3
∞, (1.1)

∞∑
n=0

b(n)qn := (−q2,−q3; q5)∞(q3, q7; q10)3
∞, (1.2)

then a(5n+ 2) = a(5n+ 4) = b(5n+ 1) = b(5n+ 4) = 0.

The proof employed q-series manipulations, Jacobi’s triple product identity (JTPI), and linear trans-
formations to the indices.

In the same year, Tang [Tan19] considered the variants of (1.1) and (1.2) obtained some comparable
results. For example, he proved that if {a1(n)}, {b1(n)}, {a2(n)} and {b2(n)} are defined as below,

∞∑
n=0

a1(n)qn := (−q,−q4; q5)3
∞(q2, q8; q10)∞,

∞∑
n=0

b1(n)qn := (−q2,−q3; q5)3
∞(q4, q6; q10)∞,

∞∑
n=0

a2(n)qn := (−q,−q4; q5)3
∞(q3, q7; q10)∞,

∞∑
n=0

b2(n)qn := (−q2,−q3; q5)3
∞(q, q9; q10)∞,

then

a1(5n+ 4) = b1(5n+ 1) = a2(5n+ 3) = a2(5n+ 4) = b2(5n+ 3) = b2(5n+ 4) = 0.

Soon after, Baruah and Kaur [BaKa20] obtained some new results of the above type and proved
them using JTPI and elementary q-series manipulation techniques.

In the recent past, Mc Laughlin [McL21] studied and presented that vanishing coefficients of some
infinite products can be categorized into families and they can be proved. To cite his work, he proved
if t ∈ {1, 2} define the sequence {s(n)} by

∞∑
n=0

s(n)qn := (q2t, q5−2t; q5)∞(q5−2t, q5+2t; q10)3
∞,

then s(5n+ 3t2 + t) = 0 for all n.
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Mc Laughlin used the Quintuple product identity (QPI) [McL19, Eq. (4.6)] to prove vanishing
coefficients in the infinite products, whereas others have used JTPI and properties of Ramanujan’s
general theta function. He also extended such vanishing coefficient results to other moduli, such as
7 and 11. In [McL21], Mc Laughlin proved several results and listed several results on vanishing
coefficients in infinite products with negative signs, which were proved by Kaur and Vandna [VaKa22,
KaVa22] quite recently. In 2023, Tang [Tan23a] proved many vanishing coefficient identities of three
infinite products by using properties of Ramanujan’s theta function, QPI and an extended QPI (EQPI)
due to Cao [Cao11], and these types of products were studied by many researchers, as mentioned
above. He generalized the results of Hirschhorn [Hir19], Vandna and Kaur [VaKa22, KaVa22], Baruah
and Kaur [BaKa20], Mc Laughlin [McL21], etc. He provided a total of 36 results and offered two
conjectures. Mc Laughlin [McL21] results could be applied to only a finite number of specific cases.
But, these new results due to Tang [Tan23a] can be applied to an infinite number of particular cases.
In [Tan23b], Tang continued the same for odd moduli. Finally, he posed several conjectures that are
still not answered. For more recent work, please see [ChDa24, ChRa24, CKD24]. Motivated by the
above work, in this paper we define the following three infinite products:

Definition 1.1. Define {Xa,b,s`,k`,u,v(n)}n≥n0, {Ya,b,s`,k`,u,v(n)}n≥n0 and {Za,b,s`,k`,u,v(n)}n≥n0 by

∞∑
n≥n0

Xa,b,s`,k`,u,v(n)qn =
(
qa, qs`−a; qs`

)u
∞

(
qb, qk`−b; qk`

)v
∞
, (1.3)

∞∑
n≥n0

Ya,b,s`,k`,u,v(n)qn =
(
qa, qs`−a; qs`

)u
∞

(
−qb,−qk`−b; qk`

)v
∞
, (1.4)

and

∞∑
n≥n0

Za,b,s`,k`,u,v(n)qn =
(
−qa,−qs`−a; qs`

)u
∞

(
qb, qk`−b; qk`

)v
∞
, (1.5)

where a, b, s, k, `, u and v are chosen in such a way that the infinite products in right-hand side of
(1.3)–(1.5) are convergent and n0 is an integer (possibly negative or zero) depending on a, b, s, k, u
and v.

Historically, the coefficient-vanishing property for the above infinite products with s = 1, k = 2 and a
few values of u, v has been studied in the above. In this paper, we investigate the vanishing coefficients
for s = k = 1, s = 1, k = 3 and some values of u and v. In order to state our results, we adapt the
following convention here.

Xa,b,s`,k`,u,v(pn+ qt) = 0 holds under the condition gcd(p, t) = 1, (1.6)

where p, q are some positive integers and t is any integer.
The main results of this paper are stated as follows and we use the JTPI and the properties of

Ramanujan general theta function to establish the same results:

Theorem 1.3. Let ` ≥ 1 and t satisfying the condition stated in (1.6). Then

Xt,2t,5`,15`,2,1(5n+ 2t) = Zt,2t,5`,15`,2,1(5n+ 2t) = 0, (1.7)

X2t,t,7`,21`,1,2(7n+ 2t) = Y2t,t,7`,21`,1,2(7n+ 2t) = 0, (1.8)

Xt,6t,7`,21`,2,1(7n+ 4t) = Zt,6t,7`,21`,2,1(7n+ 4t) = 0, (1.9)

X4t,3t,11`,33`,1,2(11n+ 5t) = Y4t,3t,11`,33`,1,2(11n+ 5t) = 0, (1.10)

X2t,8t,11`,33`,2,1(11n+ 6t) = Z2t,8t,11`,33`,2,1(11n+ 6t) = 0, (1.11)

X2t,3t,13`,39`,1,3(13n+ 12t) = Y2t,3t,13`,39`,1,3(13n+ 12t) = 0, (1.12)

