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Abstract. Recently, Choie and Kumar extensively studied the Herglotz-Zagier-Novikov function F(z;u, v), defined as

F(z;u, v) =

∫ 1

0

log(1− utz)

v−1 − t
dt, for Re(z) > 0.

They obtained two-term, three-term and six-term functional equations for F(z;u, v) and also evaluated special values in terms of

di-logarithmic functions. Motivated from their work, we study the following two integrals,

F(z;u, v, w) =

∫ 1

0

log(1− utz) log(1− wtz)

v−1 − t
dt,

Fk(z;u, v) =

∫ 1

0

logk(1− utz)

v−1 − t
dt,

for Re(z) > 0 and k ∈ N. For k = 1, the integral Fk(z;u, v) reduces to F(z;u, v). This allows us to recover the properties of

F(z;u, v) by studying the properties of Fk(z;u, v). We evaluate special values of these two functions in terms of poly-logarithmic
functions.

Keywords. Kronecker limit formula, Herglotz-Zagier-Novikov function, Dilogarithm, Polylogarithm, Evaluations of integrals.

2010 Mathematics Subject Classification. Primary 30D05; Secondary 33E20.

1. Introduction

Finding an explicit formula for the constant term in the Laurent series expansion at s = 1 of
Dedekind zeta function is a challenging problem. Kronecker’s limit formula answers this problem
for Dedekind zeta functions over quadratic imaginary number fields in terms of the logarithmic of
Dedekind eta function. Zagier’s [Zag75] ground breaking exploration of the Kronecker limit formula
for real quadratic fields has ignited considerable interest among number theorists. Novikov [Nov81],
building upon Zagier’s work introduced a novel function within the Kronecker limit formula paradigm.
Recently, Choie and Kumar [ChKu23] studied the properties of this function which they named as
Herglotz-Zagier-Novikov function defined as

F(z;u, v) =

∫ 1

0

log(1− utz)
v−1 − t

dt, for Re(z) > 0, (1.1)

where u ∈ L := C \ {(1,∞) ∪ {0}} and v ∈ L′ := C \ {[1,∞) ∪ {0}}.
This function serves as a unified framework encompassing three distinct functions extensively

studied by Herglotz [Her1923], Zagier [Zag75], and Muzaffar Williams [MuWi02]. One of these
functions is J(z) which interestingly turns out to be a particular instance of F(z;u, v). For Re(z) > 0,
we have

J(z) = −F(z;−1,−1) =

∫ 1

0

log(1 + tz)

1 + t
dt.
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Radchenko and Zagier [RaZa23] significantly studied this function in connection with Stark’s
conjecture. Choie and Kumar [ChKu23] further studied attributes of J(z) and gave the following two
term functional equation for J(z). For Re(z) > 0, they showed that

J(z) + J

(
1

z

)
= log2(z). (1.2)

We obtained a relation (see Theorem 2.3) which allows us to evaluate J(z) in the left half plane. We
define D = {z ∈ C\{0} : |z| ≤ 1} and D′ = D\{1} throughout the paper. Choie and Kumar [ChKu23,
Theorem 2.2] also gave a duplication formula for F(z;u, v) as given below. For Re(z) > 0, u ∈ D and
v, v2 ∈ D′,

F(2z;u2, v) = F(z;u, v) + F(z;−u, v), (1.3)

F
(z

2
;u, v2

)
= F(z;u, v) + F(z;u,−v). (1.4)

Further, they [ChKu23, Theorem 2.5] obtained the following exact evaluation of F (z;u, v) at rational
argument, for (u, v) ∈ D× D′ and m,n ∈ N,

F
(m
n

;u, v
)

=
n

m
Li2(u) +

∑
αm=1

∑
βn=1

{
Li2

(
βv

1
n

βv
1
n − 1

)
− Li2

(
αu

1
m − βv

1
n

1− βv
1
n

)}
. (1.5)

Now we define an analogue of F(z;u, v) by multiplying another log term in the numerator of
F(z;u, v), that is,

F(z;u, v, w) :=

∫ 1

0

log(1− utz) log(1− wtz)
v−1 − t

dt, Re(z) > 0. (1.6)

Further, we consider a one-variable generalization of F(z;u, v) as follows:

Fk(z;u, v) :=

∫ 1

0

logk(1− utz)
v−1 − t

dt, Re(z) > 0, k ∈ N. (1.7)

Here u,w ∈ L and v ∈ L′ in both the cases. For k = 1, Fk(z;u, v), becomes F(z;u, v). Also, for
u = w, we have F(z;u, v, u) = F2(z;u, v). One of main objectives of this paper is to study the
properties of F(z;u, v, w) and Fk(z;u, v).

