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1. Current state of the art

1.A. Review of the classical large sieve

Throughout this article, following usual custom, we assume that ¢ is an arbitrarily small but fixed
positive number. For a real number x and a positive integer r, we set

e(z) := €™ and e, (z):=e <%> :

Large sieve inequalities have turned out extremely useful in analytic number theory. The classical
example is the large sieve inequality for additive characters, which can be easily converted into a
large sieve inequality for multiplicative characters. It originated in Linnik’s work [Lin41] on the least
quadratic non-residue modulo primes. This inequality is a very flexible tool: It can be turned into an
upper bound sieve but also be used to understand the distribution of arithmetic functions in residue
classes on average, for example. Its statement is as follows (see [Brii95, Satz 5.2.2| for the specific case
of Farey fractions).

Theorem 1. Let Q,N € N, M € Z and (an)m<n<m+N be any sequence of complex numbers. Then

2

S > an€<nqa> S@+N=-1) ) el (1.1)

q<Q a=1 |M<n<M+N
(a,q)=1

The above inequality is sharp. Yet, there are many unresolved questions about variations of this
inequality.

1.B. Known results on the large sieve with sparse sets of moduli

One way to modify the left-hand side of (1.1) is to restrict the moduli ¢ to a sparse subset S of the
integers. Now the goal is to establish an inequality of the form

2

> i > %e(ij) < As(Q,N)Z, (1.2)

qgeS a=1 |M<n<M+N
qSQ(a7Q):1
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where Ag(Q, N) is a function of an as small as possible magnitude. Here and in the following, we set

Trivially, using (1.1), the bound (1.2) holds for A(Q, N) = Q? + N — 1, but we aim to do better. By
heuristic considerations one may expect that for generic sets S one may take Ag(Q@,N) roughly to
be the number of possible fractions a/q plus the length N of the trigonometrical polynomial, which
is about of size Qf{q € S : ¢ < Q} + N. However, this may not be true in general as it is possible
that there are points around which the fractions a/q accumulate (see [BLZ19] for the case of square
moduli). In section 4., we will investigate the connection between Ag(Q,N) and the distribution of
fractions a/q with ¢ € S and (a,q) = 1 in more detail.

To my knowledge, the first who considered a situation as described above was Wolke who studied
the case of prime moduli in [Wol71]. He proved that if S is the set of primes, then we may take

B Q?loglog Q
Asl@.N) = log(Q/vVN)’

provided that @ > v/N. The factor loglog @ is slightly unsatisfactory and was removed by Iwaniec
[Iwa22| under the extra condition that the summation variable n is free of a sufficient number of small
prime divisors.

Another sparse set S was later considered by Zhao who studied the case of square moduli in
[Zha04]. There have been many subsequent works on square, and, more generally, power moduli,
providing improvements as well as different approaches (see [Bai06], [Bail6], [BaSe24|, [BaZh05],
[BaZh0g|, [BMS22|, [Hall2], [Hall5], [Hallg|, [Hal20]). These papers use a variety of tools such as
Diophantine approximation, elementary counting arguments, Fourier analysis, bounds arising from
Vinogradov’s mean value theorem, additive energy of sequences. In this paper, we revisit the case of
square moduli and make conditional progress.

1.C. Known results on the large sieve for square moduli

For S the set of squares of integers, using Fourier analytic tools, Zhao established in [Zha04] that (1.2)
holds with

As(Qo, N) = (QoN)* (@) + QN2 + Q' N)
for all positive integers Qg and N. In other words, setting Q) = Q(l)/ 2, we have that

2

> f: > %e(fﬁ) <AQ,N)Z (1.3)

¢<Q a=1 |M<n<M+N
a,q)=

(a,q)=1
with
A@N) = (@N) (Q*+ QN2+ Q'2N). (L4)
Zhao also conjectured that we may take
A(Q,N) = (QN)*(Q* + N). (1.5)

Note that Q3 is roughly the number of Faray fractions a/q on the left-hand side of (1.3) and NN is the
length of the trigonometrial polynomial. On the other side, the author of the present paper, Lynch and
Zhao proved in [BLZ19] that (1.3) does not hold with A(Q, N) = Q% + N. Based on Wolke’s method
from [Wol71], the author of the present paper showed in [Bai06] using Diophantine approximation
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and elementary counting arguments that the term Q'/2N in (1.4) can be replaced by N. This gave
an improvement for @ < N'/3=¢_ In [BaZh08|, merging their methods, Zhao and the author of the
present paper subsequently replaced (1.4) by

A(Q,N) = (QN)* (Q3 + N + min {QQNV?,QWN}), (1.6)

which gave another improvement for Q > N'/3+¢. However, since Zhao’s initial result in [Zha0O4] there
has been no progress at the point Q = N3 for over twenty years. This point may be viewed as
the critical point, where both terms @3 and N in the conjectural bound stated in (1.5) coincide. For
Q = N'/3, we still have no more than a bound of A(Q, N) = Q7/2*¢ which is a factor of Q'/2 off
the conjectured bound A(Q, N) = Q3*¢. Tt would be highly desirable to lower this extra factor Q2
to QY277 for some n > 0. However, the exponent 1/2 seems to be a barrier - so far all attempts to
break it failed. In this paper, we break it conditionally under natural hypotheses on higher additive
energies of modular square roots. Throughout the sequel, we will assume that

Q*<N<Q! (1.7)

since if NV lies outside this range, then (1.6) implies Zhao’s conjectural bound. Let us record the best
known bound for the large sieve with square moduli in [BaZh08] as a theorem below.

Theorem 2. Let Q,N € N, M € Z and (an)<n<m+N be any sequence of complex numbers. Then

2

q2
% Y ane (Z;‘) < (QNY* <Q3 + N + min {Q2N1/2, QWN}) Z.
q<Q a?q:1:1 M<n<M+N

1.D. Applications

The large sieve for square moduli has found a number of applications. In [BaZh06], the authors of
[BaZh08] used it to establish the infinitude of primes of the form ag?® + 1 with a < ¢°/9*¢. Matomiki
[Mat09] improved the exponent 5/9 to 1/2 by injecting Harman’s sieve in the method. Further progress
was made by Merikoski [Mer20] who replaced the exponent 1/2, which can be viewed as a natural
barrier, by 1/2 — n for some small n > 0. The large sieve for square moduli also played a role in
the paper [BFKS10] by Bourgain, Ford, Konyagin and Shparlinski which investigated divisibility of
Fermat quotients. It was also applied in the papers [BPS12| by Banks, Pappalardi and Shparlinski
and [ShZh18] by Shparlinski and Zhao which investigated quantitative properties of families of elliptic
curves over finite fields.

2. Additive energies of modular square roots and main result

Additive energy is an important concept in additive combinatorics. During the recent years, it has
turned out to be very useful in analytic number theory too (see [BMS22|, [DuZa25|, [DKSZ20],
[GuMa24|, [KSSZ21|, [SSZ22|, [SSZ24], for example) and will likely continue to be. This includes
the work [BMS22| by Baker, Munsch and Shparlinski on the large sieve with sparse sets of moduli.
Our article builds on recent investigations of additive energies related to modular square roots. This
development was started off in the paper [DuZa25| by Dunn and Zaharescu (published first on the
arXiv preprint server in 2019 (arXiv:1903.03416) and appeared in 2025), where modular square roots
arose in connection with bilinear forms of Salié¢ sums. This line of investigations was continued in
the paper |[DKSZ20] by Dunn, Kerr, Shparlinski and Zaharescu, where improvements were obtained.
Our article relies on subsequent results by Kerr, Shkredov, Shparlinski and Zaharescu in [KSSZ21]
and [SSZ24] (see also [SSZ22| for an average result with a power saving). A concise summary of this
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sequence of works can be found in [DuZa25, section 1, after Theorem 1.2|. In this section, we describe
the results on additive energies of modular square roots in [KSSZ21| and [SSZ24|, state hypotheses
and formulate our main result of this article.

Throughout this article, by abuse of notation, we denote a square root of an integer m modulo a
natural number r by /m mod r, if it exists. So \/m stands for the collection of all k mod ¢ such that
k> = mmodr. If R > 1 and (j,r) = 1, we denote by E3(R;j,r) the additive energy of the set of
modular square roots v/jm mod 7, where m runs over all natural numbers not exceeding R. So we set

Ey(R;j,7) = > 1= > 1. (2.8)

1<mi,ma,m3,ms<R (k1,k2,k3,kq) mod r
Vimi+vjma=+/gms++/jmg mod r k1+ko=ks+ks mod r

k%Ejmi for some m;€NN[1,R]

We also define the higher additive energy F4(R;j,7) by

Ey(R;j,r) = > 1= 3 1. (2.9)

1<mq,....ms<R (k1,...,kg) mod r
Vimi+-+y/ima=jms—+--++/jmg mod r ki+-+ka=ks+---+ks mod r

k2=jm; for some m;ENN[1,R]

For prime moduli r, Kerr, Shkredov, Shparlinski and Zaharescu [KSSZ21]| recently established the
following bound for the additive energy for modular square roots.

Theorem 3 (Theorem 1.1. in [KSSZ21]). Let r be a prime. Then for every j € Z coprime to r and
any integer R < r, we have
: R3/2 2+-e€
Es(R;j,r) < iz T 1) R™. (2.10)
r
As remarked in [KSSZ21], the higher additive energy E4(R;j,r) satisfies a bound of
E4(R7 ]T) < R4E2(R7 ja T)a

and hence Theorem 3 implies the bound

R3/2
E4(R;j,7) < 7 t! ROTe, (2.11)

In the same paper [KSSZ21], the authors improved this bound for R < /12 establishing the following.

Theorem 4 (Theorem 1.2. in [KSSZ21]|). Let r be a prime. Then for every j € Z coprime to r and
any integer R < r, we have

' R5/8 R11/2 R3 5
E4(R;j,7) < (7"1/8 +—m o ROte 4 RoTe, (2.12)

In [SSZ24], Shkredov, Shparlinski and Zaharescu showed that for almost all primes r and all R < r
and j coprime to 7, the expected bound

R4
Ey(R;j,1) < (T + R2> re (2.13)

holds. This may be conjectured to hold for all primes r: Heuristically, the probability of a random
4-tuple (mq,ma, mg,mg) € {1,..., R}* to satisfy the congruence

\/jm1+\/jm25\/jm3+\/jm4modr



S. Baier, The Large Sieve for Square Moduli, Revisited 143

for a suitable choice of modular square roots of jm; (if existent) is 1/r. This yields the term
R*Y/r in (2.13). Moreover, we have a diagonal contribution coming from the 4-tuples of the form
(m1, ma, m1, ms), which yields the term R? in (2.13). Theorem 3 establishes this for R < r!/3.
Similarly, we may expect a bound of

8
Ey(R;j,r) < (R - R4> re (2.14)
T

for the four-fold additive energy, where the term R®/r arises from the probability 1/r of a random
8-tuples (my,...,mg) to satisfy the congruence

VI 4 s = s /s mod r

and the term R* accounts for the diagonal contribution of 8-tuples of the form (my, ..., mg, m, ..., my4).