X2t,9t,13`,39`,3,1(13n+ t) = Y2t,9t,13`,39`,3,1(13n+ t) = 0, (1.13)

Xt,12t,13`,39`,4,1(13n+ 8t) = Zt,12t,13`,39`,4,1(13n+ 8t) = 0, (1.14)
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X4t,t,13`,39`,1,4(13n+ 4t) = Y4t,t,13`,39`,1,4(13n+ 4t) = 0, (1.15)

X8t,3t,19`,57`,1,4(19n+ 10t) = Y8t,3t,19`,57`,1,4(19n+ 10t) = 0, (1.16)

Xt,8t,19`,57`,4,1(19n+ 6t) = Zt,8t,19`,57`,4,1(19n+ 6t) = 0, (1.17)

X2t,9t,29`,87`,1,2(29n+ 10t) = Y2t,9t,29`,87`,1,2(29n+ 10t) = 0, (1.18)

X2t,3t,11`,11`,1,2(11n+ 4t) = Y2t,3t,11`,11`,1,2(11n+ 4t) = 0, (1.19)

X6t,t,19`,19`,1,2(19n+ 4t) = Y6t,t,19`,19`,1,2(19n+ 4t) = 0. (1.20)

X3t,4t,19`,19`,1,3(19n+ 17t) = Z3t,4t,19`,19`,1,3(19n+ 17t) = 0. (1.21)

Xt,2t,13`,13`,1,3(13n+ 10t) = Zt,2t,13`,13`,1,3(13n+ 10t) = 0, (1.22)

X6t,t,13`,13`,1,3(13n+ 11t) = Y6t,t,13`,13`,1,3(13n+ 11t) = 0, (1.23)

X2t,t,7`,7`,1,3(7n+ 6t) = Y2t,t,7`,7`,1,3(7n+ 6t) = 0, (1.24)

X8t,3t,17`,17`,1,8(17n+ 16t) = Y8t,3t,17`,17`,1,8(17n+ 16t) = 0, (1.25)

X8t,6t,17`,17`,1,2(17n+ 10t) = Y8t,6t,17`,17`,1,2(17n+ 10t) = 0, (1.26)

X8t,t,17`,17`,1,4(17n+ 6t) = Y8t,t,17`,17`,1,4(17n+ 6t) = 0, (1.27)

X4t,3t,13`,13`,1,4(13n+ 8t) = Y4t,3t,13`,13`,1,4(13n+ 8t) = 0, (1.28)

X5t,6t,11`,33`,2,5(11n+ 9t) = Z5t,6t,11`,33`,2,5(11n+ 9t) = 0. (1.29)

Theorem 1.4. Let ` ≥ 1 and t satisfying the condition stated in (1.6). Then

X3t,4t,17`,51`,2,3(17n+ 9t) = Z3t,4t,17`,51`,2,3(17n+ 9t) = 0, (1.30)

X4t,9t,17`,51`,3,2(17n+ 15t) = Y4t,9t,17`,51`,3,2(17n+ 15t) = 0, (1.31)

X4t,3t,17`,51`,1,6(17n+ 11t) = Y4t,3t,17`,51`,1,6(17n+ 11t) = 0, (1.32)

X3t,2t,11`,33`,2,3(11n+ 6t) = Z3t,2t,11`,33`,2,3(11n+ 6t) = 0, (1.33)

X2t,9t,11`,33`,3,2(11n+ t) = Y2t,9t,11`,33`,3,2(11n+ t) = 0, (1.34)

X2t,3t,11`,33`,1,6(11n+ 10t) = Y2t,3t,11`,33`,1,6(11n+ 10t) = 0, (1.35)

Xt,2t,11`,33`,6,1(11n+ 4t) = Zt,2t,11`,33`,6,1(11n+ 4t) = 0, (1.36)

Xt,2t,5`,5`,3,3(5n+ 2t) = Zt,2t,5`,5`,3,3(5n+ 2t) = 0, (1.37)

X3t,2t,7`,7`,1,3(7n+ t) = Z3t,2t,7`,7`,1,3(7n+ t) = 0, (1.38)

Xt,2t,7`,7`,2,3(7n+ 4t) = Zt,2t,7`,7`,2,3(7n+ 4t) = 0, (1.39)

X4t,t,11`,11`,1,6(11n+ 5t) = Y4t,t,11`,11`,1,6(11n+ 5t) = 0, (1.40)

X3t,4t,11`,11`,2,3(11n+ 9t) = Z3t,4t,11`,11`,2,3(11n+ 9t) = 0, (1.41)

X2t,3t,11`,11`,3,6(11n+ t) = Y2t,3t,11`,11`,3,6(11n+ t) = 0, (1.42)

X6t,4t,13`,13`,3,3(13n+ 2t) = Y6t,4t,13`,13`,3,3(13n+ 2t) = 0, (1.43)

X4t,t,13`,13`,3,4(13n+ 8t) = Y4t,t,13`,13`,3,4(13n+ 8t) = 0, (1.44)

Xt,4t,17`,17`,3,3(17n+ 16t) = Zt,4t,17`,17`,3,3(17n+ 16t) = 0, (1.45)

X4t,3t,17`,17`,3,6(17n+ 15t) = Y4t,3t,17`,17`,3,6(17n+ 15t) = 0. (1.46)

2. Preliminary

Definition 2.1. The Ramanujan general theta function [Ber12, p. 34, Eq. 18.1] is denoted by f(a, b),
and is defined as

f(a, b) :=

∞∑
n=−∞

an(n+1)/2bn(n−1)/2, |ab| < 1. (2.47)
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Lemma 2.1. [Ber12, p. 34, Entry 18 and Entry 19] We have

f(a, b) = f(b, a), (2.48)

f(1, a) = 2f(a, a3), (2.49)

f(−1, a) = 0, (2.50)

f(a, b) = (−a,−b, ab; ab)∞. (2.51)

Definition 2.2. Ramanujan defines the following three particular cases of (2.47) [Ber12, p.36, Entry
22]:

φ(q) := f(q, q),

ϕ(q) := f(q, q3) =
1

2
f(1, q),

f(−q) := f(−q,−q2) = (q; q)∞ .