Before delving deeper, we define the polylogarithm function which will be used throughout the
paper.

Definition 1.1. (Polylogarithm function) The polylogarithm function, denoted as Lis(z), repre-
sents a fundamental mathematical concept with a dual representation: it can be expressed both as a
power series in z and as a Dirichlet series in s. It is defined as

Lis(z) :=
∞∑
n=1

zn

ns
. (1.8)

This definition holds true for every complex s and for any complex argument z where |z| < 1; analytic
continuation allows it to be extended to |z| ≥ 1.

2. Main Results

In this section, we discuss the key results of this paper. Equations (1.3), (1.4) illustrate the duplication
formula for F(z;u, v) provided by Choie and Kumar. Inspired by this, we obtained a generalization
of the duplication formula of F(z;u, v).
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Theorem 2.1. Let n be any natural number and Re(z) > 0. We have

F(nz;un, v) =
∑
αn=1

F(z;uα, v), un ∈ D, v ∈ D′, (2.9)

F
( z
n

;u, vn
)

=
∑
αn=1

F(z;u, vα), u ∈ D, vn ∈ D′. (2.10)

Remark 2.2. Putting n = 2 in Theorem 2.1, we recover the duplication formula (1.3) and (1.4).

Now we mention a result for the Herglotz function J(z) which gives a connection between the
values in the right half plane and the left half plane.

Theorem 2.3. For Re(z) > 0, we have

J(−z) = J(z) +
zπ2

12
.

Now we study the various properties of F(z;u, v, w). Recall that the function F(z;u, v, w) is
defined for Re(z) > 0. Here, we extend its domain by analytic continuation.

Theorem 2.4. (Analytic Continuation of F(z;u, v, w)) For non-zero complex numbers u, v, and
w such that |u| < 1, |v| < 1, and |w| < 1,

F(z;u, v, w) =
∞∑ ∞∑ ∞∑

m=1 n=1 k=1

umwnvk

mn(mz + nz + k)
. (2.11)

This holds for any complex z such that pz + q 6= 0 for any p, q ∈ N.

Next, we find the following multiplication relations for F(z;u, v, w) similar to Theorem 2.1 for
F(z;u, v).

Theorem 2.5. (Multiplication formula) For n ∈ N and Re(z) > 0, we have

F(nz;un, v, wn) =
∑
αn=1

∑
βn=1

F(z;uα, v, wβ), un, wn ∈ D, v ∈ D′, (2.12)

F
( z
n

;u, vn, w
)

=
∑
αn=1

F(z;u, vα,w), u, w ∈ D, vn ∈ D′. (2.13)

In the next section, we explore some particular values of F(z;u, v, w) for z ∈ Q.

2.A. Special evaluations of F(z;u, v, w)

For z = 1 and u = w in (2.13), we have the following result.

Corollary 2.6. Let n be any natural number. Let u, vn ∈ D′ such that u 6= v, we have

F
(

1

n
;u, vn, u

)
=
∑
αn=1

(
− log2(1− u) log

(
u(1− αv)

u− αv

)
− 2 log(1− u)Li2

(
αv(u− 1)

u− αv

)
+ 2Li3

(
αv(u− 1)

u− αv

)
− 2Li3

(
αv

αv − u

))
. (2.14)
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Remark 2.7. Letting u tends to 1− in Corollary 2.6, one can check that the first three terms will go
to zero. Therefore, we get

F
(

1

n
; 1, vn, 1

)
= −

∑
αn=1

2Li3

(
αv

αv − 1

)
. (2.15)

One can evaluate the value of F
(

1
n ; 1,−1, 1

)
for any odd natural number n directly using (2.15). In

particular, for n = 1, we get

F (1; 1,−1, 1) = −2 Li3

(
1

2

)
.

