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An Exercise in Benford’s Law

Jyotirmoy Sengupta

Abstract. This article is a generalisation of the results of Thorner etal concerning Benford’s law for the Fourier coefficients of a
primitive i.e. a normalised newform f of weight k on I'g(NN) without complex multiplication to the Fourier coefficients of sym? f,
where sym?f is the symmetric square lift of f.
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1. Introduction

In 1881, astronomer Simon Newcomb [New1881] made the observation that pages of logarithmic tables
with leading digit 1 were more worn out than the other pages, i.e., these pages were referenced more
often, contrary to the naive expectation that all of the logarithms would be referenced uniformly. In
1938, Benford made the same observation for a variety of sequences.

This bias, now known as Benford’s law, is given as follows. Let I C N be an infinite subset. For
every integer base b > 3 and an initial string of digits S in base b. For a given arithmetical function
g: N — R, define

Ay(b,S) = {i € N: the first digits of g(7) in base b are given by S}. (1.1)
We define the arithmetic density of Ay(b, S) within I by
#{i<z:icInAybS)}

We say that the sequence {g(7)}ier satisfies Benford’s law or is Benford if
51(Aq(b, 5)) = logy(1+ 57, (13)

It is easy to show [ | that {g(i)}ier is Benford if and only if the set {log,g(i) : i € I} is
equidistributed modulo 1 for each base b. Here, of course, we set log, g(i) = 0 if g(i) < 0. For
some general survey’s on Benford’s law, we recommend the articles [JTY16], [Dia97].

It is well known that the set of positive integers N is not Benford. By this we mean, using the
above notation that g(n) = n and I = X However, if we change our notion of density, then the initial
digits still satisfy Benford’s law with the new notion of density. We define the logarithmic density of
Ay(b,S) in I by,

D

i<z
< . i€INA,(b,S)
0r(Ag(b, 5)) = lim #

With this modified notion of density, on(A,(b, S)) exists and equals log,(1 4+ S~1) for any base b > 3
and any initial string S in base b. In the light of this fact, we say that a sequence {9(9) }ier is
logarithmically Benford if 67(A4(b, S)) = log,(1 + S™1) for any base b and initial string S in base b.
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We note that if a set has an arithmetic density, then it also has a logarithmic density, and
the two densities are equal. In their article, [JTY16], Thorner et al. investigate the case when
i € & = the set of rational primes and g(p) = af(p) for f € S} " (I'o(N)), i.e., ag(p) are the Fourier

0 .
coefficients of f(z) = Y af(n)e*™"*, z € H, f being primitive, i.e., normalized newform of weight k

n=1
on I'g(N), k > 2, even. We assume that f is a non CM cusp form. They prove two results, [JTY16,
Thm. 1, Thm. 2]. Theorem 1 says that 04 (Aaf(p)(b, S)) does not exist for any base b > 3. Theorem
2, says that S@(Aaf(p) (b,S)) = logy (1 + S™!) for any base b > 3, i.e., the sequence {as(p) : p € P} is
logarithmically Benford.
The aim of this article is to prove the exact analogues of theorems 1 and 2 of Thorner et. al. with
af(p) replaced by agy 2 r(p) where sym?f is the symmetric square lift of f.
The title of this article has been deliberately chosen. We basically mimic the proof by Thorner
et.al. in our content. Thus, we make no claim to originality. We do use the Hecke relations to relate
asym21(P) = ag(p?) with afp(p), this in turn reduces the calculation of the Sato-Tate measure for

sym?f, Hsym2 f,s7 to that of pgr .

2. Main results

Theorem 2.1. Let f(z) = Y0 asp(n)e®™ < SP"™To(N)) of even weight k > 2, be a
primitive, i.e., normalized newform on I'o(N) without complex multiplication. The arithmetic density
59(?asdym2f(b, 1)) does not exist for any base b > 3. Thus, the sequence {azym27(p) : p € P} is not
Benford.

Theorem 2.2. Let f be as in Theorem 1. We also retain all the notation of theorem 1. Then we
have {agym2 t(p) }pez} is logarithmically Benford, i.e., op(Aa,,, 2, (5,0)) = log, (1 +S71).

Corollary 2.3. Let f be as in Theorem 1. Let I C [—%, 1] be an interval. As x — oo we have

Z Msymzf,ST(I) ~ Zp_l'

psz p<z
cos pp€l

3. Some preliminary calculations
We write as usual Ag,,,2(p) = A\f(p?) = %ﬁ). By Deligne, we have |Agm2¢(p)| = [Ap(p?)] < d(p?) =
3 where d(-) is the divisor function. Hence, we can write A (p) = 3cos ¢, for all pt N.