It is conceivable that the methods used to prove the above Theorems 3 and 4 in [KSSZ21] can be
made work for all moduli 7, giving results similar to (2.10) and (2.12) without assuming r to be a prime.
Care needs to be taken, though: Whereas for prime moduli r, the number of modular square roots of
a given m mod r is bounded by 2, this number may be considerably larger if r is not a prime. For
example, if » = p? is the square of a prime, then m = 0 has precisely p square roots modulo 7, namely
Vm = kp with k = 0,...,p — 1. More generally, let 7 = p® be a prime power and 0 < m = mp® < r
with (my1,p) = 1. If m = k? mod r, then k = kip!B/2] for some ky mod p®~18/21 and the congruence
reduces to m; = kip? [8/21=F mod p®=#. If m # 0, then 8 < o and 3 is necessarily even. It follows that
my = k:% mod p® . Using Hensel’s lemma, the number of solutions k; mod p®5/2 of this congruence
can be as large as 2pP/2 if p is odd and 28/2%2 if p = 2. In the case when m = 0, there are exactly
ple/2) square roots of m modulo r. Now using the Chinese remainder theorem, for general moduli 7,
the number of modular square roots of any m mod r is bounded by O; (r€(m, )Y/ 2). Tt follows that
the number of modular square roots modulo r of all m in the range 1 < m < R is bounded by

<Lrf Z (m,r)l/2 < Rr¥,
1<m<R

where we use Lemma 16 below. This is only slightly larger than R. So even if r is not a prime, we
may still expect the bounds (2.13) and (2.14) to hold. Thus, we propose the following hypotheses.

Hypothesis 5. Let r be a natural number. Then the bound (2.13) holds for every j € Z coprime to
r and any integer R < r.

Hypothesis 6. Let r be a natural number. Then the bound (2.14) holds for every j € Z coprime to
r and any integer R <r.

Here it is essential that we have restricted the m;’s to the interval 1 < m; < R, i.e., we have
excluded the possibility that m; = 0. If we would include m; = 0, then the above hypotheses were
not true - we would get extra terms of sizes 72 and 74, respectively.

We note that whereas Theorem 3 establishes Hypothesis 5 for an amazingly large range R < r'/3
in the case of prime moduli 7, Theorem 4 is quite far away from Hypothesis 6. However, these results
in [KSSZ21] are very recent, so there may be space for improvements.

Since it will be crucial to use Weyl differencing in this paper, we will also face additive energies of
differences of modular square roots of the form

fin(m) := m— J]’Tﬂmod T,
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if existent, where h is a non-zero integer. Again, by abuse of notation, f;(m) really denotes the
collection of differences between all possible modular square roots of j(m + h) and jm. So we define

FQ(R;jvh7T) = Z 1= Z 1.

1<my ,1712,77137m4§R (kl,%1,]{2,]}2,’{3,]}3,’64,2‘4) mod r
Fin(ma)+fjn(m2)=Fn(ma)+fj,n(ma) mod r (F1 —k1)+ (ko —ka)=(k3—k3)+(ka—k4) mod r

E2=j(m;+h) and k2=jm; for some m;ENN[1,R]
(2.15)
On the basis of similar heuristic arguments as above, we conjecture the following.

Hypothesis 7. Let r be a natural number. Then the bound
R4
Fy(R;j,h,1) < ((h,r) e + R2> re (2.16)

holds for every j € Z coprime to r and any integer R < 7.

In the following, we indicate why we include an extra factor of (h,r) in (2.16). If r is odd, then by
the considerations at the beginning of the appendix (section 14), for any given b mod r with (b, r) = d,
the system of congruences

b=k —kmodr
k? = jamod r
k? = j(a+ h) mod r

is solvable for k, k, a if and only if d |h. In this case, by the said considerations in the appendix, making
a change of variables ¢ = k + k, this system reduces to a single congruence of the form
c= Ejhl mod r;  with b; = g,hl = g and r; = 2,

and we therefore get exactly d = r/ry solutions (my,mg,a) mod r. In particular, if (b,7) = d = (h, ),
then the modulus r reduces to r1 = r/(h,r), which is the least possible modulus of the above
congruence. We therefore need to replace the quotient R*/r in our heuristic by (h,7)R*/r because the
counting problem is really to be taken modulo r/(h,r). In particular, if h = 0, we get a term of size
R*, which is the correct order of magnitude of F(R;j, h,r) in this case because f;,(m) = 0 mod r
for all m mod r. If r is even, then the arguments are similar.

To the author’s knowledge, there is no unconditional result on the additive energy Fs(R; j, h,r) in
the literature. Our main result in this article is the following.

Theorem 8. Let Q € N, M € Z, N = Q® and a,, a sequence of complex numbers. Suppose that
Hypotheses 6 and 7 hold. Then

2

q2
Z Z Z ane <qug> < Q7/z—1/135 Z !an|2-

e<Q a=1 |M<n<M+N
(a,9)=1
This saves a factor of Q1/13% over all known bounds if N = Q3. Our method also gives a conditional
improvement of the best known bound (1.6) if log N is in some neighborhood of 3, but we have not
worked out the details. One can infer such a result from the later Proposition 20, but the calculations
are complicated.

Acknowledgements. The author wishes to thank the anonymous referee for carefully going through
this article and the Ramakrishna Mission Vivekananda Educational and Research Institute for pro-
viding excellent working conditions.
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3. Preliminaries from the theory of exponential sums

The following preliminaries are used in this article.
To reduce the sizes of amplitude functions, we will employ the following version of Weyl differencing
for weighted exponential sums.

Proposition 9 (Weyl differencing). Let I = (a,b] be an interval of length |I| = b—a > 1. Let
f:I—=Rand ®:R — C be functions, where |®(x)| <1 for all x € R. Then for every H € R with
1 < H < |I|, we have the bound

2
< % . % Y Y em)@(n + h)e(f(n+ k) — f(n)],

1<h<H |nel,

> e(n)e(f(n)

nel

where Iy, := (a,b — h].
Proof. This is a consequence of [GrKo91, Lemma 2.5.].

For a convenient application of the Poisson summation formula, we will use smooth weight functions
® : R — C which fall into the Schwartz class (for details on the Schwartz class, see [StSh05]). For a
Schwartz class function as above, we define its Fourier transform ® : R — C as

d(y) == /@(m)e(—:zy)dx.
R

Below is a version of the Poisson summation formula in which the sum on the left-hand side runs over
a residue class.

Proposition 10 (Poisson summation). Let ® : R — C be a Schwartz class function. Let L > 1,
MeR, reNanda €Z. Then

3 ¢<”;M>:f§@<f>er(n<a_m>.

n=a mod r

Proof. This arises by a linear change of variables from the well-known basic version of the Poisson
summation formula which states that

Y F(n)=) F(n)

nez neZ
for any Schwartz class function F': R — C (see [StSh05]).
In certain cases, we will estimate exponential sums using the following result.

Proposition 11. Let I = (a,b] be an interval of length |I| = b —a > 1 and k be a positive integer.
Suppose that f : I — R is a function with k 4+ 2 continuous derivatives on I. Suppose also that there
exist A > 0 and o > 1 satisfying

A< | (@) < al

for all x € I. Set K :=2*. Then we have the bound

Ze(f(n)) < ’I|(012)\)1/(4K_2) + ‘1’1—1/(2K)a1/(2K) + |I‘1—2/K+1/K2)\—1/(2K)'
nel

Proof. This is [GrKo91, Theorem 2.8.].
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To estimate certain bilinear exponential sums coming up in our method, we use the double large
sieve.

Proposition 12 (Double large sieve). Let aq, ..., ax and B, ..., Br be real numbers satisfying |o| < A
and |Bi| < B for 1 <k <K and 1 <1< L. Then for any complex numbers ay, ...,ax and by,...,br,
we have

K L
> arbie (arfy)

k=11=1

1/2

1/2
< 5(AB + 1)1/2< Z |ak1ak2‘> ( Z bl1b12’>

1<k ko <K 1<iy,l2<L
|k, —amgy |<1/B |B1, —Biy1<1/A

Proof. This is [IwKo04, Theorem 7.2.].

We also need to bound complete exponential sums over Z/rZ with rational function entries. We
will divide them into exponential sums over Z/p™Z, where p is a prime and p™ is its largest power
dividing r. Then we consider two cases: m = 1 and m > 1. For the case m = 1, we use the following
bound which is a consequence of a result of Bombieri [Bom66].

Proposition 13 (Bombieri). Let p be a prime and f = fi/fa be a nonconstant rational function,
where f1, fa € Z[X]. Let dp(f1) and dp(f2) be the degrees of fi and fo over Z/pZ, respectively. Let
dp(f) == dp(f1) + dp(f2) be the total degree of f over Z/pZ. Set

S(fp) = Y. elf(n).
n mod p

f2(n)#0 mod p

Then
IS(f,p)| < 2dp(f)p"/>.

Proof. This follows from [CLZ03, inequality (1.4)].

To handle the case m > 1, we use a result of Cochrane and Zheng below. To formulate this
result, we first introduce some notations. For a polynomial f with integer coefficients, we define its
order ord,(f) modulo p as the largest exponent k such that p* divides all the coefficients of f. If
f = fi/fe € Z(X) with f1, fo € Z[X] is a rational function over Z, then we define its order modulo
p as ordy(f) := ord,(f1) — ord,(f2). Set t := ord,(f’). A critical point @ of f modulo p is a zero of
ptf" over Z/pZ, i.e. p~'f'(a) = 0 mod p. By v,(f, ) we denote its multiplicity. If « is not a critical
point of f modulo p, then we set v,(f, ) := 0.

Proposition 14 (Cochrane-Zheng). Let p be a prime and f = f1/f2 be a non-constant rational
function, where f1, fo € Z[X]. Set t := ord,(f"). Suppose that o € Z such that fo(c) # 0 mod p. Set
v:=1,(f, ). Let m be a positive integer. Suppose that m >t + 2 if p is odd and m >t + 3 if p = 2.
Set

Salfr™) = 3 e (J().

n mod p™
n=a mod p

Then So(f,p™) =0 if v =0 and

1Sa(f, p™)| < ppt/ D) pm-1/(v+1))
fv=1
Proof. This is found in [CLZ03, Theorem 3.1].

At some point, we will have to evaluate quadratic Gauss sums. We recall the following result.



S. Baier, The Large Sieve for Square Moduli, Revisited 147

Proposition 15 (Quadratic Gauss sums). For ¢ € N and a,b € Z, define

M=

G(gq;a,b) = €q (an2 +bn) .

n=1

Suppose that q is odd. Then
G(g;a,0) =0 if(a,q)1b

and

G(g;a,b) = € - eq (—4ab?) - (Z) Va  if(a,q) =1,

where (5) 1s the Jacobi symbol and

1 ifg=1mod4,
€q =
I i if ¢ =3 mod 4.

Proof. This follows from the results in |[GrKo91, subsection 7.4] and [BEW98, Theorem 1.1.5 and
Lemma 1.2.1].

Finally, we will need the following standard estimate for sums of greatest common divisors.

Lemma 16. Let 0 <o <1, H>1 andr € N. Then

Z (h,7)? <. Hr.
1<h<H

Proof. We divide the sum over h according to the value of (r, h), getting

Z (h,?“)":z:d‘r Z 1§Zd” Z 1§HZdU_I§HT(r)<<EHr5.

1<h<H dr  1<h<H dr  1<h<H d|r
(hyr)=d d|h

4. Wolke’s approach

In this section, we describe Wolke’s approach to the case of prime moduli and its extension to square
moduli.

4.A. General approach

It is easy to prove (see [BaZh08, Lemma 1]) that for any finite sequence aq, ..., ax of real numbers,
one has a bound of the form

2
K

S ane(nay) <<r£1§§<ti{ke{l,...,[(}:Hak—ng;}-NZ, (4.17)

k=1 |M<n<M+N

where for any real number z, ||z|| denotes the distance of z to the nearest integer. Throughout the
sequel, we will write

A= —. (4.18)

N

As a consequence, for any subset S of the positive integers, (1.2) holds for

As(Q,N)= N - max ﬁ{a:qGS, ¢<Q,1<a<gq, (a,q) =1, Ha—x SA}.
z€[0,1] q q

This links large sieve bounds with bounds for the number of Farey fractions in short intervals.
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4.B. Wolke’s treatment of prime moduli

For the case when S = P is the set of primes, one therefore needs to estimate the quantity

<al.