It is interesting to note that Li3
(

1
2

)
= 7

8ζ(3)− π2

12 log(2) + log3(2)
6 , see [Lew91, Eq. (1.14)].

The next result gives an explicit evaluation of F(1;u, v, w) when u = v = w.

Theorem 2.8. For any u ∈ D′, we have

F (1;u, u, u) = −1

3
log3 (1− u) . (2.16)

Now for u 6= v 6= w, we give an evaluation of F(1;u, v, w) which will be used further for calculating
F(z;u, v, w) at rational arguments of z.

Theorem 2.9. Let u, v, w,∈ D′ such that u 6= v 6= w. We have

F(1;u, v, w) = log (1− u) log

(
u(1− v)

u− v

)
log

(
v

v − w

)
− log (1− w) Li2

(
v(1− u)

v − u

)
− log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
− log(1− u) Li2

(
v(1− w)

v − w

)
− log

(
v − u
v − w

)[
Li2

(
v(w − u)

w(v − u)

)
− log

(
w

w − u

)
log

(
u(w − v)

w(u− v)

)]
+ log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
+ Li2

(
v(1− u)

v − u

)
− Li2

(
v(1− w)

v − w

)
− Li2

(
u(1− w)

w(1− u)

)]
+

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
u− v
v(u− 1)

)
− log2

(
v

v − u

)]
+ Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ Li3

(
v(1− u)

v − u

)
− Li3

(
v

v − u

)
+ Li3

(
u(1− w)

w(1− u)

)
− Li3

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− Li3

( u
w

)
+ Li3

(
v − u
v − w

)
.

Theorem 2.10. Let u, v, w ∈ D′ such that u 6= v 6= w and p, q ∈ N. Then F
(
p
q ;u, v, u

)
can be given

as

F
(
p

q
;u, v, w

)
=
∑
αq=1

∑
βp=1

∑
γp=1

F(1;u
1
pβ, v

1
qα,w

1
pγ). (2.17)

where the value F(1;u, v, w) is provided in Theorem 2.9.
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We can evaluate F
(
p
q ;u, v, w

)
on two different arguments using the above theorem, one by putting

p = n, q = 1 and another with p = 1, q = n.

Corollary 2.11. For any natural number n and u, v, w ∈ D′ such that u 6= v 6= w, we have

F(n;u, v, w) =
∑
βn=1

∑
γn=1

F(1;u
1
nβ, v, w

1
nγ), (2.18)

F
(

1

n
;u, v, w

)
=
∑
αn=1

F(1;u, v
1
nα,w). (2.19)

2.B. The function Fk(z;u, v)

We now shift our focus to the function Fk(z;u, v) defined in (1.7) and examine its characteristics.
First, we give an analytic continuation of Fk(z;u, v) to C except at negative rationals.

Theorem 2.12. For |u| < 1 and |v| < 1, we have

Fk(z;u, v) =

k∏
i=1

∞∑
mi,l=1

umivl

mi(z(m1 +m2 + · · ·+mk) + l)
, z 6= −p

q
where p, q ∈ N.

The next result gives one of the variants of multiplication formula.

Theorem 2.13. For u ∈ D, vn ∈ D′, and Re(z) > 0, then for any given natural number n, we have

Fk
( z
n

;u, vn
)

=
∑
βn=1

Fk(z;u, βv). (2.20)

In the next theorem, we give the explicit evaluation of Fk
(

1
n ;u, v

)
for any n ∈ N .

Theorem 2.14. For any u, v ∈ D′ such that u 6= v,

Fk
(

1

n
;u, v

)
=
∑
βn=1

{ k+1∑
j=1

(−1)j−1 logk+1−j(1− u) Lij

(
βv

1
n (u− 1)

u− βv
1
n

)
k!

(k + 1− j)!

+ (−1)k+1k! Lik+1

(
βv

1
n

βv
1
n − u

)}
. (2.21)

Substituting k = 1 in the above theorem, we recover the formula (1.5) with m = 1 given by Choie
and Kumar.