Now the Hecke relation is

sym?2f
Ar(P?) = Agymzp(p) = A3 (p) — 1. (3.4)
Writing Af(p) = 2cos b, we get,

/1 + 3cos ¢, (3.5)

Asym2f (D) = Ar(p?) = 3cosp, =4cos?0, —1 or |cosfy| = 5

Note that (3.4) implies Agy27(p) € [-1,3], ie., cosp, € [—%,1], ie., 0, € [cos™? 1,008_%] =
[0, (5 4 0.108173) rad]. We want for all b > 3,

>«

y L bt 2!
B Mo ST | (1 — ey~ | T Hoym A I ST | T gp=er T e

where o > 0 will be given explicitly.
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1 12
Ksym?2f,ST 571 = Hsym?2f ST Evg = Q. (36)

For b = 3, we have fiz,,2757 [5, 2] = 2 x 0.1944 > 0.012 = 3.

Now for b > 4, 2b=1 < 1. So, the intersection of these two sets is {3} or ® and Psym2f,s7({1/2}) =
0. Also | cos ¢p| € [—%, —1], ie., cos¢, € [—1, —%] or [%, 1] but cos ¢, € [%, 1] or [—1, —%]ﬁ[—%,()] =
¢. Therefore, we only need to consider cos ¢, € [%, 1] which in turn implies

1+ 3cos o, V1+3/2 V143
2 T2

2

| cos O] = € = [0.79055, 1].

Therefore, the Sato-Tate measure, pgym2f 57 [%, 1], is

4 cos~10.79055 4 1 1
— / sin? 0df =— [ cos 1 0.79055 — = sin(cos ™1 0.79055) x 0.79055
T Jo m |2 2
2
=— x 0.174959.
T
Now [Agymz27(p)| = 3| cos ¢p| or | cos O] = 7V1+32C08¢p Soif | cos 8| € [&, B] where —1<a<p<l,
then i
14+3cos¢p, 1+ 3[a,pf]
2 _ P ’
|cosb,|” = 1 € 1
or
1 1+ 3[a, B
| cos ] = —i—3cosg25pe [ ]

4 2
Here note that 3& > —1 implies 1+ 3& > 0 so the quantity under the square root sign is nonnegative.

4. Proof of Theorem 2.1

The proof runs in the same way as in Thorner et.al. namely constructing large intervals on which the
proportion of primes p for which |a,,,> f(p)| has leading digit 1 in a given base b > 3 differs from the
Benford expectation. This will show that {aym2 ) }pes is not Benford in an base. To do this we
first state a lemma on fig,,2 ¢ g7 of the same set of intervals used by Thorner et.al. in their Lemma 1.

Lemma 4.1. Fiz b > 3 and let ¢ € N be sufficiently large. For d =1,2, set

b7 277
Ioa(e) = U [5_2 dbe — 1] n{o, 1}
JEZ

Then,
‘NsmeﬁST(IQ,l(C) - Msmef,ST(Il,l(C)’ >,

where a > 0 will be given explicitly.

Proof. We begin by making some remarks about the proof, in particular its departure from the proof
of Lemma 1 of [2]. in [2] , For brevity we denote by v, figy2 ¢ g7

For ¢ > 3, we have
bl 2pet 1 be ) 2b°

< <1 d —-< <
Sh_2 She_1 At S e 9 St S e

S| =
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Thus,

bi 2p bt 2!
Iia(c) = e | =
1,1(c) 4 [bC—Q’bC—J g\][l—Qb_c’l—b_c}

and

Be b—J 2b—7
T =|—11
2,1(6) [zbc_g’ :|jyc [265—27266_1]

N [2—121)—1] U HZ E_;Z—c’;f_bn‘:”'

m>0

Now for all b > 3, we have
i (AN b1 201
S [\"\ 2= "\1-20<1-bc
1
V<{2,1]> —V([b1,2b1])':d>0. (4.7)
Thus for all ¢ sufficiently large, we have

(=) -+ ([ 2l >

where 0 < a < @ is chosen and fixed once for all. Note that we can choose « as close to & as we want.
For later use we write 8 = [é] + 1.

Now for b = 3, we have v ([3, 2]) = 2 x 0.2894. We also have v[},1] = (2 x 0.2786). Therefore,
the quantity within the absolute value sign in (4.7) = (2 x —0.0108 = —0.0069.