In his treatment of prime moduli, Wolke [Wol71] used the Dirichlet approximation theorem to
approximate z € [0, 1] above by a fraction b/r so that

M = maXﬁ{GIPEP,pSQ, 1<a<p-—1,
z€[0,1] p

‘a
e
p

b 1
1<r<7, (byr)=1, z=-+zwith|z] < —. (4.19)
r rT

Here and in the sequel, we set
1
r=[VR] = [} .
=17
(With this choice of 7, we have 1/(r7) > A if 1 <r < 7, which is essential in Wolke’s method.) Now
it turns out that counting Farey fractions a/p in small intervals of the form

[t — Az + A] = [b%—z—A,b—l—z—{—A]
r r

relates to counting primes p in small segments of residue classes modulo r. This can be done using
the powerful Brun-Titchmarsh theorem. Along these lines, Wolke obtained a bound of the form

2
p—l 2
logl
YT ane(ﬂ@) o Qloglos@
pEP a=1 |M<n<M+N p lOg(Q/\/N)
p<Q

if VN < Q < N, as mentioned in subsection 1.B..

4.C. Application of Wolke’s approach to square moduli

It turns out that Wolke’s approach also gives fairly good large sieve bounds for the case of square
moduli. In this case, one needs an upper bound for the quantity

M := max P(z),
z€[0,1]

where

a
— -

P(:L’)::ﬁ{;z:Q<q§2Q, 1<a<gq, (a,q9) =1, 7

< A} . (4.20)

Note that for convenience, above we have restricted ¢ to a dyadic interval. Using (4.17) and a division
of the g-range into such dyadic intervals, we have the following. If a bound of the form

M < F(Q,N)
with a function F(Q, N) that is non-decreasing in ) holds, then (1.3) with
A(Q.N) = NF(Q, N)log2Q (421)

follows. To bound P(x), we again approximate x in the form in (4.19). It is easy to see that one may
assume |z| > A without loss of generality. Moreover, the case of negative z works in a similar way as
that of positive z. So we assume that

Acre 1 1

e VN - r[1/val

(4.22)
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throughout the sequel. In [Bai06] and [BaZh08| we started by bounding P(x) in a convenient way
using smooth weight functions. This can be formulated in the following form (see [BaZh08, section
5], in particular, with some modifications).

Proposition 17. Assume that the condition (1.7) is satisfied. Assume also that x € [0,1] satisfies an
approximation of the form in (4.19) and z lies in the range in (4.22). Then

> Q(0,y)dy. (4.23)

Plz) < 1 +5_1/\If (52
R

Here § is any parameter satisfying

9L s<qn (1.24)

U with 0 < ¥ <1 is a Schwartz class function with compact support C in the range
397 Lo [L5]
44— T 272

Q(5,y) ;:%@(qg/&@) D (W) (4.25)

meEZ
m=—bg? mod r

and

D1 and o with 0 < &, Py < 1 being suitable Schwartz class functions with compact support in Rsg.

Essentially, this means is that ¢ runs over a short interval of length 6/Q around ,/y, m runs
over a short interval of length drz around yrz, these two variables are linked by the congruence
m = —bg® mod 7, and the count of pairs (m, ¢) in the resulting small box is averaged over the variable
y of size Q2. This average is scaled by a factor of 6~!. Note that with increasing J, the area of the
box increases by a factor of 62. So it appears that taking § as small as possible in (4.24) is optimal.
However, after Fourier analytic transformations, it may be better to choose § differently. So it helps
to have flexibility in the choice of §. Writing the congruence in the form ¢?> = —bm mod r, the task
becomes to count squares in small segments of residue classes modulo r, which is a situation similar
to that considered by Wolke for primes.

5. Previous ways to estimate P(x)

In this section, we review how the quantity P(x) was estimated in [Bai06] and [BaZh08], indicate
advantages and disadvantages of these methods and describe how we plan to overcome the
disadvantages in this article.

5.A. Direct count
A simple way to estimate P(z) is to directly count pairs (m, q) satisfying the congruence

¢> = —bm mod r

in the boxes described in the previous subsection, followed by an averaging over y in a range of size
= Q2. It is easy to work out that for a given m, we get

o((+49))
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possible ¢’s in the said box. The number of possible m’s is clearly bounded by
O(1+drz).
This gives

P(x) < 1+671Q% (1 + 6rz) (1 + 5{9) re. (5.26)

Following the method in [Bai06], it turns out that the averaging over y allows one to remove the term
"14+" in "1 + érz" above. Consequently, we get

Plx) <1+ (Q2rz +0Qz) r°.
Choosing & as small as possible in (4.24), i.e. 6 = Q>A/z, it follows that
Px) <1+ (Q27“z + QBA) re (5.27)

and hence

P(z) < (1 +Q2\/K+Q3A> N©, (5.28)

which yields the large sieve bound (1.3) with
A(Q,N) = <N+Q2\/N+Q3) N© (5.29)

achieved in [Bai06|. We note that using A = 1/N and our condition (1.7), the bound (5.28) simplifies
into

P(z) < Q*AY2NE, (5.30)
This is the estimate which we seek to beat in the sequel. In what follows, we will assume that
Q%*rz > N°. (5.31)
If this is not satisfied, then (5.27) yields the estimate
P(z) < (1+Q*A) N*, (5.32)

which is the best possible we can hope for and consistent with Zhao’s conjecture (1.5). Let us record
the established bound (5.27) in a slightly modified form as an extra lemma below.

Lemma 18. Under the condition (1.7), we have
P(z) < (1+Q%rz+ Q*A)N®.

Proof. This can be found in [Bai06, Lemma 6].

5.B. Poisson summation in m and q

One may make progress on the problem of bounding P(x) by using Fourier analytic tools. In [Bai06],
the double sum over ¢ and m in (4.25) was transformed by applying the Poisson summation formula
in both variables. This led to an expression involving quadratic Gauss sums and exponential integrals.
Bounding them from above gave the estimate (see [Bai06, inequality (49)])

) Qri/? -
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which yielded an improvement of the large sieve bound in (5.29) if Q > N®'*¢ and established
Zhao’s conjecture (1.5) if Q > N®/12*¥¢  In [BaZh08], this approach was developed further. The
authors evaluated the said quadratic Gauss sums and exponential integrals explicitly, which resulted
in a dual expression. Next, they applied Weyl differencing, which led to a new counting problem.
This gave an improvement if r < ). For r > @, they applied a more direct Fourier analytic approach
following [Zha04|, which also involved Poisson summation and Weyl differencing. Altogether, they
obtained a bound of

P(z) < (@°A+ Q') (@N)*

if @ > N3, giving (1.3) with
A@ N) = (@ +QY2N) (@N). (5.33)
Combining this with (5.29), which is stronger if Q@ < N'/3 implies (1.3) with A(Q, N) as in (1.6).

5.C. Advantages and disadvantages

A direct count is simple but unable to avoid the contribution "1+" in the term

1+5/—Q

appearing in (5.26), which leads to the extra term Q>N'/2 on the right-hand side of (5.29), as compared
to Zhao’s conjecture (1.5). The situation may improve if we apply Fourier analytic tools. However, a
double application of Poisson summation in both variables ¢ and m results in complete exponential
sums modulo 7 (in this case, quadratic Gauss sums). A bound of < r1/2 is the best we can hope for
when estimating a complete exponential sum modulo r (except this exponential sum vanishes). This
creates a barrier which can be suboptimal if at least one of the initial sums over ¢ and m is short,
as compared to the modulus . In particular, in the case when N = Q> and r and z are as large as
possible (i.e., r = Q32 and z = 1/Q3), it turns out that m < r1/3 and ¢ =< r2/3. Since /3 is much
2/3 is much larger than the square root of the modulus r, Poisson summation will be
effective in the variable ¢ but wasteful in the variable m. Consequently, in this article, we overcome
both of the issues raised above by only applying Poisson summation in ¢ and then arguing differently
than in [BaZh08|. Here, the distribution of square roots modulo 7 will come into the picture.

smaller and r

6. Poisson summation only in q

6.A. Modification of the basic estimate

In the following, we modify our bound for P(x) in Proposition 17 in such a way that we can conveniently
apply Poisson summation in the variable ¢ and calculate Fourier integrals arising from the integration
in 17. First, we replace the integration variable 3 on the right-hand side of (4.23) by w?, thus obtaining

w 2 _ = (w w?)duw, .
P(z)<1+§ 1R/2w\1f <<Q> )Q(é,wQ)dw<<1+5 IQR/\I!(Q> Q(8, w?)d (6.34)

where W(u) := W(u?) for all u € R. So w =< Q above. By the definition of Q(4,y) in (4.25), we have

m — w27“z
1=2n(g) X (M)
q€Z meZ
m=—bg? mod r
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2

Recalling (4.24), we also see that m < w?rz < Q?rz above. Moreover, we observe that

m—wirz Vm —w\/rz _oVm—wyrz _ m—w\rz

orz  (or2)/(Vm+wyrz) T (0rz)/(wyrz) T 6yrz/Q
Considering this and dropping the term ¥ (w/Q) in (6.34), we may replace the bound (4.23) by

Pz) <1+ 51Q/Q(5,w)dw, (6.35)
R

where

woern(yg) 2ow(Gae)ulen) oo
m=—bg? mod r

for suitable Schwartz class functions @3, ¢4 and @5 satisfying 0 < &; < 1 and having compact support
in Ryg. Furthermore, to apply Poisson summation in the variable ¢, we rewrite the congruence
m = —bg® mod r above in the form

q=+/jmmodr withj:=—b,

provided a square root y/jm of jm modulo r exists. (We recall that we really mean the collection of
all modular square roots of jm modulo r rather than a single one.) Now re-arranging the summations
on the right-hand side of (6.36), we get

o) (5) £ (i) o

meZ qEZL
q=+/jm mod r

We point out that the square root of m appearing in the argument of ®4 above is the usual analytic

square root of m, whereas the square root of jm appearing in the summation condition for the variable
q is a modular square root.

6.B. Poisson summation and evaluation of Fourier integrals

Applying Proposition 10 to the inner-most sum over ¢ in (6.37) gives

q—w 1) - ) :
S a5 = g () e (1im-w),
qEZ 0/Q Qr leZ Qr
q=+/jm mod r
where again the square root in the exponential denotes a modular square root modulo r. Plugging
this into (6.37), re-arranging the m- and [-summations, using (6.35) and pulling in the integral, we
have

P <141 b (o) > (g )er (1im) [ (V=) e (<L) aw

I€Z R

The Fourier integral above equals

[0 () (o b () ()

We conclude that

P(z) < 1+ C; gZ:W <é;r) mze:z% (chm) e (—%) e (z\/ﬁ) , (6.38)

where W (u) 1= ®3(u)®4(—u) for all u € R.
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6.C. Discussion of the new bound for P(x)
Bounding the sum on the right-hand side of (6.38) trivially gives

Pla) <1+ - <1+Qr> (14 Q%2) =1+ 2 1 Qo=+ Q=

Qr ) Qr
Taking d as small as possible, i.e. § := Q?A/z, it follows that
A
Plr) <1+=— e +Q3A+Q2rz<<1+ Q +Q3A+Q2f

If VA/\/Q < rz < VA, then the above bound for P(z) is by a factor of N¢ stronger than (5.28). If
rz < VA//Q, then Lemma 18 implies

P(a) < (1+ QY242+ QPA) N° < (1+Q*A) N°

which is the expected bound for P(x), consistent with Zhao’s conjecture (1.5). We therefore aim to
exploit cancellations in the sum on the right-hand side of (6.38) to obtain a non-trivial bound for this
sum. Since (5.28) (respectively, (5.30)) is the best we have so far in the range N'/* < Q < N'/3, any
improvement of this bound by a factor of @7 for some 1 > 0 would be a substantial progress on the
problem.