The following lemma expresses the product of two theta functions as the sum of the product of theta
functions:

Lemma 2.2. [Ber12, p. 46, Entry 30] If ab = cd, then

f(c, d)f(a, b) = af

(
b

d
,
d

b
abcd

)
f

(
b

c
,
c

b
abcd

)
+ f(ad, bc)f(ac, bd), (2.52)

f2(a, b) = af(1, a2b2)f(b/a, a3b) + f(ab, ab)f(a2, b2), (2.53)

f(a, b) = af(b/a, a5b3) + f(a3b, ab3). (2.54)

Lemma 2.3. [Tan23b, Lemma 2.2] We have

f(qk, qµ−k)3 =f(q3k, q3µ−3k)M(µ, 1) + qkf(qµ+3k, q2µ−3k)M(µ, 2)

+ q2kf(qµ−3k, q2µ+3k)M(µ, 2), (2.55)

f(−qk,−qµ−k)3 =f(−q3k,−q3µ−3k)M(µ, 1)− qkf(−qµ+3k,−q2µ−3k)M(µ, 2)

+ q2kf(−qµ−3k,−q2µ+3k)M(µ, 2), (2.56)

where

M(µ, 1) =f(qµ, qµ)f(q3µ, q3µ) + qµf(1, q2µ)f(1, q6µ),

M(µ, 2) =f(1, q2µ)f(q2µ, q4µ) + f(qµ, qµ)f(qµ, q5µ).

It is worth noting that M(µ, 1) and M(µ, 2) are series in qµ.

Lemma 2.4. [Liu24, Lemma 2.2] For any positive integer n, we have

f(a, b)n =

∞∑
z=−∞

Cn,z(ab)a
zf
(
an+zbz, a−zbn−z

)
, (2.57)

where Cn,z(ab) is a formal Laurent series in ab.

We end this section with the following definition:

Definition 2.3. Let k > 0, l ≥ 0 be integers and let A(q) =
∑∞

n=0 a(n)qn be a formal power series.
Define Ek,l by

Ek,l(A(q)) :=
∞∑
n=0

a(kn+ l)qkn+l.
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3. Proofs of Theorems 1.3 and 1.4

Proof of equation (1.7). Upon using equation (2.57) with n = 2, we write

∞∑
n=−∞

Xt,2t,5`,15`,2,1(n)qn =
(
qt, q5`−t; q5`

)2

∞

(
q2t, q15`−2t; q15`

)
∞

=
1

(q5`; q5`)
2
∞ (q15`; q15`)∞

{
f(−qt,−q5`−t)2f(−q2t,−q15`−2t)

}

=
1

(q5`; q5`)
2
∞ (q15`; q15`)∞

{ ∞∑
z=−∞

(−1)zC2,z(q
5`)

× qtzf(−q2t,−q15`−2t)f(q5`z+2t, q−5`z+10`−2t)

}
. (3.58)

Observe that

qtzf(−q2t,−q15`−2t)f(q5`z+2t, q−5`z+10`−2t) =
∞∑

m,n=−∞
(−1)mq

15`m2

2
+ 15`m

2
−2tm+5`n2−5`nz+5`n−2nt+tz.

Employing the linear transformations m = 2r − z + s− 1, n = 3r − z − s in above sum, we obtain

E5,2t

(
qtzf(−q2t,−q15`−2t)f(q5`z+2t, q−5`z+10`−2t)

)
= 0, ∀ z.

Therefore, from (3.58), we arrive at Xt,2t,5`,15`,2,1(5n + 2t) = 0. Following a similar strategy, we find
Zt,2t,5`,15`,2,1(5n+ 2t) = 0, which establishes the proof of equation (1.7).

Proof of equation (1.25). We have

∞∑
n=−∞

X8t,3t,17`,17`,1,8(n)qn =
(
q8t, q17`−8t; q17`

)
∞

(
q3t, q17`−3t; q17`

)8

∞

=
1

(q17`; q17`)
9
∞

{
f(−q8t,−q17`−8t)f(−q3t,−q17`−3t)8

}
.

Employing equation (2.57) with n = 8 in the above, we obtain

∞∑
n=−∞

X8t,3t,17`,17`,1,8(n)qn =
1

(q17`; q17`)
9
∞

{ ∞∑
z=−∞

(−1)zC8,z(q
17`)q3zt

× f(−q8t,−q17`−8t)f(q17`z+24t, q−17`z+136`−24t)

}
.

To prove equation (1.25), it is enough to show that,

E17,16t

(
q3tzf(−q8t,−q17`−8t)f(q17`z+24t, q−17`z+136`−24t)

)
= 0, ∀ z.

We have

q3tzf(−q8t,−q17`−8t)f(q17`z+24t, q−17`z+136`−24t)

= q3tz
∞∑

m,n=−∞
(−1)mq8tm+ 17

2
`m2− 17

2
`m+17`nz+24nt+68`n2−68`n.

In order to extract those terms whose exponent is congruent to 16t (mod 17) in the above, set 8mt+
7nt+ 3tz ≡ 16t (mod 17), which is equivalent to m+ 3n ≡ −2− 6z (mod 17) and 3m− 8n ≡ −6− z
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(mod 17). Solving these congruences, we obtain m = 8r − 3z + 3s − 2 and n = −3r + z + s. So,
(17n+ 16t)-component of R is

E17,16t(q
3tzf(−q8t,−q17`−8t)f(q17`z+24t, q−17`z+136`−24t))

=
∞∑

r,s=−∞
(−1)z+sq17`+ 17

2
`z+16t−867`zr+ 289

2
`s2−136tr+51tz− 289

2
`s+ 323

2
`z2+1156`r2

=(−1)zq17`+ 17`z
2

+ 323`z2

2
+51tz+16tf(−1,−q289`)f(q867`z+1156`+136t, q−867`z+1156`−136t) = 0.