Furthermore, the sum of the series over m which is given below for b = 3 is > % x .2780. Hence the
sum of these two quantities is > % X .2672 = .1701

Now for b = 4 we have pgym2f o7 ([i, %}) = % % .0220). Hence the quantity inside the absolute value
sign in

4.7) = (g X +.2566) = +.1633

s

—~

For b = 5, we have {52 s ([%, %]) = (% x .8835) = 0.5624 and hence again the quantity within
the absolute value sign in

2
(4.7) = = x —~0.605 = 3851

Now from b = 11 onwards we have that the quantity inside the absolute value sign is positive. In
fact it’s value for b = 11 is 2 x .2894 which is

™

2
> — x .2786
us

and this value is .0069. Finally,

- b™ —m b_l_m —1-m
Z Hsym?2f,ST 77 b — Ksym?2f,ST fv 2b >0,
m=1

since b > 3. We therefore obtain (4.7) > .0069, for all b.
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We now tabulate the nth partial sum of the series above up to n =10, 4 <b < 20.

[4, .1391]
[5, .1115]
6, .0944]
(7, .0821]
8, .0727]
9, .0653]
[10, .0593]
[11, .0543]
(12, ..0501]
[13, .0465]
[14, .0439]
[15, .0407]
(16, .0383]
(17, .0361]
[18, .0342]
(19, .0325]
[20, .0309]

Therefore we can choose v = .0065 and hence § = 16. This finishes the proof of Lemma 1.

Remark 1. In contrast with the statement of Lemma 1 in [2 | , it is safer for us to have the absolute
value sign for the same quantity as in [2] since pigy,27 g7 ([%, 1]) — Hsym?2f,ST ([bil, 2b*1]) changes
sign when b varies from 3 to 11. It should also be noted that because of this, in our case we need to
add the (positive) contribution of the series occurring earlier. We also need to observe that for fixed
b, the nth partial sum of the series is a decreasing function of n.

We now resume the proof of Theorem 1.

Consider the intervals I, = [gf—:g, %’f—:ﬂ . The first interval is
pe—1 opc—1
L= o
b —2"2b¢ -1
and we know that

1< b <2bc_1 and }<L<1< 26°
b bc—2 bc—-1 b 2(1-b9) 20¢ —1°

Fix 0 < e < §, where a = Msmef,ST[%> 1 — prsymefsrb™ ', 2671 > 0 and let ¢ € N be a sufficiently
b—1

large positive integer so that Lemma 4.1 holds and figy,,2 ¢ g7 ([0, 1-U Id’s(c)> < g ford=1,2.
S5=1

We consider the primes p
(b° — 2)b" < 3pF~1 < (b° — 1)b™. (4.8)
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1

We note that if p is bounded as in (4.8) and |cos ¢,| € 1 5. Let § = bﬁ, o = (552)% 7T and

2
r = (Z’CT_I)ﬁ Then

(g (0)] € [SH"7, (S + 1))

for some j € Z, i.e., its first digits are given by S. By letting ¢ be sufficiently large and setting S = 1,
the Sato-Tate conjecture implies that

# {alﬁn <p<rftipe Ag (b, 1)}

€
li - I —. 4.9
nl—g)lo i {0615” <p< Tlﬁn} Nsmef,ST( 1,1(0)) < 2 ( )
1 e L
Similarly, by letting as = (21’62_2) F1and ro = (2b2_1) =,
#{af" <p<ryf":pe A (b 1)} €
i _ T —. 4.10
nl_)D;lQ % {O[QB” <p< 7"2,8"} Msmef,ST( 2}1(0)) < 2 ( )

Now, suppose on the contrary that 5(@(Aa5ym2f(b, 1)) exsits. It follows from (4.9) and (4.10) that,

[0
‘Nsym2f,ST(I1,1(c)) - Msym2f,ST<I271(C))‘ <e< 5

which contradicts Lemma 4.1. The theorem now follows for bases b > 3.

5. Proof of Theorem 2.2

Let b > 3 be a given base and let S be an initial string of digits in base b. By the definition of a
logarithmically Benford sequence and the estimate,

Zpil ~loglogx as x — oo,
p<z

a proof of Theorem 2.2 will follow from proving that

Z pt~log,(1+ S Y)loglogz as x — oo.
p<w
pesym?f(b,5)

Lemma 5.1. Let f € Si(TY""(N)) of weight k > 2, without CM. Let b > 3 be a given base. Let S
be an initial string of digits in base b and let £ > max{S, 5} be an integer. As x — oo we have

(1+0(1))(log(1+S1) —log(1 + £ "loglogz < Y p!
p<w
pEsym2f(b,S)
|cos gp|>£~"

< (14 o(1))(logy(1 + S™1)) + log(1 + £~ ) loglog = + 2log .