6.D. Focus on a particular situation

As remarked in subsection 1.C., there has been no progress at the point Q = N'/3 since Zhao’s initial
result in [Zha04] on the large sieve for square moduli. It is therefore of importance to pay special
attention to this particular point. Moreover, the worst case in the estimate in Lemma 18 occurs when
rz is as large as possible, i.e. rz = A2, Note that if Q = N3, then AY2 = N~1/2 = Q=3/2. For
this reason, we should keep track of what happens if

Q=NY3 and rz=Q 3?2 (6.39)
In this case, our bound for P(x) in (6.38) turns into

ZW(C@)Z%(Q@Q)Q( Lym Q3/4>€r<l\/.%>‘- (6.40)

leZ mEZ

P(x )<<1+a

The following sections are organized as follows. We successively treat different ranges of r by different
means. For each range, we first investigate the special situation in which the equations in (6.39) hold
and then handle the general case. Our investigation of the special situation will be sketchy, omitting
some technical details, and the treatment of the general case will be precise. This procedure will help
us to gain an intuition of what needs to be done before carrying out the calculations in full detail.

7. Handling large r’s

7.A. Sketch for our particular situation

Let us look first at the situation when the equations in (6.39) are satisfied and r is as large as possible,
ie. 7= NY2 = Q%2 In this case, taking (4.22) and (4.24) into account, we necessarily have z = A
and § = Q?, and (6.40) turns into

v () 5o (@) (450 oo

leZ meZ

1
Pa) <1+ g
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Bounding the right-hand side trivially gives
P(z) < Q'

which is, up to a factor of N¢, the same as (5.30). Our goal is to beat this bound, i.e. to show that
P(z) < QY271 for some n > 0. Since W has rapid decay and ®5 has compact support in R~g, the
right-hand side of (7.41) behaves essentially like

o), 2, B L) () -

|l|<<Q1/2 mAQ1/2

In the following, we call the exponential

(-) (7.43)

above the "analytic term" and the exponential

er <l\/jm> (7.44)
the "arithmetic term". We observe that under the summation conditions on [ and m in (7.42), we

have
lv/m
Q3/4
and hence the analytic term does not oscillate. So we can remove it by partial summation without
costs. It remains to bound the sum

Y= Z Z @(A/j%)

<L m=Q!/2

<1,

with L < Q/2 nontrivially by O(Q'~") for some > 0. The above is an incomplete exponential sum
in two variables modulo r. Completion techniques (such as Poissson summation) will not be efficient
if the ranges of the variables are much shorter than r/2. In our case, the summation ranges are of
size about 71/3, which is very short. In this case, a reasonable idea is to create new points using the
Cauchy-Schwarz inequality. This gives

2 2

=P<? S Y er<l\/ﬁ> <<Q1/2ZV<Q1/2> 3 er<l\/an> . (7.45)

[1|<Q/? [m=Q1/? lez m=Q1/2

where V' is a suitable Schwartz class function satisfying 0 < V < 1. Expanding the modulus square
and pulling in the sum over [, we deduce that

2P < QY2 Z ZV<Q1/2> er (l(\/jml—\/jmg)).
mi,ma=QL/2 IEZ
Applying the Poisson summation formula, Proposition 10 with L = r/ QY? = Q and M = 0, it follows

that )
5 R Q12n
P<@ ) > v( . )

mthXQl/Q neL

n=+/jmi—+/jms mod r
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Using the rapid decay of v, essentially only n’s with n < r/ Q2 contribute significantly, and hence
we essentially get a bound of

2P < Q > 1. (7.46)
m1,ma=<Q1/?

|| (Vimi—ima)/r||<Q~1/?

The same can be achieved via an application of the double large sieve, Proposition 12, with the
convention that the modular square root \/jm lies in the range 0 < /jm < r and so 0 < \/jm/r < 1.
Discarding the summation condition ||(v/jmi — v/jma)/r|| < QY2 we get the trivial bound
|¥]2 < Q2. Hence, we need to make use of this condition to beat the trivial bound. Heuristically,
we expect that the "event" H(\/m - \/m)/TH < Q712 occurs with a probability of @1/2 when
picking my and meo randomly. Trivially, this event occurs when m; = mso. So it is reasonable to

conjecture that
517 < Q%2

However, it is difficult to detect the said event. A natural idea is to write the sum on the right-hand
side of (7.46) as

Y = > 1= > > 1

ml,mngl/2 ANEZ ml,mng1/2

| —vima) /r||<@ /2 N<QTYPr /fmy—yjma= mod r

and apply Cauchy-Schwarz again to get

P L | X

AEZ m1,ma=Q/?
N<QY2r  /fmi—/fma=X mod r

Y >

A mod r mi,ma=Ql/2

Vimi—+/7mao=A mod r

=Q > 1

m1,ma,ma,ma=<Q/?

Vimi—v/jma=+/jmsz—+/jmg mod r
<QE(cQ"*jr),

and hence
St < Q@ Ba(cQ"?; 4, r),
where ¢ > 0 is a suitable constant and Fo (ch/ 2.4, r) is the additive energy defined in (2.8). Of

course, the above extension of the sum over A to all residue classes modulo r comes with a cost: Now
applying the conjectural bound in (2.13) only yields the trivial bound

’2‘4 < Q4+E.

So we need to work harder to obtain a saving. We may try to relate our original sum ¥ to a higher
additive energy. This can be achieved by an initial application of Holder’s inequality with the exponents
4/3 and 4 (or twice Cauchy-Schwarz), and then using Poisson summation and Cauchy-Schwarz again,
as above. Holder’s inequality (or Cauchy-Schwarz applied to (7.45)) gives

4 4

<@ > | D e (l%) <<Q3/2ZV<Z> > er(l\/ﬁ)

1/2 —01/2 =/ Q1/2 ~01/2
[11<«QY/? |m=Q € m=Q
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Expanding the fourth power above and pulling in the sum over [, we deduce that

It < Q32 Z ZV <Qi/2> er (Z(\/jml +\/jma — \/jms — \/jm4)> .

m1,mz,m3,my=<Q/2 I€Z

Applying the Poisson summation formula, Proposition 10 with L = 7‘/@1/2 =@ and M = 0, as above,
it follows that

1/2

4 2 ~ [ Q*n

X" <@ E E V( . )
ml,mg,mg,m4xQ1/2 nel

n=v/jmi+vjma—+/jmz—+/jms mod r
Using the rapid decay of V, we now get essentially

ot <@ Y 3 1.

AEZ m1,ma,ma,ma=<Q/?

IA<Q~1/2r Vimi+v/jma—+/jms—+/jmas=X mod r
Applying Cauchy-Schwarz again, in a similar fashion as above, we deduce that

2
S <@ > 1

A mod r m1,mae,mz,ms<Q/?

Vimi+vima—v/ims—+/jma=) mod r

=Q° Z

-N1l/2
m1,ma,ma,ma,ms,me,mr,ms=<Q/

Vimi++vima—+/jms—+/jma=+/gms++/jme—+/jm7—+/jmsg mod r
<<Q5E4(CQ1/2; jv ’I“),
where ¢ > 0 is a suitable constant and Fy (CQI/ 2.9, 7’) is the higher additive energy defined in (2.9).
Now applying the conjectural bound in (2.14) yields

|Z|8 < Q15/2+6

—_

upon recalling that » = Q2. This is non-trivial! In fact, any improvement by a factor of R~ with
n > 0 of the established estimate (2.11) for R = 7'/3 would imply a non-trivial bound for ¥ in our
special situation when (6.39) and r = Q32 hold. Theorem 4 gives such an improvement if R is small
compared to r1/2. This range of improvement is not sufficient to obtain an unconditional non-trivial
bound for ¥. Thus, so far we get only a conditional improvement under the Hypothesis 6. Combining
everything above, the final bound is
P(a;) < Q7/16+€

in our situation. (Recall that the trivial bound is P(z) < Q'/2.) If the equations in (6.39) hold and
r is smaller than Q3/2, then the analytic term (7.43) oscillates, so removing it by partial summation
comes with a cost. Proceeding along the same lines as above, it turns out that these costs are moderate
enough to still get a non-trivial bound under the Hypothesis 6 if Q = N'/3 and Q1" < r < Q3/2,
where 1 > 0 is arbitrarily small but fixed. In the next subsection, we will work out the details of these
calculations for large r’s and general @), N and z.

Remark. If one avoids Wolke’s approach using Diophantine approximation by fractions b/r, then
one needs to bound the number of Farey fractions a/q? with ¢ ~ @ in intervals of the form [ag/ q(Q) —
A,ap/qd + A, where gy ~ @ is fixed. One may approach this problem in the same way as above
via modular square roots modulo qg . However, calculations show that in this case, our hypotheses on
additive energies just lead us to a bound of < Q/2 for the said number of Farey fractions if Q3 = N,
and therefore, no progress has been made along these lines. This indicates that an initial Diophantine
approximation by Farey fractions b/r is indeed essential. It allows us to replace the fractions ag/q3
by fractions b/r with much smaller denominators.
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7.B. Conditional treatment of the general case

In this subsection we determine the r-range in which we get a conditional improvement of the known
bound (5.30) along the lines above for general parameters z, Q and N satisfying (1.7) and (4.22).
Recall our bound (6.38) for P(x). We begin by cutting off the summation over [ at N°Qr/d, obtaining

) o Iv/m ,
Plz) <1+ or Z Z w <Q7") Dy (QZ:"Z) e <703/2’ZL/2> er (l\/jm) ) (7.47)
[l|<N=Qr/6 meZ

where we take the rapid decay of W into account. Further, since ®5 has compact support [Cp, C1] for
suitable constants C7 > Cy > 0, the m-range can be restricted to My < m < M; with

My := CoQ?*rz and M := C1Q%rz. (7.48)
Next, we remove the oscillatory weight
l l
174 fo g8 M, _ﬂ
Qr Q%rz r3/221/2
using partial summation in ! and m, getting

€

P(x) <1+ max max Z Z ér <l\/jm)
r LLNeQr /5§ Mo<M<M; < Mo<meM (7.49)
&€
<1+ max X(M),

r M<CQ?%rz

where
M) = Y 3 er(z\/ﬁ>.
[l|I<NeQr/§ | Mo<m<M

To minimize the [-range above, we take ¢ as large as possible, i.e. § := Q?, so that

S(M) = Z Z er<l\/ﬁ>

<Ly |Mo<m<M

with Ne
r
Ly := O (7.50)

Now applying the Cauchy-Schwarz inequality, we have

2

sM? <L+ Y | Y e (Mﬁ)

<Ly |Mo<m<M

:(L1+1)Z Z €<l.m>‘

r
[l|<Ly Mo<mi,ma<M

By convention, we take the modular square root of jm always in such a way that 0 < /jm/r < 1.
To bound the double sum above, we now apply the double large sieve, Proposition 12. Here we
let the ay’s run over all integers with modulus not exceeding L; and the (;’s over all real numbers
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(v/7m1 — v/gme)/r arising from pairs of integers (my, mg) with My < mj,me < M. Taking A := L;
and B := 1 and setting all coefficients equal to 1, Proposition 12 yields

1/2
S(M)? < (L +1)?- ( > 1> .

Mo<mj1,mz,m3,ms<M

[(vVimi—+vima)—(Vim3—+/gma)|/r<1/L1

If
r>Q, (7.51)

this implies
»(M)* < L > 1.