Corollary 2.15. For (u, v) ∈ D× D′ with u 6= v, we have

F
(

1

n
;u, v

)
= nLi2(u) +

∑
βn=1

{
Li2

(
βv

1
n

βv
1
n − 1

)
− Li2

(
u− βv

1
n

1− βv
1
n

)}
. (2.22)

Letting u tends to 1− in Theorem 2.14, one can see that the first term will vanish and hence we
obtain the result below.

Corollary 2.16. For any n ∈ N and v ∈ D′, we have

Fk
(

1

n
; 1, v

)
= (−1)k+1 k!

∑
βn=1

Lik+1

(
βv

1
n

βv
1
n − 1

)
. (2.23)

In particular, when n = 1, v = −1 in (2.23), we get

Fk (1; 1,−1) = (−1)k+1 k! Lik+1

(
1

2

)
. (2.24)



D. R. Bansal, B. Maji and P. Singh, Analogues of Herglotz-Zagier-Novikov function 43D. R. Bansal, B. Maji and P. Singh, Analogues of Herglotz-Zagier-Novikov function 43

Remark 2.17. For k ≥ 4, an explicit evaluation of Lik+1

(
1
2

)
in terms of well-known functions is

challenging. In 1995, Borwein et. al. [BBG95] showed that

Li4

(
1

2

)
=

π4

360
− 1

24
log4(2) +

π2

24
log2(2)− 1

2
ζ(3̄, 1̄),

where ζ(3̄, 1̄) =
∑∞

m>n=1(−1)m+nm−3n−1. More generally, Broadhurst [Bro96] expressed Lik
(

1
2

)
in

terms of special value of the multiple zeta function, namely,

Lik

(
1

2

)
= −ζ(1̄, 1̄, {1}k−2) = −

∞∑
nk>···>n2>n1=1

(−1)n1+n2

n1n2 · · ·nk
,

where {1}k−2 denotes (k − 2)-tuple with all entries equal to 1.

Theorem 2.14 does not hold for the case u = v. So, when u = v, we have the following result.

Theorem 2.18. For any u ∈ D′, we have

Fk (1;u, u) = − 1

1 + k
log1+k (1− u) . (2.25)

Remark 2.19. For k = 2, the above result matches with Theorem 2.8 since F2 (1;u, u) =
F (1;u, u, u) .

3. Some Important Lemmas

In this section, we give a few important lemmas that will help us to prove our main results. To
calculate the value of F(z;u, v, w) at z = p

q , we need the value of F(1;u, v, w) where

F(1;u, v, w) :=

∫ 1

0

log(1− ut) log(1− wt)
v−1 − t

dt.

To evaluate the above integral, we use the following Lemmas along with the below properties of
polylog function:

Li1(z) = − log(1− z), (3.26)

d

dz
Lis+1(z) =

Lis(z)

z
. (3.27)

Lemma 3.1. Let u, v, w ∈ D′ such that u 6= v, v 6= w. Then, we have

I(u, v, w) :=

∫ 1

0
log2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
v

(vt− 1)
dt

= log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
w(v − 1)

v − w

)
− log2

(
v − u
v − w

)
log

(
w

w − v

)
+ 2 log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− Li2

(
u(1− w)

w(1− u)

)]
− 2 log

(
v − u
v − w

)[
Li2

(
v − u
v − w

)
− Li2

( u
w

)]
+ 2 Li3

(
u(1− w)

w(1− u)

)
− 2 Li3

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− 2 Li3

( u
w

)
+ 2 Li3

(
v − u
v − w

)
.
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Proof. First, we add and subtract u
ut−1 in the integrand to write as

I(u, v, w) =

∫ 1

0
log2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)[
v

(vt− 1)
− u

(ut− 1)

]
dt

−
∫ 1

0
log2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
u

(1− ut)
dt.

Now, we use integration by parts to solve the above integral. In both integrals, we consider

log2
(

(v−u)(wt−1)
(v−w)(ut−1)

)
as the first function and we use the following relations for the case of second

function:

d

dt
log

(
(u− w)(vt− 1)

(ut− 1)(v − w)

)
=

v

(vt− 1)
− u

(ut− 1)
,

d

dt
log

(
u− w

w(ut− 1)

)
=

u

(1− ut)
.