Proof. We prove the upper bound in the above. The lower bound is proven similarly. Write
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Asym2f(p) = 3. We first observe that

oo £2-1
—1 -1
> = X ) P
p<z t=—o00 i={ p<w
pEsym?2 f(b,S) Sbtg\asymgf(p)|<(5+1)bt
cos gpl>¢7 4 leosdyl< i
oo £2-1
<2 > -
< p .
t=—00 1=/ p<zx

1
S02 e (S+1)e2 ;4\ F-T
(s50?") <p<( 5i bt)

i+1
72<\cos¢>p\§’2r2

1
To bound the contribution when ¢ < 0, all of the primes in the sum are at most ((SH)ZZ b*1> M

30
Therefore
-1 -1
>, s > ot
pgl’ T—1
pesym? f(b,S5) pﬁ(i(sibl)e)k '
| cos ¢p|>€71

Now (S +1) < /. The above sum is < Zpgep_l < 2loglog?.

Using corollary 1, we get that > 1 aopt
(s) v
[0 i+ 1] -
— 1+ oWt (| ) > p!
L . 1
() e (2520

.. - lo (S+1) bt
t 1+1 g
= (1 + 0(1))M5ym2f,ST ( 2 ) IOg (t>
log ( (z—|—1)b )

Let us write the last term as (}ggx> = Gogbz) . Therefore we have,
gY o8y Y

2 2
log;, <(S+3,1)ébt> = log, <S;_1> + 2logy £ +t = log, (é > +2log,(S+1) +
i i

and similarly,

lo 52 b)) =1lo L +2logy £+t =1o e + 2log, S+t

Finally we have > p!

(st ™ sos(25p20) ™

A logb< )+2logb(S—|—1)+t
= (L+o(1)ksymzg,57 <[£2 & D
logy, (3(i+1)) T 2log, 541

Let fo = log, ( o +1>> +2log, S and B = log, ( ) +21og,(S + 1). Then

B1 > Bo-



J. Sengupta, An Ezercise in Benford’s Law 207

x

We have as N — oo, using I'(z) = lim n"!”

i=0

,:C>O,

3 N
5 e S )
t=0 (ngl)bt>k 1<p<((5+1)e bt) =1 o PO

Switching the order of summation, we get

oo £2-1 1
S+ 1) N\
>y > pwhere (S20E40) ™ <,
t=0 i=( p<zx L
Sbi<lay, 2 (p)|<(S+1)b*

e%<\ COS¢F‘§iZ21

= (i i41] <
< Z,usmef,ST< 2 g2 > 1+0 Zp
- t=0

i=t i

. ) ]

2-1 v i+1 o
<Y st (| | ) oy | T 2

2 I | 0<t<log, (2=5)

k—1
log <7)
21 o RS
i P+t

= Z Msym2f,ST dé? gZD (1+o0(1)) Z o (50 + t> i

2 t=0

. 2 2
Setting By = log, <ﬁ> + log, S and 1 = log, <%)

Now using Euler’s formula for the Gamma function, which has been stated earlier, we find that
the contribution from ¢ < 0 is at most

02-1
5 o st +o(0) ((EL + (61— o oglos )
=0

which is further
< (1+0(1)) (logy(1 +£71) +logy(1 + S71)) log log .
This proves the desired upper bound. Using the inequality

> > p

p<lz 1
4 - S+1)¢
vt <op- o oSyt (SE0)FT <p (1550e ) ET

<\cos¢p|<”'1

for £ <i < ¢? —1, the lower bound is proven in a similar way. For the final step, let 0 < € < log, 2 be
fixed but arbitrary, let £ > max {ﬁ, ,8} be an integer, and let x > exp((log E)%) Now we have,

oopt= D> it D> !

p<z p<lz p<lz

PeA s 0)  peALa 08 ped 0.9
| cos pp|<L! | cos pp| >0t



208 5. Proof of Theorem 2.2

By Corollary 1, the first term is at most

Z p_1 = (1 + 0(1))Msym2f,ST([07 Z_l]) log log:n.

p<z
| cos pp| <1

Using Lemma 5.1, the right hand side becomes

(1+0(1)) (logy(1 4+ S7") —logy(1+ ¢ ")) loglogz < Y p~".
<z
peAsf,;f(b,S)

The right hand side of the above inequality is <
(1+o0(1)) (logb(l + S_l) + log (1 + E_l) + Msmef,ST([0> E_l])) log log = + 2loglog £.

Thus

(1+0(1) (logy(1+57") =€) loglogz < > p!
<z
peAS;:Q +(0,9)

< (1+0(1)) (logy(1 +S71) + 9log(b)t) log log z.

Letting € — 0, we obtain the result of Theorem 2.2.
Remark 2. A similar proof should work for the symmetric cube of f, although the calculation of the
corresponding Sato-Tate measure for sym?>f will be considerably more complicated.
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