1<my,ma,mg,ma<M

|(VFma—/Gm2)—(vjms —/fma)| <Q
Rewriting the right-hand side above, it follows that

S|t < Lt Y 3 1.
AEZ 1<m1,ma,m3,ms<M

IMN<Q (Vimi—+/Fmz)—(v/jmz—+/Fma)=X mod r
Applying Cauchy-Schwarz again, we deduce that

S(M)]F <LiQ

A mod r

> 1

1<mi,m2,m3,ma<M

(Vgmi1—+/Gma2)—(v/Fms—+/jma4)=X mod r

=LiQ >

1<my,mg2,m3,mq,ms,me,m7,mg<M
(Vimi—+vimz)—(Vims—Vijma)=(Vims—v/jme)—(vVjm7—+/jms) mod r
<LSQE4(M;j,7),

where E4 (M;j,7) is defined as in (2.9). Now Hypothesis 6 gives

(M) < L§Q < +M4> N°

and hence

N2y Q2A1/2 174
I2(M)] < o7 ( s A / (7.52)
using (7.50), (7.48) and rz < A2, Combining (7.49) and (7.52), we obtain
Q2A1/2
P(z) < (1 + QY8 Yy QAY* | | N® (7.53)
upon redefining €. This is stronger than (5.30) if
N < Q2N
and
r> QN (7.54)

for some 1 > 0. Note that (7.54) is more restrictive than (7.51). Recalling that » < N'/2, we may
summarize the results in this subsection by saying that we beat the bound (5.30) if

Q?< N<Q?N™" and QN"<r< N2 (7.55)
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8. Handling medium-sized r’s

8.A. Sketch for our particular situation

Let us return to our special situation when the equations in (6.39) hold. As seen in the previous
subsection, if r is smaller than QN", then the method above does not give a saving. The reason is
that the oscillations of the analytic term become too large. It is therefore reasonable to remove these
oscillations using Weyl differencing and then proceed in a similar way as before. Let us here focus on
the case when r = Q). Then (6.40) turns into

72V (g) Z oo (gim) (57 ) (ZW)‘ (8.50

Plr) <1+ — oz
leZ meZ

The right-hand side behaves essentially like

E_1+C§2 o <Q1/4> (zf)

Il<Q?/6 m=Q1/2

Our treatment begins with an application of the Cauchy-Schwarz inequality, obtaining

]E\2<<1+@ o> 6( Q1/4) (l\ﬁ>

l<Q?/6 [m=Q1/?

Next, we apply Weyl differencing, Proposition 9, to deduce that
2 @
B < H T o2 HQS /2 Z Z
1<h<H|l|<<Q2/5

where H < Q'/2 is a suitable parameter which will be fixed later, and

Shi) = Y e(_“vm*h‘\@)er (13 1)~ /Gm) (8.57)

1/4
m=Q1/2 Q /

(To be precise, m runs over some interval I, depending on h with endpoints in a range of < Q1/2.)
Our target is to derive a non-trivial estimate of the form

Q5/2—17

Y st < 5

<«Q?/é

for some n > 0. We observe that the amplitude in the analytic term on the right-hand side of (8.57)

is bounded by
I(vVm+h — /m) < HQ?/?
Q1/4 5

It is therefore advisable to choose § and H in such a way that

HQ3/2
o

so that the analytic term does not oscillate. (Of course, we need to make sure that this consists with
the conditions on § in (4.24).) Under this choice, our bound for |E|? simplifies into

|Ey2<< + > Y s,

1<h<H |||«Q/2/H

=1, (8.58)
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and X(h,l) can essentially be replaced by
(i)=Y e (l(\/j(m+ B — \/jm)) .
mel/Q
Now our target becomes to derive a non-trivial estimate of the form
o> Eh)<
1<h<H |I|<Q'/2/H

Applying the double large sieve in a similar fashion as in the previous section, we have

2 2

Skl = > e (1)

[|<«Q/2/H ll|<«<Q/2/H

<<% > 1,

m1,maxQ'/?
[(f5,n(m1)—fj,n(m2)) /r]|<H/Q'/?

where €, are suitable complex number of modulus 1 and

fin(Gm) == \/j(m + h) — \/jm. (8.59)

Another application of Cauchy-Schwarz gives

2 2
( > )= = > 1)
mi1,maxQl/2 [N<rH/QL/? m1,max<Q1/2
1(f5,n (1) —Fjn(m2)) /rl|<H/QY/? Fin(ma)=fjn(m2)=A mod r

2
rH
<o X (X )
A mod r mi,ma=Q1/2

fjn(ma)—=f; n(ma2)=X mod r

- Fo(cQY% 4, b, 7)

rH
1/2

=HQ'2Fy(cQY?; 4, h,7),

<

where ¢ > 0 is a suitable constant and F5 (ch/ 2.4, h,7) is the additive energy defined in (2.15). Under
Hypothesis 7, this implies

2 1/2
> 1< H'/2QV* <(h, 0Ly Q) N® < H'?Q¥* N (h, r)'/2,
m1,ma=<Ql/? "
(fj,n(m1)=fjn(m2)) /r|<H/Q'?
and hence, using Lemma 16
NeOQT7/8
Z Z |El(h,l)‘ < %/4 . Z (h, r)1/2 < Q7/8H1/4(7’N)57
1<h<H |I|<Q'/2/H H 1<h<H

which is non-trivial if H is small. Altogether, upon redefining e, we arrive at an estimate of

P(2)* < % + HY4QT/EN®,
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The optimal choice is H := Q10 giving
P(z) < QPN

Recalling (8.58), we take

§:=Q8/5.
This is consistent with (4.24) because in our situation,
Q*A QQA BAL2 — 032 < O8/5 2

In the next subsection, we will work out the details of the above calculations for medium-sized r’s
and general @, N and z. It will turn out that if the equations in (6.39) hold, we obtain a non-trivial
bound for P(z) if Q'/**" < r < Q%% along these lines.

8.B. Conditional treatment of the general case

Applying the Cauchy-Schwarz inequality to (7.47), and recalling that m can be restricted to the range
My < m < M; with My, M; as given in (7.48), we obtain

2

P(z)? < 1+ ]ng Dl > % (QZZZ) ¢ < rsl/2\F1/2> (Wim)|

2 <L |Mo<m<M;

where Ne
L= MO (8.60)
1)
It
LQ 2 2 and H § M1 — MQ, (8.61)
then using Weyl differencing, Proposition 9, we deduce that
N2€Q4T2 2 N2€Q2TZ
2
P(z)? < = i D IEm, ) (8.62)
1<h<H |I|<Ls
with
- m I(WVm+h—+/m) , -
X(h,l) = XE:ZVh <Q2TZ> e <— 32,12 er (l(\/](m +h) — \/jm)) , (8.63)
where

Vi) = )% (1+ g ).

We note that like @5, this function V3, has compact support in [Cy, C1] C Rsg. We remove the weight

Vh< m )6<_l(\/m7+h—\/ﬁ)>

Q2rz r3/2,1/2

using partial summation in ! and m, getting

HL
Z ‘E(h’lﬂ < |1+ 2 - max Eh(M)v
i<t Qriz) Mo<M<M,
L2
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where
S = 3| S e (UG R = im)) |
l|<Ls |Mo<m<M
We shall choose 6 and H in such a way that

HL,

= (8.64)

getting
|Z|;2 1% (h,1)| < 1 S (M). (8.65)

Applying the double large sieve, Proposition 12, in a similar way as in the previous section, we obtain
|Sh(M)|? < L3 > 1, (8.66)

Mo<mi,mo<M
[|(fj,n(m1)=Fjn(ma2))/r||<1/L2

where f;;(m) is defined as in (8.59). If
Ly <, (8.67)

then another application of Cauchy-Schwarz now gives

monf-23( 3 3 1)

[A|<r/L2 Mo<mi,ma<M
fi,n(m1)—fjn(m2)=A mod r

2
<13 Y ( 3 )
A mod r Mo<mi,ma<M
fin(m1)—fj p(m2)=X mod r

§7"L§F2(M737 ]’L,T),

where the additive energy F»(M;j, h,r) is defined as in (2.15). Under Hypothesis 7, a bound of the
form

M4
|Sn(M)|* < NerL3 ((h, )t M2> (8.68)

follows. Combining (8.62), (8.65) and (8.68), and using Lemma 16, we arrive at the bound

N2Q4222  N%#Q%rz 3/4 My 1/2
P(z)? < - NP N ((h, r) - = + M )
H HL, \oheH r

2 4,.2 2 3 2
NEQE | NG s (e,

< +
1/4
H Ly

subject to the conditions in (8.61), (8.64) and (8.67). Since

TZZ
Ly = QH (8.69)

from (8.64), we thus obtain
NZE(Q27”Z)2
H
2...)2
< N3¢ <(Q}7}2) + Q15/4r3/2z7/4H1/4 + Q11/4r5/4z5/4H1/4> :

Pz)? < +N3€Q7/4r1/2z3/4H1/4 (M1 +M11/2r1/4)
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where for the second line, we have used (7.48). Now we choose H in such a way that the first and
second terms above are balanced, i.e.

H := Qo5 1/5, (8.70)

yielding
P(z)? < N (Q19/5r8/529/5 +Q14/5r27/20z13/10)

and so
P(z) < N* <Q19/10A9/20,r—1/10 n Q7/5A13/407~1/40> (8.71)

using rz < A'/2 and taking square root. The choice of H in (8.70) together with (8.64) give
Lo = Q¥/5r8/54/5, (8.72)
Recalling (7.48) and (8.69), the above choice of H is consistent with the conditions in (8.61) if
rz > D max {Q_9/4r1/4, Q_lr_l} (8.73)
for a suitable constant D > 0. Also, (8.67) holds if
Ly = Q5,8/5,4/5 < 4.

Using rz < AY2 and A < (2, it is readily checked that this holds for all » > 1. It remains to check
that (8.69) is consistent with (4.24), keeping in mind that the relation between Ly and ¢ is given by
(8.60). So we have

_ NeQr

==

]

and hence (4.24) translates into the condition

Ner Nérz
< Lo = Q45,8545 « X T2
Q =TT A
This holds iff
Tz > max {Q9A5T4, N55/4r1/4Q79/4} . (8.74)
Combining this with (8.73), we get a condition of
rZ > max {Q9A5r4, N55/4r1/4Q_9/4, Q Yr 1y, (8.75)

which we keep in mind for our later calculation of the final bound for P(x). In the remainder of this
subsection, we check in which r-range we get a non-trivial bound for P(z) in our special situation
when the equations in (6.39) hold. In this case, (8.75) turns into

QP <r<@’

Moreover, (8.71) is non-trivial (i.e., it gives a bound for P(x) which is much smaller than < Q/?) if
r > QY?13%  So we obtain a conditional improvement if

QUM <r< Q¥

for some 1 > 0 in this situation.
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9. Handling small r’s

9.A. Sketch for our particular situation

Again, we return to the situation given in (6.39). We may view the m-sum in (8.62) as an incomplete
weighted exponential sum modulo r. If the m-range is much larger than the square root r/2 of the
modulus, then completing these exponential sums potentially gives a saving. A standard way to do this
is to break the m-summation into residue classes modulo r and use the Poisson summation formula.
In this subsection, we want to look at the particular case when r = Q'/2. Recall that the m-range is
of size < Q%*rz = Q2A1/2 Q'/? if the equations in (6.39) hold. So in this case, the m-sum is nearly
a complete exponential sum. Under the above conditions, (8.62) turns into

2e 2e)1/2
P(a:)2<<NQ NQ YD B D)

H HLy 52y l|<La
with
Ly = NE?S/Q >2, 1<H<QY? (9.76)
and
0= X (g ) e (I0Vm T = V) e (13T ) V)

me”Z

Breaking the m-summation into residue classes modulo r gives

S =Y e, (Wia+h - Vi) ¥ vh(m)e(_z<m_m)gl/4). (0.77)

a=1 m=a mod r

We set

Wh(y) := Vi(y)e (—l ( Y+ hQ-1/2 — \/g> Q1/2>

to write the m-sum above as

>V <Q1/2) ( l(m—\/ﬁ)@/“): S W <Q7?/2> (9.78)

m=a mod r m=a mod r

Now Proposition 10 with L = Q'/2 = r and M = 0 implies that

m 1/2 . nOV/2 R
Z Wi, <Q1/2> — Qr Z Wy, ( Qr ) er (na) = Z Wh(n)e, (na) , (9.79)

m=a mod r nel ne”