Using the same approach, one can demonstrate Y8t,3t,17`,17`,1,8(17n + 16t) = 0, which completes the
proof of equation (1.25). The proofs of eqs. (1.8) to (1.24), eqs. (1.26) to (1.28) follow the same path.

Proof of equation (1.29). From (2.53) and equation (2.57), we have

∞∑
n=−∞

X5t,6t,11`,33`,2,5(n)qn

=
(
q5t, q11`−5t; q11`

)2

∞

(
q6t, q33`−6t; q33`

)5

∞

=
1

(q11`; q11`)
2
∞ (q33`; q33`)

5
∞

{
f(−q5t,−q11`−5t)2f(−q6t,−q33`−6t)5

}

=
1

(q11`; q11`)
2
∞ (q33`; q33`)

5
∞

(
ϕ(q11`)f(q10t, q22`−10t)− 2q5tψ(q22`)

f(q11`−10t, q10t+11`)

)
×
( ∞∑
z=−∞

(−1)zC5,z(q
33`)f(−q165`−33`z−30t,−q33`z+30t)

)

=
1

(q11`; q11`)
2
∞ (q33`; q33`)

5
∞

∞∑
z=−∞

(−1)zC5,z(q
33`)

(
ϕ(q11`)R1,1 − 2ψ(q22`)R1,2

)
,

where

R1,1 :=q6tz
∞∑

m,n=−∞
(−1)nq11`m2+11`m−10tm+ 165`n2

2
−33`nz+ 165`n

2
−30nt, (3.59)

R1,2 :=q6tz+5t
∞∑

m,n=−∞
(−1)nq11`m2+10tm+ 165`n2

2
−33`nz+ 165`n

2
−30nt. (3.60)

To obtain the (11n + 9t)-component of R1,1, we set mt + 3nt + 6zt ≡ 9t (mod 11), which yields
m+ 3n ≡ −2− 6z (mod 11) and 4m− 10n ≡ 3− 2z (mod 11). Note that s takes the form s = 2k for
some integer k. Solving m + 3n = 11r − 2 − 6z and 4m − 10n = 11s − 8 − 2z for m and n and then
substituting in (3.59), we obtain

E11,9t(R1,1) = (−1)zq22`+20t+ 429
2
`z2+66tz+ 33

2
`zf(−1,−q363`)f(q−726`z+605`−110t, q726`z+605`+110t) = 0.

In R1,2, settings 10mt+ 3nt+ 6tz+ 5t ≡ 9t (mod 11) gives us m− 3n = 11r− 4 + 6z and 4m+ 10n =
11s + 6 + 2z. From this, it is clear that s takes the form s = 2k for integer k and upon solving, we
obtain m = 5r − 1 + 3z + 3s, n = −2r + 1− z + s. Substituting these in (3.60), we obtain

E11,9t(R1,2) = (−1)1−zq176`−35t+ 429
2
`z2+66tz− 693

2
`zf(−1,−q363`)f(q726`z+110t, q−726`z+1210`−110t) = 0.

This completes the proof.
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Proof of (1.35). Using (2.56), we find that

∞∑
n=−∞

X2t,3t,11`,33`,1,6(n)qn

=
(
q2t, q11`−2t; q11`

)
∞

(
q3t, q33`−3t; q33`

)6

∞

=
1

(q11`; q11`)∞ (q33`; q33`)
6
∞

{
f(−q2t,−q11`−2t)f(−q3t,−q33`−3t)6

}

=
1

(q11`; q11`)∞ (q33`; q33`)
6
∞

{
f(−q2t,−q11`−2t)

(
f(−q3t,−q33`−3t)3

)2
}

=
1

(q11`; q11`)∞ (q33`; q33`)
6
∞

{
f(−q2t,−q11`−2t)

(
f(−q9t,−q99`−9t)M(33`, 1)

− q3tf(−q33`+9t,−q66`−9t)M(33`, 2) + q6tf(−q33`−9t,−q66`+9t)M(33`, 2)

)2
}
,

which is equivalent to
∞∑

n=−∞
X2t,3t,11`,33`,1,6(n)qn

=
1

(q11`; q11`)∞ (q33`; q33`)
6
∞

{
ϕ(q99`)M(33`, 1)2R2,1 − 2ϕ(q198`)M(33`, 1)2R2,2

+ 2M(33`, 1)M(33`, 2)

(
f(q33`, q165`)

(
R2,3 +R2,4

)
− f(q66`, q132`)

(
R2,5 +R2,6

))
+ φ(q99`)M(33`, 2)2

(
R2,4 −R2,3

)
− 2q33`ϕ(q198`)M(33`, 2)2

(
R2,6 −R2,5

)
+ 2q33`M(33`, 2)2

(
f(q33`, q165`)R2,1 − f(q66`, q132`)R2,2

)}
, (3.61)

where

R2,1 := f(q18t, q198`−18t)f(−q2t,−q11`−2t) =
∞∑

m,n=−∞
(−1)nq99`m2+99`m−18tm+ 11`n2

2
+ 11`n

2
−2tn,

R2,2 := q9tf(q99`−18t, q99`+18t)f(−q2t,−q11`−2t) = q9t
∞∑

m,n=−∞
(−1)nq99`m2+18tm+ 11`n2

2
+ 11`n

2
−2tn,

R2,3 := q12tf(q66`−18t, q132`+18t)f(−q2t,−q11`−2t) = q12t
∞∑

m,n=−∞
(−1)nq99`m2+33`m+18tm+ 11`n2

2
+ 11`n

2
−2tn,

R2,4 := q6tf(q66`+18t, q132`−18t)f(−q2t,−q11`−2t) = q6t
∞∑

m,n=−∞
(−1)nq99`m2+33`m−18tm+ 11`n2

2
+ 11`n

2
−2tn,

R2,5 := q3tf(q33`+18t, q165`−18t)f(−q2t,−q11`−2t) = q3t
∞∑

m,n=−∞
(−1)nq99`m2+66`m−18tm+ 11`n2

2
+ 11`n

2
−2tn,

R2,6 := q15tf(q33`−18t, q165`+18t)f(−q2t,−q11`−2t) = q15t
∞∑

m,n=−∞
(−1)nq99`m2+66`m+18tm+ 11`n2

2
+ 11`n

2
−2tn.