Hence we have

I(u, v, w) = log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
(u− w)(v − 1)

(u− 1)(v − w)

)
− log2

(
v − u
v − w

)
log

(
u− w
v − w

)
− 2

∫ 1

0
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
(u− w)(vt− 1)

(ut− 1)(v − w)

)
u− w

(ut− 1)(vt− 1)
dt

− log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
u− w
w(u− 1)

)
+ log2

(
v − u
v − w

)
log

(
u− w
w

)
+ 2

∫ 1

0
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u− w

w(ut− 1)

)
u− w

(ut− 1)(wt− 1)
dt.

We have two integrals in the last equation. To solve the first integral, we use the relation (3.26) and

(3.27) with z = (v−u)(wt−1)
(v−w)(ut−1) to get

d

dt
Li2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
=

w − u
(ut− 1)(wt− 1)

log

(
(u− w)(vt− 1)

(ut− 1)(v − w)

)
.

For the second integral, we again use (3.26) and (3.27) with z = u(wt−1)
w(ut−1) to obtain

d

dt
Li2

(
u(wt− 1)

w(ut− 1)

)
=

w − u
(ut− 1)(wt− 1)

log

(
u− w

w(ut− 1)

)
,

and again use integration by parts. We also simplify the log terms to have

I(u, v, w) = log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
w(v − 1)

v − w

)
− log2

(
v − u
v − w

)
log

(
w

w − v

)
+ 2 log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− 2 log

(
v − u
v − w

)
Li2

(
v − u
v − w

)
− 2

∫ 1

0

u− w
(ut− 1)(wt− 1)

Li2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
dt

+ 2 log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
u(w − 1)

w(u− 1)

)
− 2 log

(
v − u
v − w

)
Li2

( u
w

)
− 2

∫ 1

0

u− w
(ut− 1)(wt− 1)

Li2

(
u(wt− 1)

w(ut− 1)

)
dt. (3.28)
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Using (3.27), one can verify that

d

dt
Li3

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
=

u− w
(ut− 1)(wt− 1)

Li2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
,

d

dt
Li3

(
u(wt− 1)

w(ut− 1)

)
=

u− w
(ut− 1)(wt− 1)

Li2

(
u(wt− 1)

w(ut− 1)

)
.

Use these values in (3.28) to obtain the final result.

Lemma 3.2. Let u, v, w,∈ D′ such that u 6= v 6= w. We define

J(u, v, w) :=

∫ 1

0

u

ut− 1
Li2

(
v(1− wt)
v − w

)
dt. (3.29)

Then, we have

J(u, v, w)+J(w, v, u)

= Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ Li3

(
v(1− u)

v − u

)
− Li3

(
v

v − u

)
+ log

(
v − u
v − w

)[
Li2

(
v

v − w

)
+ log

(
w(u− v)

u(w − v)

)
log

(
v

v − w

)
− Li2

(
v

v − u

)]
− log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
v(1− w)

v − w

)
+ log

(
w(u− v)

u(w − v)

)
log

(
v(1− w)

v − w

)
− Li2

(
v(1− u)

v − u

)]
+

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
v(1− w)

v − w

)
− log2

(
v

v − w

)]
− 1

2

[
log

(
u(1− v)

u− v

)
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)]
− log

(
w(u− v)

u(w − v)

)[
log

(
v(1− w)

v − w

)
log

(
w(1− u)

w − u

)
− log

(
v

v − w

)
log

(
w

w − u

)
+ Li2

(
u(1− w)

u− w

)
− Li2

(
u

u− w

)]
+

1

2
I(u, v, w),

where I(u, v, w) as in Lemma 3.1.

Proof. First, we write

J(u, v, w) =

∫ 1

0

w

wt− 1
Li2

(
v(1− wt)
v − w

)
dt

−
∫ 1

0

(
w

wt− 1
− u

ut− 1

)
Li2

(
v(1− wt)
v − w

)
dt.