/Wh —ny)dy = /Vh(y)e (—l ( y+hQ1/2 — \/?3> QY? — ny) dy.
R

Since V}, has compact support in [Cp, C1] C Rsg and hQ~/? < 1, we have

where

‘;y (z < y+hQ-1/2 — \/17> Q1/2> ’ = |lh| < LoH

if y € [Cy,C1]. Hence, using Lo H > 1 and integration by parts, the Fourier integral above becomes
negligible if [n| > N¢LoH. Otherwise, this Fourier integral is trivially bounded by O(1). Taking this
into account, combining (9.77), (9.78) and (9.79), and interchanging summations, we arrive at

Sy < > 1Ean)l,

n<N¢LoH
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where &, (n) is the complete exponential sum

Enllin) = e (l(\/j(a+h) — ja) +na). (9.80)

a=1

It follows that

2 2 )1/2
P(m)2<<N @, N¢Q SN > Gl

H HLILo
1<h<H |I|<Lj |n|<NeLyH

In the appendix, we will prove the following bound.
Lemma 19. Letr € N and j, h,l,n € Z, where (j,r) = 1. Then
Ein(l,n) < /5% (h,r)(1, ). (9.81)

Moreover, if I = 0, we trivially have

rifn=0modr
Ein(0,n) = 9.82
5(0,1) {O otherwise. ( )

From (9.81) and (9.82), we deduce that

P(x)? <<N2€<Q+Q1/2 Yo > L)

H HL,
1<h<H 1<|l|<Lg |n|<N¢LoH

/ €
Q12.T(1+NL2H>)

Loy r

which, using Lemma 16, implies the bound

/
P(:z:)2 < N10= <[2 + Q; g . (r+L§Hr4/5>> — Nloe <Q Q 4 Lo HQ9/10>
2

where we recall that we assumed 7 = Q/2. We balance terms above, choosing
=QY* and Ly:=QY¥, (9.83)
thus obtaining the non-trivial bound
P(x) < N5Q2/00

after taking square root. We still need to check that the above choice of Ly is consistent with the
conditions on ¢ in (4.24). From (9.76) and (9.83), we have

§ = N8Q22/15

and in our situation the d-range in (4.24) turns into
QQA _ Q2A
z VA/r

This is fine if ¢ is small enough, and once again, we have obtained a non-trivially bound for P(z) -
this time at the point r = Q2. Again, we will carry out the above method for general @, N and z
in the following subsection. In the situation of (6.39), we will obtain a non-trivial bound for P(z) if
Q" < r < Q/26-1 for some n > 0.

—Q <5<
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9.B. Treatment of the general case

We begin like in subsection 8.B.. Breaking the m-sum on the right-hand side of (8.63) into residue
classes modulo r gives

S(h,1) = Z (VieTm-Via) Y v (&)e(—l(‘/nﬂ@m)). (9.84)

a=1 m=a mod r

We set
Wi(y) := Va(y)e (—z < Y+ Qi‘m _ \/g> ' Cg)

to write the m-sum on the right-hand side of (9.84) as

= (@) (ST () e

m=a mod r m=a mod r

Now Proposition 10 with L = Q?rz and M = 0 implies that

= Q% Vi, (nQ%z er (na), )
m= godTWh <Q1/2> _Q %Wh( Q ) ( ) (9 86)
where
Wi(nQ%z) = | Wa(y)e(—nQzy)dy = [ Va(y)e (—l (\/ " \@) Lo nQ2zy> dy.
Jl! IR/ Q?rz r

Since V}, has compact support in [Cp, C1] C Rsg and h/(Q?*rz) < 1, we have

d h Q lh| Q  LoH
(i) 9|t

if y € [Cy, C4]. Suppose that

LoH

Qr3z
Under this condition, using integration by parts, the Fourier integral above becomes negligible if
In| > N LoH/(Q3r?2%). For the remaining n’s, this Fourier integral is trivially bounded by O(1).
Taking these observations into account, combining (9.84), (9.85) and (9.86), and interchanging
summations, we arrive at

> 1. (9.87)

S(h,1) < Q%2 > Ein(ln)], (9.88)

n<NeLyH/(Q37%22)

where £,(n) is the complete exponential sum defined in (9.80). Combining (8.62), (9.81) and (9.88),
we obtain

N26Q47“2 2 N25Q4TZ
2 4/5+e 1/5
P(x)? < — 7L Y > 5% () (1, )Y+
1<h<H 1<|l|[<Lg [n|<N=LaH/(Q3r22?)
N2Qrz? 1 N¢LoH
Lo " 031322
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Using Lemma 16, this implies the bound

4,.2 .2 4,..2 LZH Q47’2Z2 Q47”222 QL H
P(r)2 <« N10= Qrz Qrz _ 2 A5 ) = pioe 2 .
() < < H + Ly T+ Q32,2 r H * Lo + rl/5

We balance the terms above, choosing
H:=Qr'V/15:2/3 and Ly := Qril/15,2/3, (9.89)

thus obtaining
P(z) < NOEQ3/2p19/30,2/3 < NDe(3/2A1/3,-1/30, (9.90)

This beats (5.30) if
NAQ32AL3,-1/30 < 92 A1/2,

ie.,
r> N#®Q™1PAT, (9.91)

We still need to check for which r-ranges the above choices of H and Lo are consistent with (4.24),
(8.61) and (9.87). Using (9.89), the inequalities in (8.61) hold if

rz > Dmax {Q_S/Qr_l/m, Q_3r1/5} (9.92)
for a suitable constant D > 0. Again using (9.89), the inequality (9.87) holds if
rz > Q 3135, (9.93)
From (8.60) and (9.89), we infer that

(5 = M e N€T4/15Z_2/3
Lo '

Hence, (4.24) turns into

Q*A < NEpA/15,72/3 < (2,
z
These inequalities are satisfied if
rz > max {Q6A3r1/5, N25Q73r7/5} . (9.94)

We record that (9.92), (9.93), (9.94) hold if
rz > N2 max {Q_?’/Qr_l/lo, Q 313/, Q6A3r1/5} ) (9.95)
In our special situation when the equations in (6.39) are satisfied, this holds if
Q< r< QP

for a suitable > 0 depending on € > 0. Both parameters € and 7 can be taken arbitrarily small.
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10. Handling very small r’s

10.A. Sketch for our particular situation

It remains to handle very small r’s. We look at the particular case when 7 = 1 and the equations in
(6.39) hold. Now we will utilize oscillations in the analytical term. We start from (7.47), which in this
case takes the form

5 16
Pla) <1+ 5 3 ZW(Q)%(QUQ)@(—Z\/EQ?’/“) .
[|<N=Q/s meZ

We remove the weight functions using the triangle inequality and partial summation, getting

)
P(z )<<1+§ > o > e(—l\/RQ?’/“)

[H<Ne=Q/s Mo<m<M

with My and M, as in (7.48), i.e. M; = C;Q'/? in our situation. For My < y < M; and k € N, we

have
dk+2

Gz (VYY) = QT

Now applying Proposition 11 with I := [My, M], f(y) := —l\/17Q3/4 and k := 1, we have

7/12
Z e(—l\/mQ:g/‘l) < ‘”1/6@5/12«]\7;%6/
Mo<m<M
if [ # 0. It follows that
5 N2€Q7/12
Pr) <1+ Q1/2 T 51/6

We balance the second and third terms, choosing
§ = Q13/14
which yields the non-trivial estimate
P(z) < Q7.

The above choice of § consists with (4.24), which in our situation takes the form
Q<5<

An analogous treatment of general (), N and z in the following subsection will lead to a non-trivial
bound for P(z) in an r-range which in the case of (6.39) takes the form r < Q4= for some 7 > 0.

10.B. Treatment of the general case

Again, we start from (7.47). Dividing the m-summation into residue classes modulo r and using the
triangle inequality and partical summation to remove the weight functions, we arrive at

I/m
P(z <<1+—Z > I > e( =7, 1/2> : (10.96)

a=1|l|<N=Qr/s = | Mo<m<M
m=a mod r
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with My and M; as in (7.48). We rewrite the m-sum as

> e >
[ _—— =
73/2,1/2
Mo<m<M nez
m=a mod r Mo<rn+a<M

r3/2,1/2

()

and note that

A2 Ly Ta _ 2 () h32 1]
A2 \ a2, 3]2,1/2 Q 23y k12

if My <y < M;. Now applying Proposition 11 with
My—a M — =1/
I:= [ ey a’] D fly) = YO k=1,

T r r3/221/2
we have
IVrn+a 2 1\ 2_\3/4 2_\1/4 o\
Mogv?nJraSM
if [ #0 and

r S M1 - M() = (Cl - C())QZT'Z. (10.98)
Plugging the bound (10.97) into (10.96), and estimating the contribution of [ = 0 trivially, we obtain

0 2 2 2 1 1o 2 _1\3/4 2 \1/4 1 o
P(o) <1+ g @z + N*r QZ'<Q4,ZP>5> H@ T+ (@)Y '<Q4z3a>
QY37 21/2

2
<<N€<1+Q25+ 5176

+ Q323 4 Q3/2rz51/4> )

We balance the second and third terms in the last line above, choosing

5= Q2/7T6/7273/7,
thus obtaining
P(z) < N* (1 £ QYTHSIT AT L 32304 Q11/7T17/14z25/28> ' (10.99)
Using rz < A2 this implies
P(z) < N* (1 £ QYTAYT2IT L B2 ARSI L Q11/7A25/56T9/28) ‘ (10.100)
This beats (5.30) if
r < N~%min {Q5/2A3/4, QA2 Q4/3A1/6} . (10.101)

We still need to check under which conditions the above choice of ¢ consists with (4.24). Under this
choice, (4.24) turns into
2
QA < QUTySIT, T < 2,
z

which is the case if
rz > max {Q3A7/47“71/2, Q74r3} . (10.102)

In the situation of (6.39), reviewing (10.98), (10.101) and (10.102), we obtain a non-trivial bound for
P(z) if r < QY47 for some 1 > 0.
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11. Proof of the main result

In the previous sections, we obtained different estimates for P(x) in different r-ranges. Some of these
estimates come with a lower bound condition on rz. If rz falls below this bound, we simply use the
Lemma 18 to bound P(z). This way, we obtain four different bounds which we then compare. The
details are carried out below, where we redefine € suitably.

In subsection 7.B., we obtained (7.53) under the condition (7.51), which is

P(z) < (1 L QUT/BAL2-1/8 Q9/8A1/4) N° ifr> Q. (11.103)
In subsection 8.B., we obtained (8.71) under the condition (8.74), which is

P(z) < <Q19/10A9/20r71/10 n Q7/5A13/40r1/40> N if

(11.104)
T2z > max {Q9A5r4, 7‘1/4Q_9/4, Q_lr_l} NE.
In subsection 9.B., we obtained (9.90) under the conditions in (9.95), which is
P(CU) <<Q3/2A1/3T71/30N€ if
2 > max {@—3/27,—1/107 Q-3,13/5, Q6A3r1/5} NE (11.105)
In subsection 10.B., we obtained (10.100) under the conditions in (10.102), which is
P(z) < (1 £ QUTATR2IT L 32 AB/8/A Q11/7A25/56T9/28) N it
(11.106)

rz > max {Q3A7/47“_1/2, Q_41"3} .