To arrive at the required result, we extract those terms whose exponents are congruent to 10t (mod 11)
in R2,i, 1 ≤ i ≤ 6. Substituting m = −1+r+s, n = 4−9r+2s in R2,1, m = −1+r+s, n = −4+9r−2s
in R2,2, m = r+s, n = 9r−2s+1 in R2,3, m = r+s, n = −9r+2s−2 in R2,4, m = r+s, n = −9r+2s+2
in R2,5 and m = r + s, n = 9r − 2s− 3 in R2,6, we find that
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E11,10t(R2,1) =
∞∑

r,s=−∞
(−1)rq

1089`r2

2
+121`s2− 1089`r

2
+110 l−22ts+10t

= q110`+10tf(−1,−q1089`)f(q121`−22t, q121`+22t) = 0,

E11,10t(R2,2) =
∞∑

r,s=−∞
(−1)rq

1089`r2

2
+121`s2− 1089`r

2
−121`s+165`+22ts−t

= q165`−tf(−1,−q1089`)f(q22t, q242`−22t) = 0,

E11,10t(R2,3) =
∞∑

r,s=−∞
(−1)1+rq

1089`r2

2
+121`s2+ 363`r

2
+22ts+11`+10t

= − q11`+10tf(−q726`,−q363`)f(q121`−22t, q121`+22t),

E11,10t(R2,4) =
∞∑

r,s=−∞
(−1)rq

1089`r2

2
+121`s2+ 363`r

2
−22ts+11`+10t

= q11`+10tf(−q726`,−q363`)f(q121`−22t, q121`+22t),

E11,10t(R2,5) =
∞∑

r,s=−∞
(−1)rq

1089`r2

2
+121`s2− 363`r

2
+121`s−22ts+33`−t

= q33`−tf(−q726`,−q363`)f(q242`−22t, q22t),

E11,10t(R2,6) =
∞∑

r,s=−∞
(−1)1+rq

1089`r2

2
+121`s2− 363`r

2
+121`s+22ts+33`+21t

= − q33`+21tf(−q726`,−q363`)f(q242`+22t, q−22t)

= − q33`−tf(−q726`,−q363`)f(q242`−22t, q22t).

Using these in equation (3.61), we deduce that X2t,3t,11`,33`,1,6(11n + 10t) = 0. In a similar way, one
can prove Y2t,3t,11`,33`,1,6(11n + 10t) = 0. This complete the proof of equation (1.35). The proofs of
(1.32), (1.40) and (1.36) follow in the same path. We omit the details here.

Proof of (1.39). Applying (2.53) and (2.56), we obtain

∞∑
n=−∞

Xt,2t,7`,7`,2,3(n)qn =
(
qt, q7`−t; q7`

)2

∞

(
q2t, q7`−2t; q7`

)3

∞

=
1

(q7`; q7`)
5
∞

{
f(−qt,−q7`−t)2f(−q2t,−q7`−2t)3

}

=
1

(q7`; q7`)
5
∞

{(
f(q2t, q14`−2t)ϕ(q7`)− 2qtf(q7`−2t, q2t+7`)ϕ(q14`)

)
×
(
f(−q6t,−q21`−6t)M(7`, 1)− q2tf(−q7`+6t,−q14`−6t)M(7`, 2)

+ q4tf(−q7`−6t,−q14`+6t)M(7`, 2)

)}

=
1

(q7`; q7`)
5
∞

{
ϕ(q7`)M(7`, 1)R3,1 − 2ϕ(q14`)M(7`, 1)R3,2

+ ϕ(q7`)M(7`, 2)

(
R3,3 −R3,4

)
+ 2ϕ(q14`)M(7`, 2)

(
R3,5 −R3,6

)}
,

(3.62)

where
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R3,1 := f(q14`−2t, q2t)f(−q21`−6t,−q6t) =
∞∑

m,n=−∞
(−1)nq7`m2+7`m−2tm+ 21`n2

2
+ 21`n

2
−6tn,

R3,2 := qtf(q7`+2t, q7`−2t)f(−q21`−6t,−q6t) = qt
∞∑

m,n=−∞
(−1)nq7`m2+2tm+ 21`n2

2
+ 21`n

2
−6tn,

R3,3 := q4tf(q14`−2t, q2t)f(−q14`+6t,−q7`−6t) = q4t
∞∑

m,n=−∞
(−1)nq7`m2+7`m−2tm+ 21`n2

2
+ 7`n

2
+6tn,

R3,4 := q2tf(q14`−2t, q2t)f(−q14`−6t,−q7`+6t) = q2t
∞∑

m,n=−∞
(−1)nq7`m2+7`m−2tm+ 21`n2

2
+ 7`n

2
−6tn,

R3,5 := q3tf(q7`+2t, q7`−2t)f(−q14`−6t,−q7`+6t) = q3t
∞∑

m,n=−∞
(−1)nq7`m2+2tm+ 21 ln2

2
+ 7`n

2
−6tn,

R3,6 := q5tf(q7`+2t, q7`−2t)f(−q14`−6t,−q7`+6t) = q5t
∞∑

m,n=−∞
(−1)nq7`m2+2tm+ 21`n2

2
+ 7`n

2
−6tn.