To solve the first integral, we take z = v(1−wt)
v−w in (3.27) to see that

d

dt
Li3

(
v(1− wt)
v − w

)
=

w

wt− 1
Li2

(
v(1− wt)
v − w

)
.

For the second integral, we use integration by parts, by taking Li2

(
v(1−wt)
v−w

)
as first function and

using the following relations:

d

dt
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
=

w

(wt− 1)
− u

(ut− 1)
,

d

dt
Li2

(
v(1− wt)
v − w

)
=

w

1− wt
log

(
w(1− vt)
w − v

)
.
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So, we have

J(u, v, w) = Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ log

(
v − u
v − w

)
Li2

(
v

v − w

)
− log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
v(1− w)

v − w

)
+ J1(u, v, w), (3.30)

where

J1(u, v, w) :=

∫ 1

0

w

1− wt
log

(
w(1− vt)
w − v

)
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
dt. (3.31)

Now to simplify J1(u, v, w), we again use integration by parts with the following relation:

d

dt
log

(
v(1− wt)
v − w

)
=

w

wt− 1
.

Thus, one has

J1(u, v, w) = − log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
+ log

(
v − u
v − w

)
log

(
w

w − v

)
log

(
v

v − w

)
+ J2(u, v, w) + J3(u, v, w), (3.32)

where

J2(u, v, w) :=

∫ 1

0

v

vt− 1
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
v(1− wt)
v − w

)
dt, (3.33)

J3(u, v, w) :=

∫ 1

0

[
w

wt− 1
− u

ut− 1

]
log

(
w(1− vt)
w − v

)
log

(
v(1− wt)
v − w

)
dt. (3.34)

We solve J2(u, v, w) using the following relation:

d

dt
log

(
u(1− vt)
u− v

)
=

v

vt− 1
. (3.35)

Hence, we have

J2(u, v, w) = log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
v(1− w)

v − w

)
log

(
u(1− v)

u− v

)
− log

(
v − u
v − w

)
log

(
v

v − w

)
log

(
u

u− v

)
−
∫ 1

0

w

wt− 1
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt

−
∫ 1

0

[
w

wt− 1
− u

ut− 1

]
log

(
v(1− wt)
v − w

)
log

(
u(1− vt)
u− v

)
dt.

Adding the above expression of J2(u, v, w) with J3(u, v, w) gives

J2(u, v, w) + J3(u, v, w) = log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
v(1− w)

v − w

)
log

(
u(1− v)

u− v

)
− log

(
v − u
v − w

)
log

(
v

v − w

)
log

(
u

u− v

)
−
∫ 1

0

w

wt− 1
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt

+ log

(
w(u− v)

u(w − v)

)∫ 1

0

[
w

wt− 1
− u

ut− 1

]
log

(
v(1− wt)
v − w

)
dt. (3.36)
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One can check that the following term in (3.36) simplifies as∫ 1

0

w

wt− 1
log

(
v(1− wt)
v − w

)
dt =

1

2

[
log2

(
v(1− w)

v − w

)
− log2

(
v

v − w

)]
. (3.37)

Again, for solving
∫ 1

0
u

ut−1 log
(
v(1−wt)
v−w

)
dt in (3.36), we use the following relation:

d

dt
log

(
w(1− ut)
w − u

)
=

u

ut− 1
.

Hence, we have ∫ 1

0

u

ut− 1
log

(
v(1− wt)
v − w

)
dt = log

(
v(1− w)

v − w

)
log

(
w(1− u)

w − u

)
− log

(
v

v − w

)
log

(
w

w − u

)
+

∫ 1

0

w

1− wt
log

(
w(1− ut)
w − u

)
dt (3.38)

We finally use the following formula

d

dt
Li2

(
u(1− wt)
u− w

)
=

w

1− wt
log

(
w(1− ut)
w − u

)
,

in (3.38) to have ∫ 1

0

u

ut− 1
log

(
v(1− wt)
v − w

)
dt = log

(
v(1− w)

v − w

)
log

(
w(1− u)

w − u

)
− log

(
v

v − w

)
log

(
w

w − u

)
+ Li2

(
u(1− w)

u− w

)
− Li2

(
u

u− w

)
. (3.39)