Using Lemma 18 if rz falls below the lower bounds in (11.104), (11.105) and (11.106), these results
imply

P(z) < (Q19/10A9/20r—1/10 QUS040 L QUASA L 1/A0=1/4 L ot 41 4 Q3A) N°,

11.107
Plz) < (Q3/2A1/3r_1/30 £ QU210 L 0= 1,13/5 L 8 AR5 4 4 Q3A) NE E11-108;
and
P(z) <
<Q9/7A2/7r2/7 4 Q3/2A3/8r1/4 i Q11/7A25/56T9/28 1 Q5A7/4r*1/2 O 23 41+ Q3A> N°,
(11.109)

respectively. We recall that we use (11.103) for large, (11.107) for medium, (11.108) for small and
(11.109) for very small r. To get the precise r-ranges, we compare large terms in (11.103) and (11.107),
in (11.107) and (11.108), and in (11.108) and (11.109) for these situations. We observe that

QUASA < QU/BAL/2,-1/8 ip o < - TL/3A-12/11, (11.110)

Q_1T13/5 S Q19/10A9/20T_1/10 lf r S Q29/27A1/6’ (11111)
and

Q9/7A2/7T2/7 < Q3/2A1/3T,71/30 if r < Q45/67A10/67 (11112>

So we use
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o (11.103) if Q-TV/BATI2/M < < AT1/2,
o (11.107) if Q2/2TAY6 < < Q- TH/3BA-12/11,
o (11.108) if QB/6TAL/67 < < Q29/2TAL/6

)

o (11.109) if r < Q5/67 A10/67

and note that
1< Q45/67A10/67 < Q29/27Al/6 <Q< Q*71/33A’12/11 < A-12

if
N3/12 5 o N9/26

which we want to assume in the following. Hence, we record the following.

Proposition 20. If N39/142 < @ < N926 then under the Hypotheses 6 and 7, we have
Pz) < (1 n Q17/8A1/2r—1/8 i Q9/8A1/4> NE

i Q- TUBBATIZN < AS1/2)

< <Q19/10A9/20r71/10 QTS0 L UASA L1414 L ot 41 4 Q3A) NE
if QW/2TAVS < < Q- TIBBA-12/11,

< <Q3/2A1/3r_1/30 £ Q2110 L 0= 1,13/5 L 8 ABRL/5 4 4 Q3A> NE
if Q¥/6T AL0/6T . < (29/2TAL/S,

< <Q9/7A2/7r2/7 Q2 AB/BR/A L QLT A25/56,.9/28
QPAT/A4=1/2 L 923 11 4+ Q3A) NE
if 7 < Q15/67 A10/67,

Since we are particularly interested in the point Q = N /3 we want to work out which final bound
we obtain in this case. If Q@ = N'/3, then A = Q 3, and the above simplifies into

Pz) < (1 +Q5/8r—1/8 +Q3/8) N if Q37/33 <r< Q3/2,
< <Q11/20r’1/10 4 QUT/A0,1/40 L =44 L =141/ L gt 1> N if Q354 < < Q37/33,
< <Q1/2r_1/30 n Q‘1r13/5 n 1) N if Q15/67 <r< Q31/54,
< <Q3/7r2/7 4 QB8R 4 13/56,9/28 4 ()=2,3 1) N° ifr < QUB/67
and further into
P(z) <QY/BNe if Q3713 < < ¥,
<QUB/2ON= i 31/ < < Q3T/33,
<QUB2ONE i QI5/6T < Q3154
<OQBITNE if p < Q15/67,
So we have the following.

Corollary 21. If N = @3, then under the Hypotheses 6 and 7, we have P(z) < Q133/270+e —
Q1/2-1/135+e

This together with (1.3) and (1.4) gives our main result, Theorem 8.



172 12. An interesting connection to a short character sum

12. An interesting connection to a short character sum

In addition to our considerations on the large sieve with square moduli, we will reveal an interesting
connection between additive energies of modular square roots and certain short character sums with
a cubic form in four variables. This connection comes by a completion argument using the Poisson
summation formula. Employing the existing energy bounds gives a rather strong estimate for the said
character sums if the summation ranges are about the square root of the modulus. Here we want to
confine ourselves to the case when r is an odd prime.

Recalling (2.8), we may write

Ey(R; j,r) = Z 1= Z ﬁX(O,R/r] ({Jfg }> )

(k1,k2,k3,ka) mod r (K1,ka,k3,ka) mod r i=1
k1+ko=ks+ks mod r k1+ko=ks+ks mod r
{GkZ/r}<R/r for i=1,2,3,4

where {y} = y — [y] is the fractional part of y € R and for an interval I, x;(¢) is its characteristic
function. We will smooth this characteristic function out, replacing it by a 1-periodic function of the

m o)=L o (E0)),

where v := R/r and ® is a Schwartz class function satisfying 0 < ® < 1 and supported in [—1,1]. We
define the corresponding weighted additive energy as

~ 4 T k2
Es(R; j,r) = Z H¢R/'r <]rZ

(k1,k2,k3,ks) mod r =1
k1+ko=k3+ks mod r

) : (12.113)

We also define the additive energy

4 )
N, _ _ Jk;
E2(Rajvr) - E 1= E HX[O,R/T} (‘ r ') .
(k1,k2,k3,k4) mod r (k1,k2,k3,ks) mod r =1
k1+ko=ks+ks mod r k1+ko=ks+ks mod r

||k2/r||<R/r for i=1,2,3,4

The only differences between the definitions of Ea(R;j,7) and ES(R; j, ) are that in the definition of
El(R; j,r), the fractional part is replaced by the distance to the nearest integer, and k;’s congruent
to 0 modulo r are no longer excluded. In the case of prime moduli r, the method of Kerr, Shkredov,
Shparlinski and Zaharescu in [KSSZ21] gives the same bound for E4(R;j,r) as the bound (2.10) for
Es(R;j,r), namely
R3/2
EL(R;j,r) < <T1/2 + 1) R*Te. (12.114)

(If r is not a prime, then the exclusion of k; = 0 mod r may matter, as we have seen in the discussion
in section 2.) We note that

Ey(R;j,r) < By(R; j,r) < Ey(R;j,v) < Ey(Rre; j,r), (12.115)

where the last inequality arises from the rapid decay of ®. Applying Poisson summation, Proposition
10 with the modulus 1, L = v and M = —y, we have

Su(y) ==v ) & (hw)e(hy).

heZ
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Plugging this into the right-hand side of (12.113), and interchanging summations, we obtain

— R\* L [WR ,
Ey(R;j,r) = <T> > H@( ; )-5‘4(j;h1,h2,h3,h4), (12.116)

hi,h2,h3,ha€Z 1=1

where -
Sa(jsha, ha, b, hy) = > er (7 (hki + hok3 + hsk3 + hak3))

(k1,k2,k3,ks) mod r
k1+ko=ks+ks mod r

which is a complete exponential sum in three variables (three variables because ki, ks, k3, ks are
interconnected by the relation k; + ko = k3 + kg mod r). We will evaluate this exponential sum
in the following. Clearly, we can write

Sa(js iy hay hgy ha) = Sa(ls s ha, ha)Sa(l; 5 ha, ha),
=1

where

Sz(l;j;al,ag) = Z er (5 (alk%+a2k§)) .
k1+k§;?§nod7‘

We remove the variable ky above using ko = — k1 mod r, thus getting a quadratic Gauss sum

T

Sa(l; gy a1, a9) = Z er (} ((a1 + ag)k? — 2a0lk + a2l2)) )
k=1

We consider two cases below.
Case 1: a1 + a2 = 0 mod r. Then

0 if azl # 0 mod 7,
Sa(l; j; a1, az) =
r if asl = 0 mod r

by the orthogonality relation for additive characters.

Case 2: a1 4+ a2 # 0 mod r. Then using Proposition 15 gives

So(lyjiar, as) = € - /7 - <7> . (“1 +"2) e, <ja2 (1 - ® )12> , (12.117)
r T a1 + ao

where, for convenience, we have written

ag
ai +az

az(ay + az) =

We can simplify the exponential term in Case 2 and combine both cases, getting

So(l;jsa1,a2) = € - /1 - <]) ' (M> “er <ﬂ2 : m) +ré(a1, az,l),
r T aj + as
where we set ajags/(a1 + az) := 0 if a; + a2 = 0 mod r and
1 ifa; =ay =0mod r and [ # 0 mod r,
d(ar,az,l) =<1 ifay = —as mod r and | = 0 mod r,

0 otherwise.
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Hence, we get

. - hyi+ ho)(hs + h - hih hsh
S4(]§h17h2,h3,h4)2262'?"' <( 1+ ho) (s 4)) ey (jl2< 172 4 e )>+
=1

hs+hys  hs+hyg

S~ (1) (M) (e i)
€T <r> < . er | i e d(hs, ha, 1)+
ZT a2 (I (Metha\ o (=o  hsha

€ - T <r>< . er | gl e d(hi, he, 1)+

> 1% 6(ha, ha, 1)6(hs, ha, 1).

Again using Proposition 15, we have

r

- hihs hshy
i .
> e (J <h3+h4+h3+h4>> eV

=1

i) <h1h2/ (h1 +h2)—7i:h3h4/(h3 +h4)> ’

d o  hih hiha/(h1 4+ h 3
E er <312' 12 >5(h3,h4, =&\ J) < ! 2/ ! 2)> -y(h3, ha) +7(h3, ha),
= hi + ho r

_o hsh haha/(hs + h )
e (3 7 S, oty = - (1) (BB RN o) 45 ),
h3 + hy r

<

=

s =

> " 6(h1, ho, 1)6(hs, ha, 1) = ry(hy, ha)y(hs, ha) + A(ha, ha)3(hs, ha) + 4(ha, ha) (R, ha),
=1

where
( ) 1 ifa; =as =0modr,
ai,as) =
T a2 0  otherwise,
( ) 1 if0# a1 = —as mod r,
a1,a9) =
T 2 0 otherwise,
and

( ) 1 ifa; = —ag modr,
ai,as) = ]
T\, 42 0 otherwise.

Putting the above together and simplifying gives

Su(js b1, ho, hs, hy) =5 - 15/2 <‘7> <h1h2h3 - hahaha & hihsha & h2h3h4) +
r

hih
67%'7“2‘ ( 1r 2) -y(hs, hg)+

j h1+h
6r'7’3/2'<i>'< 1—: 2)"7(h3,h4)+
)

hsh
€ - 2-( 3T4>'7(h1,h2+
hs + h -
67,.1“3/2 <Z“>< 37“ 4) ’y(hl,hg)-i-

r3y(h1, ha)y(hs, ha) + 725 (h1, ha)3(hs, ha) + r24(h1, ha)7(hs, hs).

\2:
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Plugging this into (12.116), we obtain

~ . ) 4

FE ; IS i

Q(Ra]f) B D32 <]> ) Z 1—[(1> <h R> . <h1h2h3+h1h2h4+h1h3h4+h2h3h4>
(B/r) ") hihohaha€Z im1 " "

co (5 e ()

if R < r. Using (12.115) and estimating the right-hand side trivially, this gives the following new
energy bound upon noting that Rrl/? <« (R2T3/2)1/2 < R% 4 13/2,

(12.118)

Theorem 22. If r is an odd prime, j € Z with (j,r) =1 and 1 < R <r, then
R4
By(R;j,r) < — + R* + %2,
T

This is superior over (2.10) if R > r*/7_ which is of moderate interest. More interesting is the
converse direction in which we bound the above character sum using (12.114) and (12.115), getting
the bound

> ﬁ(i) (hiR> : (h1h2h3+h1h2h4+h1h3h4+h2h3h4)
hi,h2,h3,ha€Z i=1 " r

-3/2 r\4 (R 2re e .3, .2 (T2 32 (T\?
<r /.<(R> ~<Tl/2+1 Rr 41 +r~<§> +r/~<§>
r2 75/2 a1 E
if 1 < R <r. Writing M := r/R, this implies the following result.

Theorem 23. If r is an odd prime, 1 < M <r and W : R — C is a Schwartz class function whose
Fourier transform satisfies 0 < W <1 and is supported in [—1,1], then

Z ﬁ W <hz> . <h1h2h3 + hihohg + hihshg + h2h3h4>
5 M r
hi1,h2,h3,ha€Z i=1

< <M1/2r3/2 1 M2pY/2 —|—M3) .