To arrive at the required result, we extract those terms whose exponents are congruent to 4t (mod 7).
Employ the transformations: m = r+2+3s, n = 2r+1−s in R3,1, m = r+2+3s, n = −2r−1+s in
R3,2, m = r+ 3s, n = −2r+ s in R3,3, m = r+ 3s− 1, n = 2r− s in R3,4, m = r+ 3s, n = −2r+ 1 + s
in R3,5, and finally m = r + 2 + 3s, n = 2r + 1− s in R3,6. We obtain (7n+ 4t)-component

E7,4t(R3,1) =E7,4t(R3,2) = 0,

E7,4t(R3,3) =E7,4t(R3,4) = q4tf(q49`+14t, q49`−14t)f(−q49`,−q98`),

E7,4t(R3,5) =E7,4t(R3,6) = −q14`−3tf(q98`−14t, q14t)f(−q49`,−q98`).

Operating E7,4t to (3.62) on both sides and employing the above, we arrive at Xt,2t,7`,7`,2,3(7n+4t) = 0.
Similarly, we obtain Zt,2t,7`,7`,2,3(7n + 4t) = 0, completing the proof of (1.39). The proofs of (1.30),
(1.31), (1.33), (1.34) and (1.41) follow in the same path.

Proof of (1.44). From (2.53) and (2.56), we have
∑∞

n=−∞X4t,t,13`,13`,3,4(n)qn

=
(
q4t, q13`−4t; q13`

)3

∞

(
qt, q13`−t; q33`

)4

∞
=

1

(q13`; q13`)
7
∞

{
f3(−q4t,−q13`−4t)f4(−qt,−q13`−t)

}

=
1

(q13`, q13`)
7
∞

{{
f(−q12t,−q39`−12tM(13`, 1)− q4tf(−q13`+12t,−q26`−12t)M(13`, 2)

+ q8tf(−q13`+12t,−q26`+12t)M(13`, 2)

}(
f2(−qt,−q13`−t)

)2
}

=
1

(q13`; q13`)
7
∞

{
R6,1M(13`, 1)

(
f2(1, q26`)f(1, q52`)q13` + ϕ(q26`)ϕ2(q13`)

)
+R6,2M(13`, 1)

×
(
f(1, q52`)ϕ2(q13`) + f2(1, q26`)ϕ(q26`)

)
− 2M(13`, 1)ϕ(q13`)f(1, q26`)f(q13`, q39`)

×
(
R6,3 +R6,4

)
M(13`, 2)

{
−
{
ϕ2(q13`)

(
ϕ(q26`)

(
R6,5 −R6,6

)
+ f(1, q53`)

×
(
R6,7 −R6,8

))}
+

{
2ϕ(q13`)f(1, q26`)f(q13`, q39`)

(
R6,9 −R6,10 +R6,11 −R6,12

)}
−
{
f2(1, q26`)

(
ϕ(q26`)

(
R6,6 −R6,10

)
+ f(1, q52`)q13`

(
R6,5 −R6,9

))}}
, (3.63)
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where

R6,1 :=
∞∑

m,n=−∞
q12tm+ 39

2
`m2− 39

2
`m+4tn+26`n2−26`n,

R6,2 := q2t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 39

2
`m−4tn+26`n2

,

R6,3 := qt
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 39

2
`m+4tn+26`n2−13`n,

R6,4 := q3t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 39

2
`m−4tn+26`n2−13`n,

R6,5 := q4t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 39

2
`m+4tn+26`n2−26`n,

R6,6 := q8t
∞∑

m,n=−∞
(−1)mq−12tm+ 39

2
`m2− 13

2
`m+4tn+26`n2−26`n,

R6,7 := q6t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 13

2
`m−4tn+26`n2

,

R6,8 := q10t
∞∑

m,n=−∞
(−1)mq−12tm+ 39

2
`m2− 13

2
`m−4tn+26`n2

,

R6,9 := q5t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 13

2
`m+4tn+26`n2−13`n,

R6,10 := q9t
∞∑

m,n=−∞
(−1)mq−12tm+ 39

2
`m2− 13

2
`m+4tn+26`n2−13`n,

R6,11 := q7t
∞∑

m,n=−∞
(−1)mq12tm+ 39

2
`m2− 13

2
`m−4tn+26`n2−13`n,

R6,12 := q11t
∞∑

m,n=−∞
(−1)mq−12tm+ 39

2
`m2− 13

2
`m−4tn+26`n2−13`n.

To arrive at the required result, we extract those terms in which the exponents are congruent to 8t
(mod 13) on both sides of (3.63), which can be done using the transformations listed in the following
table.

Term Transformations Term Transformations

R6,1 m = 1 + 4r + s, n = −1 + r − 3s R6,2 m = −2 + 4r + s, n = −1− r + 3s

R6,3 m = 2 + 4r + s, n = −1 + r − 3s R6,4 m = −1 + 4r + s, n = −1− r + 3s

R6,5 m = 4r + s, n = 1 + r − 3s R6,6 m = −4r − s, n = r − 3s

R6,7 m = −2 + 4r + s, n = −r + 3s R6,8 m = 2 + 4r − s, n = 1− r + 3s

R6,9 m = 1 + 4r + s, n = 1 + r − 3s R6,10 m = −1− 4r − s, n = r − 3s

R6,11 m = −1 + 4r + s, n = −r + 3s R6,12 m = 1− 4r − s, n = 1− r + 3s

With the help of above table, we obtain the (13n+ 8t)-components as follows.

E13,8t(R6,1) = E13,8t(R6,2) = E13,8t(R6,3) = E13,8t(R6,4) = 0,

E13,8t(R6,5) = E13,8t(R6,6) = q8tf(−q169`,−q338`)f(q338`+52t, q338`−52t),

E13,8t(R6,7) = E13,8t(R6,8) = q91`−18tf(−q169`,−q338`)f(q52t, q676`−52t),
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E13,8t(R6,9) = E13,8t(R6,10) = −q26`+21tf(−q169`,−q338`)f(q507`+52t, q169`−52t),

E13,8t(R6,11) = E13,8t(R6,12) = −q26`−5tf(−q169`,−q338`)f(q169`+52t, q507`−52t).