We also define the remaining integral in (3.36) as follows:

J4(u, v, w) :=

∫ 1

0

w

wt− 1
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt. (3.40)

We break this integral into two parts, namely,

J4(u, v, w) = J5(u, v, w) + J6(u, v, w), (3.41)

where

J5(u, v, w) :=

∫ 1

0

[
w

(wt− 1)
− u

(ut− 1)

]
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt, (3.42)

J6(u, v, w) :=

∫ 1

0

u

(ut− 1)
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt. (3.43)

To solve J5(u, v, w), we take product of log terms as first function and remaining terms as second
function. We use the following formula:

d

dt
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
=

w

(wt− 1)
− u

(ut− 1)
.
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Finally, we get

J5(u, v, w) = log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
u(1− v)

u− v

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)
−
∫ 1

0

v

(vt− 1)
log2

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
dt

−
∫ 1

0

[
w

(wt− 1)
− u

(ut− 1)

]
log

(
(v − u)(wt− 1)

(v − w)(ut− 1)

)
log

(
u(1− vt)
u− v

)
dt

= log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
u(1− v)

u− v

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)
− I(u, v, w)− J4(u, v, w) + J6(u, v, w), (3.44)

where I(u, v, w) is same as in Lemma 3.1 and J4(u, v, w) and J6(u, v, w) are defined as in (3.40),

(3.43). To solve J6(u, v, w), we take z = v(1−ut)
v−u in (3.27) to see that

d

dt
Li2

(
v(1− ut)
v − u

)
= − u

(ut− 1)
log

(
u(1− vt)
u− v

)
.

Using integration by parts and the above relation, we have

J6(u, v, w) = − log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
v(1− u)

v − u

)
+ log

(
v − u
v − w

)
Li2

(
v

v − u

)
+

∫ 1

0

[
w

(wt− 1)
− u

(ut− 1)

]
Li2

(
v(1− ut)
v − u

)
dt. (3.45)

Now using (3.27), we have

d

dt
Li3

(
v(1− ut)
v − u

)
=

u

ut− 1
Li2

(
v(1− ut)
v − u

)
. (3.46)

Employing this relation in (3.45), one gets

J6(u, v, w) = − log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
v(1− u)

v − u

)
+ log

(
v − u
v − w

)
Li2

(
v

v − u

)
− Li3

(
v(1− u)

v − u

)
+ Li3

(
v

v − u

)
+

∫ 1

0

w

(wt− 1)
Li2

(
v(1− ut)
v − u

)
dt. (3.47)

Note that the last integral term is nothing but J(w, v, u). Putting the values of J5(u, v, w) (3.44) and
J6(u, v, w) (3.47) in (3.41), we have

J4(u, v, w) = log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
u(1− v)

u− v

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)
− I(u, v, w)− J4(u, v, w)− 2 log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
v(1− u)

v − u

)
+ 2 log

(
v − u
v − w

)
Li2

(
v

v − u

)
− 2 Li3

(
v(1− u)

v − u

)
+ 2 Li3

(
v

v − u

)
+ 2

∫ 1

0

w

(wt− 1)
Li2

(
v(1− ut)
v − u

)
dt. (3.48)
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The last integral in the above equation is nothing but J(w, v, u). Thus, simplifying further one has

J4(u, v, w) =
1

2

[
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
u(1− v)

u− v

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)]
− 1

2
I(u, v, w)− log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
Li2

(
v(1− u)

v − u

)
+ log

(
v − u
v − w

)
Li2

(
v

v − u

)
− Li3

(
v(1− u)

v − u

)
+ Li3

(
v

v − u

)
+ J(w, v, u). (3.49)

Substituting the above value of J4(u, v, w) and (3.37), (3.39) in (3.36), and then together with (3.32)
and (3.30), we get the final answer.

Lemma 3.3. For any u, v ∈ L′ such that u 6= v, we have

Fk(1;u, v) :=

∫ 1

0

logk(1− ut)
v−1 − t

dt

=
k+1∑
j=1

{
(−1)j−1 logk+1−j(1− u) Lij

(
v(u− 1)

u− v

)
k!