Taking M := r'/2, we deduce the following.

Corollary 24. If r is an odd prime and W : R — C is a Schwartz class function whose Fourier
transform satisfies 0 < W < 1 and is supported in [—1,1], then

4
>, 1w <h> ' <h1h2h3 + hahaha + hafsha + h2h3h4) < T/, (12.119)
h1,h2,hs,ha€Z =1 VT r

In [PiXu20], Pierce and Xu established a remarkable bound for short character sums with general
forms. However, for the special character sum with a Legendre symbol and a cubic form in four
variables above, this general bound gives only O(rQil/ 56) for the left-hand side of (12.119), as compared
to our bound O(r2_1/ 4). We point out that the said form is an elementary symmetric polynomial.
It would be interesting if one can establish bounds which improve Pierce’s and Xu’s result for other
special forms and characters.
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14. Appendix: Estimation of a complete exponential sum

13.

Possible ways to proceed

In the bullet points below, we list possible ways to make further progess.

14.

Try to generalize the established additive energy bounds for modular square roots in Theorems
3and 4 from prime moduli to arbitrary moduli r.

Try to improve these energy bounds. The ultimate goal is to make our improvements for the
large sieve with square moduli unconditional. It needs to be said, though, that the methods in
|[KSSZ21] are very elaborate, so this problem may be difficult. However, we don’t need the full
strength of our Hypothesis 6 to handle large moduli r in our method non-trivially, as pointed
out in section 7.B.. So there is some hope.

Prove an unconditional bound for the energy appearing in Hypothesis 7.

The following question may be raised: If our additive energies are large, can we actually wutilize
this fact? Losely speaking, from additive combinatorics we know that large additive energies
imply that there is a lot of additive structure.

Work out the connection between additive energies and special short character sums in section
12. for general moduli (there we assumed r to be prime). Do it also for higher additive energies
such as E4(R;j,7).

This last point is vague but gives a possible direction: Exploit additive energies in connection
to other problems related to the theory of exponential sums.

Appendix: Estimation of a complete exponential sum

In this appendix we prove Lemma 19. Below we handle the case when r is odd. Afterwards, we will
indicate the modifications which need to be made in the case when r is even. We begin by writing the
exponential sum in question, defined in (9.80), in the form

Ein(lin) = Z Z er<l(l;:—k)+na>

amodr g kmodr
k?=ja mod r

k2=j(a+h) mod r (14.120)

- ¥ er<l(l§:—k)+n§k2>.

~ k,ic mod 7
k2—k2=jh mod r

Now we make a change of variables

k—k=bmodr
k+k=cmodr.

Recalling that r is odd, this is equivalent to

NA
I

2(¢ — b) mod r (14.121)
2

(¢+b) mod r,

ENS
Il

{

where 2 -2 =1 mod r. It follows that

Galtm= 2, - >, er(ibdndjle=br), (14.122)

bmodr cmodr
bc=jh mod r
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where 45 - 45 = 1 mod r. Suppose that
d=(b,r).

Then for the congruence
bc = jh mod r

to be solvable for ¢, it is necessary and sufficient that d|h. Set

b r h
g, r = g, h1 = E

Then it follows that (b1,71) = 1, and the said congruence is equivalent to

by :=

c= Ejhl mod 71,

where b1b; = 1 mod r1. Now dividing the b-sum in (14.120) into subsums according to d = (b, r), we
obtain

Enlin)=Y_ > ST e (Idby + ndj(c — dby)?)

d|(h,r) by modry _cmodr
(b1,r1)=1 c=b1jh1 mod r1

— Z Z Z er (Idby + ndj(bijhi + ury — dby)?)

d|(h,r) by mod 71 u mod d
(b1,r1)=1

= Z Z er, (1b1) Z e, (nzj(aﬂu —dby + W”l)z) .

d|(h,r) by mod 71 u mod d
b1,r1)=1

Here, we are free to fix by in such a way that (b1,d) = 1, which we want to assume in the following.
Let

xTr = 7’L47j, Yy = Ejh‘l - db17 Z = bljhl'

Then the inner-most sum over w turns into

Z er (n@(ajhl — dbl + u7“1)2) = Z Cr (l‘(y + U’l“l)z)

uw mod d u mod d
=e,(zy?) Z eq (z(riu® + 2yu))
u mod d
=e, (nfj(ajhl — db1)2) Z €d (:L'(rlu2 + 2zu)) .

u mod d

Further, let

and set
R
Tl ‘= 5 = ni4j.
f

Then
Z €d (m(r1u2 +2zu)) = f Z €d, (ml(rlv2 + 220)) .
u mod d v mod dp

Now we note that

(xl,dl) = (nl,dl) =1 and (Z,dl) = (hl,dl).

By Proposition 15, for the above quadratic Gauss sum over v to be non-zero, it is therefore necessary
and sufficient that
(r1,d1)|h1.
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In this case, we set
r zZ .
g = (Tl,dl), ro = 717 d2 = h2 =, z9 = - = bljhg.
g g g
It then follows that

Z ed, (xl(r1v2 + 2zv) =g Z €d, (x1r2w2 + 2m1z2w)
v mod dy w mod da
with
(ro,da) = 1.
Finally, applying Proposition 15, we get

Z €dy (331(7“221}2 + 22’271))) =€d, * €d, (_6«7«’12’%) ) <$’61l;"2> ) \/@

w mod dy (14.123)

— nijr
=€ay  €dy (T2 (2b1h2)?) - ( 1; 2) 1\ da,

2

where 7ar9 = 1 mod do. Combining everything above, we arrive at

Enlln) =Y fgeq, - (”””) Vdyx

d|(h,r)

I o (14.124)
> en(Ibr)e (n&j(bijhy — dbr)?) eq, (—Tanaj(2bihs)?) |

b1 mod r1
(b1,r1)=1

where we recall our conventions that b;b; = 1 mod r; and (E, d) = 1. Moreover,

e (ndj(brjhy — db1)?) =e, (fradj(brjghs — fgdabr)?)
=e, (fg*ni4j(bijhs — fdab)?)
=erody (145 (b1jha — fd2b1)?)
since . i
W = W = rads.
It follows that
ey (ndj(bijhy — db1)?) eq, (—T2n17(2b1h2)?)
=€y, (1147 (b1jha — fdob1)?) ea, (—T2n14j(bijho — fdabr)?) (14.125)
=ey, (dzn1dj(bijhs — fd2b1)?) |

where dads = 1 mod ro. Here we have used the reciprocity law

1 ) d2
=+ = mod1
’I“ng dg + T9 o

for Kloosterman fractions in the second equation in (14.125). Combining (14.124) and (14.125), we
obtain

nijr —_ -
j h l n Z fged2 ( 1j2 2) . \/dg . Z €rq (lbl)erz (d2n14](bljh2 — fd261)2)

d|(h,r)

b1 mod r1
(b1,r1)=1

C S e () vE Y

d|(h,r) b1 mod ry
(b1,r1)=1

(14.126)

(jha — fdzb1)2>

lby + nlgdz- ;
< 450
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where the denominator 4jc? indicates a multiplicative inverse modulo 7. Now we define

q . 2 212

. (jk — us*c?)
ca,b, 7,k = E b~
g(Qa a,o,7,k,u, S) e €q (G,C+ 4j5302 )
(e,9)=1

where we assume that (js,q) = 1. Then the exponential sum in the last line of (14.126) equals

jho — fdaby)? — .
Y e <lb1 - w> = G(ri; 1, m1gda, jy ha, fila, 1). (14.127)
b1 mod r1 J01

(b1,r1)=1
The exponential sum G(q;a, b, j, k, u, s) has the following multiplicative property.

Lemma 25. Suppose that q1,q2 € N with (q1,q2) =1 and a,b, j, k,u,s € Z, where (js,q) = 1. Then
g(qqu; a, bv j7 ka u, S) = g(qh a, b>j> kv u, SQZ)Q(QQ; a, baja kv u, 56]1)- (14128)

Proof. Multiplying out the square in the numerator, we get

q k2 ku  ulsc?
' , _ JkT ku _ 14.12
G(g;a,b, 5k, u, ) Z €q (ac+ b <48302 25 4j )> ( K

c=1
(:q)=1

Hence, the right-hand side of (14.128) becomes
g(qla a, b) j) ka u, SQ2)Q(Q2» a, b7 j7 ka u, 5(11)

q1

= Z en <acl +4b (jk:253q§’c% — 2kusq + 3u25q20%>> X
c1=1

(c1,q1)=1

q2
Z €q (CLCQ + 4b (jk:253q:1)’c§ — 2kusqy + juzsqlcg)>
co=1
(c2,q2)=1

q1 q2
= Y Y e(alan+eq) + (K% (@25 + GP07) - 2kus (@a + Be) + jus (Ed + ).
c1=1 co=1
(e1,91)=1 (c2,q2)=1

As ¢; runs over all reduced residue classes modulo ¢; for ¢ = 1,2, ¢1q2 + cogq1 runs over all reduced
residue classes modulo q. Moreover, we check that
(c1g2 + c2q1)” =15 + c3qi mod g,
711 + q292 =1 mod g,

S S N
C1q2 + c2q1” =C1°q° + &1 mod ¢

using the Chinese remainder theorem. It follows that

G(qi;a,b, 5, k,u,5q2)G(q2; a, b, j, k,u, sq1) = Z eq (ac + 4b(jk*3°¢ — 2kus + jusc?))
c=1
(e.9)=1

:g(CL a, baja ka u, S)>

where for the second equation, we have used (14.129) again.
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m

So to estimate G(q; a, b, j, k,u, s), it suffices to bound G(p™;a, b, j, k, u, s) for prime powers ¢ = p
with p # 2 (since we assumed r to be odd). Our goal is to prove that

G(g;a,b,j,k,u,s) < 12q4/5(bu2, a,bk?, q)l/5 if g=1p". (14.130)

We write

G(p™sa,b, g kus) = Y e(f(x)), (14.131)

where

(jk — us®z?)* w4 h ( i ku u2sx2)

We calculate that

jk? u2sa:>  buPstat + 2a5530% — bjk?

! — —_
f(x)—a—l—b( 553,73 2

278323
Since (2js,p) = 1, we have ord,(f’) = t, where p' = (bu?, a,bk? p™). If t = m, then (14.130) holds
trivially. If t = m — 1, then dividing f(z) by p’, we obtain an exponential sum modulo p which can
be estimated by Proposition 13, thus establishing (14.130) as well. If p # 2 and m > ¢t + 2, then
Proposition 14 implies (14.130) since the number of roots of p~* f/(x) modulo p is bounded by 4 and
their multiplicities as well. Using (14.128) and (14.130), we deduce that

G(q;a,b,j,k,u,s) < q4/5+5(bu2, a, ka,q)l/E’ for all odd ¢ € N.

It follows that
g(rl; l7 nlv.jv h27 fd27 1) < ril/5+€(l7 rl)l/s- (14132)

Combining (14.126), (14.127) and (14.132), we obtain

Enlm)| < Y fody (1)
d|(h,r)
= 3" ddy P )Y (14.133)
d|(h,r)
<5 (b ) (1, )P,

This completes the proof of Lemma 19 if r is odd.
If r is even, then we follow the same procedure with some small modifications. Firstly, if r is even,
then the system of congruences in (14.121) needs to be replaced by

k= (c—b)/2mod r/2
k= (c+b)/2mod r/2.

The equation (14.122) then needs to be modified accordingly. Secondly, the evaluation of the quadratic
Gauss sum in (14.123) slightly changes if do is even. Thirdly, G(r1;1, n1gda, j, ha, fdz, 1) takes a slightly
different form if 1 is even, and we also need to bound the relevant exponential sums modulo powers
of 2. This is not a problem since Proposition 14 covers the case of powers of 2. Altogether, we arrive
at the same estimate, proving Lemma 19 for the case when r is even as well.
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