Employing the above in equation (3.63), we arrive at the required result. With the similar strategy,
one can prove Y4t,t,13`,13`,3,4(13n+ 8t) = 0 completing the proof of equation (1.44).

Proof of equation (1.45). Using (2.56), we find that

∞∑
n=−∞

Xt,4t,17`,17`,3,3(n)qn

= (qt, q17`−t; q17`)3
∞(q4t, q17`−4t; q17`)3

∞ =
1

(q17`; q17`)6
∞

{
f3(−qt,−q17`−t)f3(−q4t,−q17`−4t)

}

=
1

(q17`; q17`)6
∞

{(
f(−q3t,−q51`−3t)M(17`, 1)− qtf(−q17`+3t,−q34`−3t)M(17`, 2) + q2t

× f(−q17`−3t,−q34`+3t)M(17`, 2)

)(
f(−q12t,−q51`−12t)M(17`, 1)− q4tf(−q17`+12t,−q34`−12t)

×M(17`, 2) + q8tf(−q17`−12t,−q34`+12t)M(17`, 2)

)}

=
1

(q17`; q17`)6
∞

{
R5,1M(17`, 2)2 +M(17`, 2)2

(
R5,5 −R5,6 −R5,8 +R5,9

)
+M(17`, 1)M(17`, 2)

×
(
−R5,2 +R5,3 −R5,4 +R5,7

)}
, (3.64)

where

R5,1 :=
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
`m2− 51

2
`m+12tn+ 51

2
`n2− 51

2
`n,

R5,2 := q4t
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
`m2− 51

2
`m+12tn+ 51

2
`n2− 17

2
`n,

R5,3 := q8t
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
`m2− 51

2
`m−12tn+ 51

2
`n2− 17

2
`n,

R5,4 := qt
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
`m2− 17

2
`m+12tn+ 51

2
`n2− 51

2
`n,

R5,5 := q5t
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
`m2− 17

2
`m+12tn+ 51

2
`n2− 17

2
`n,

R5,6 := q9t
∞∑

m,n=−∞
(−1)m+nq3tm+ 51

2
lm2− 17

2
`m−12tn+ 51

2
`n2− 17

2
`n,

R5,7 := q2t
∞∑

m,n=−∞
(−1)m+nq−3tm+ 51

2
`m2− 17

2
`m+12tn+ 51

2
`n2− 51

2
`n,

R5,8 := q6t
∞∑

m,n=−∞
(−1)m+nq−3tm+ 51

2
`m2− 17

2
`m+12tn+ 51

2
`n2− 17

2
`n,

R5,9 := q10t
∞∑

m,n=−∞
(−1)m+nq−3tm+ 51

2
`m2− 17

2
`m−12tn+ 51

2
`n2− 17

2
`n.
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To arrive at the required result, we extract those terms which are congruent to 16t (mod 17) on both
sides of (3.64). Take m = −4s + r + 2, n = −2 + 4r + s in R5,1, m = r − 4s, n = 1 + 4r + s in R5,2,
m = 1+r−4s, n = 1−4r−s in R5,3, m = 1+r−4s, n = 1+4r+s in R5,4, m = −2+r−4s, n = 4r+s
in R5,5, m = −4r−s, n = −2−r+4s in R5,6, m = 1−r+4s, n = 4r+s in R5,7, m = −1+4r+s, n =
2 + r − 4s in R5,8 and m = −2− r + 4s, n = −4r − s in R5,9, we find that

E17,16t(R5,1) =E17,16t(R5,5) = E17,16t(R5,9) = 0,

−E17,16t(R5,2) =E17,16t(R5,4) = q17`+6tf(−q578`,−q289`)f(−q578`+51t,−q289`−51t),

E17,16t(R5,3) =− E17,16t(R5,7) = q17`−tf(−q578`,−q289`)f(−q289`+51t,−q578`−51t),

E17,16t(R5,6) =− E17,16t(R5,8) = q119`+33tf(−q578`,−q289`)f(−q−51t,−q867`+51t).

Using these, we deduce that X4t,3t,13`,13`,1,4(13n + 8t) = 0. With the similar strategy, one can prove
Zt,4t,17`,17`,3,3(17n+ 16t) = 0 completing the proof of equation (1.45). The proofs of (1.37), (1.38) and
(1.43) follow the same path.

Proof of (1.46). We have

∞∑
n=−∞

X4t,3t,17`,17`,3,6(n)qn

=
(
q4t, q17`−4t; q17`

)3

∞

(
q3t, q17`−3t; q17`

)6

∞

=
1

(q17`; q17`)9
∞

{
f3(−q4t,−q17`−4t)f6(−q3t,−q17`−3t)

}

=
1

(q17`; q17`)
9
∞

{
M(17`, 1)3

(
ϕ(q51`)R4,1 − f(1, q102`)R4,2

)
+M(17`, 1)2M(17`, 2)

×
{
ϕ(q51`)

(
−R4,3 +R4,5

)
+ f(1, q102`)

(
R4,4 −R4,6

)
− 2f(q34`, q68`)

(
R4,7 +R4,14

)
+ 2f(q17`, q85`)

(
R4,8 +R4,13

)}
+M(17`, 2)3

{
ϕ(q51`)

(
−R4,15 +R4,17 −R4,10

+R4,12

)
+ f(1, q102`)

(
R4,16 −R4,18 +R4,9 −R4,11

)
+ 2f(q34`, q68`)

(
R4,4 −R4,6

)
+ 2f(q17`, q85`)

(
−R4,3 +R4,5

)}
+M(17`, 1)M(17`, 2)2

{
ϕ(q51`)

(
R4,13 +R4,8

)
+ f(1, q102`)

(
−R4,14 −R4,7

)
+ 2f(q34`, q68`)

(
R4,9 −R4,11 +R4,16 −R4,18 −R4,2

)
+ 2f(q17`, q85`)

(
−R4,10 +R4,12 −R4,15 +R4,17 +R4,1

)}
, (3.65)

where

R4,1 := f(−q12t,−q51`−12t)f(q18t, q102`−18t),

R4,2 := q9tf(−q12t,−q51`−12t)f(q51`−18t, q51`+18t),

R4,3 := q4tf(−q17`+12t,−q34`−12t)f(q18t, q102`−18t),

R4,4 := q13tf(−q17`+12t,−q34`−12t)f(q51`−18t, q51`+18t),

R4,5 := q8tf(−q17`−12t,−q34`+12t)f(q18t, q102`−18t),

R4,6 := q17tf(−q17`−12t,−q34`+12t)f(q51`−18t, q51`+18t),

R4,7 := q3tf(−q12t,−q51`−12t)f(q17`+18t, q85`−18t),

R4,8 := q12tf(−q12t,−q51`−12t)f(q34`−18t, q68`+18t),
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R4,9 := q7tf(−q17`+12t,−q34`−12t)f(q17`+18t, q85`−18t),

R4,10 := q16tf(−q17`+12t,−q34`−12t)f(q34`−18t, q68`+18t),

R4,11 := q11tf(−q17`−12t,−q34`+12t)f(q17`+18t, q85`−18t),

R4,12 := q20tf(−q17`−12t,−q34`+12t)f(q34`−18t, q68`+18t),

R4,13 := q6tf(−q12t,−q51`−12t)f(q34`+18t, q68`−18t),

R4,14 := q15tf(−q12t,−q51`−12t)f(q17`−18t, q85`+18t),

R4,15 := q10tf(−q17`+12t,−q34`−12t)f(q34`+18t, q68`−18t),

R4,16 := q19tf(−q17`+12t,−q34`−12t)f(q17`−18t, q85`+18t),

R4,17 := q14tf(−q17`−12t,−q34`+12t)f(q34`+18t, q68`−18t),

R4,18 := q23tf(−q17`−12t,−q34`+12t)f(q17`−18t, q85`+18t).

To arrive at the required result, we pick those terms whose exponents are congruent 15t (mod 17) on
both sides of (3.65). The linear transformations to be used to extract the (17n+ 15t)-component for
each of the R4,i’s are summarized the following table:

Term Transformations Term Transformations

R4,1 m = 4r + 3s, n = −2 + 3r − 2s R4,2 m = −1 + 4r + 3s, n = −1− 3r + 2s

R4,3 m = 1 + 4r + 3s, n = −1− 3r − 2s R4,4 m = 4r + 3s, n = −2− 3r + 2s

R4,5 m = −2− 4r − 3s, n = 3r − 2s R4,6 m = −4r − 3s, n = 2− 3r + 2s

R4,7 m = 1 + 4r + 3s, n = 3r − 2s R4,8 m = 3 + 4r + 3s, n = −1− 3r + 2s

R4,9 m = 2 + 4r + 3s, n = 1 + 3r − 2s R4,10 m = 4r + 3s, n = 1− 3r + 2s

R4,11 m = 1− 4r − 3s, n = −1 + 3r − 2s R4,12 m = −1− 4r − 3s, n = −3r + 2s

R4,13 m = 2 + 4r + 3s, n = 2 + 3r − 2s R4,14 m = 4r + 3s, n = −3r + 2s

R4,15 m = −1 + 4r + 3s, n = 3r − 2s R4,16 m = 1 + 4r + 3s, n = −1− 3r + 2s

R4,17 m = −4r − 3s, n = 1− 3r − 2s R4,18 m = 2− 4r − 3s, n = 1− 3r + 2s

Using the above table, we obtain (17n+ 15t)-component for each of the R4,i, 1 ≤ i ≤ 18 as below.

E17,15t(R4,1) = E17,15t(R4,2) = E17,15t(R4,3) = E17,15t(R4,4) = E17,15t(R4,5) = E17,15t(R4,6) = 0,

−E17,15t(R4,7) = E17,15t(R4,14) = q15tf(−q578`,−q289`)f(q867`+102t, q867`−102t),

−E17,15t(R4,8) = E17,15t(R4,13) = q221`+66tf(−q578`,−q289`)f(q−102t, q1734`+102t),

E17,15t(R4,9) = −E17,15t(R4,16) = q102`+49tf(−q578`,−q289`)f(q1445`+102t, q289`−102t),

E17,15t(R4,10) = −E17,15t(R4,15) = q34`−2tf(−q578`,−q289`)f(q578`+102t, q1156`−102t),

−E17,15t(R4,11) = E17,15t(R4,18) = q102`−19tf(−q578`,−q289`)f(q289`+102t, q1445`−102t),

−E17,15t(R4,12) = E17,15t(R4,17) = q34`+32tf(−q578`,−q289`)f(q1156`+102t, q578`−102t).

Using these in equation (3.65), we deduce that X4t,3t,17`,17`,3,6(5n+2t) = 0. With the similar strategy,
one can prove Y4t,3t,17`,17`,3,6(17n + 15t) = 0 completing the proof of equation (1.46). The proof of
(1.42) follows in the same path.

4. Conclusions

In this paper, we proved a new set of families of vanishing coefficient results for (1.3)-(1.5) by us-
ing Ramanujan’s theta function and Jacobi Triple Product Identity. We found that computational
experiments have yielded similar results for primes greater than 19, but we restricted ourselves to
p ∈ {5, 7, 11, 13, 17, 19, 29}. We leave this investigation to the interested reader.

Acknowledgement. The authors thank the referee for pointing the errors and aiding in its rectifi-
cation.
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