(k + 1− j)!

}

+ (−1)k+1k! Lik+1

(
v

v − u

)
. (3.50)

Proof. From the definition (1.7), we have

Fk(1;u, v) =

∫ 1

0

logk(1− ut)
v−1 − t

dt.

Now we proceed by considering logk(1− ut) as the first function and use (3.35) to get

Fk(1;u, v) = − logk(1− u) log

(
u(1− v)

u− v

)
− k

∫ 1

0
logk−1(1− ut) u

1− ut
log

(
u(1− vt)
u− v

)
dt.

Further utilizing the following relation

d

dt
Li2

(
v(1− ut)
v − u

)
=

u

(1− ut)
log

(
u(1− vt)
u− v

)
,

we get,

Fk(1;u, v) = − logk(1− u) log

(
u(1− v)

u− v

)
− k logk−1(1− u)Li2

(
v(1− u)

v − u

)
− k(k − 1)

∫ 1

0
logk−2(1− ut) u

1− ut
Li2

(
v(1− ut)
v − u

)
dt

To solve the integral in the above equation, we use following relation

d

dt
Li3

(
v(1− ut)
v − u

)
= − u

(1− ut)
Li2

(
v(1− ut)
v − u

)
.

So, we have

Fk(1;u, v) = − logk(1− u) log

(
u(1− v))

u− v

)
− k logk−1(1− u)Li2

(
v(1− u)

v − u

)
+ k(k − 1) logk−2(1− u)Li3

(
v(1− u)

v − u

)
+ k(k − 1)(k − 2)

∫ 1

0
logk−3(1− ut) u

1− ut
Li3

(
v(1− ut)
v − u

)
dt.
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Continuing this process by taking z = v(1−ut)
v−u in (3.27), we get

Fk(1;u, v) = − logk(1− u) log

(
u(1− v)

u− v

)
− k logk−1(1− u)Li2

(
v(1− u)

v − u

)
+ k(k − 1) logk−2(1− u)Li3

(
v(1− u)

v − u

)
+ · · ·+ (−1)k−1k! log(1− u)Lik

(
v(1− u)

v − u

)
+ (−1)k+1k!

∫ 1

0

u

1− ut
Lik

(
v(1− ut)
v − u

)
dt.

Using (3.26), we have

Fk(1;u, v) = logk(1− u)Li1

(
v(1− u)

v − u

)
− k logk−1(1− u)Li2

(
v(1− u)

v − u

)
+ k(k − 1) logk−2(1− u)Li3

(
v(1− u)

v − u

)
+ · · ·+ (−1)k−1k! log(1− u)Lik

(
v(1− u)

v − u

)
+ (−1)kk! Lik+1

(
v(1− u)

v − u

)
+ (−1)k+1k! Lik+1

(
v

v − u

)
=

k+1∑
j=1

(−1)j−1 logk+1−j(1− u)Lij

(
v(1− u)

v − u

)
k!

(k + 1− j)!

+ (−1)k+1 k! Lik+1

(
v

v − u

)
.

This finishes the proof.

Remark 3.4. Note that the function F2(z;u, v) is same as F(1;u, v, w) when u = w. Therefore,
from Lemma 3.3, we have

F(1;u, v, u) =− log2(1− u) log

(
u(1− v)

u− v

)
− 2 log(1− u)Li2

(
v(u− 1)

u− v

)
+ 2Li3

(
v(u− 1)

u− v

)
− 2Li3

(
v

v − u

)
. (3.51)

4. Proof of Main Results

This section focuses on presenting the proofs of the main results outlined in this paper.

Proof of Theorem 2.1. Replacing z by nz and u by un in (1.1), one has

F(nz;un, v) =

∫ 1

0

log(1− untnz)
v−1 − t

dt. (4.52)

We know that

1− zn =
∏
αn=1

(1− αz). (4.53)

Here the product runs over all the nth roots of unity. Utilizing (4.53) in (4.52), we see that

F(nz;un, v) =

∫ 1

0

∑
αn=1 log(1− αutz)

v−1 − t
dt.
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On swapping the order of summation and integration, we directly get (2.9). Again from (1.1), we
have

F
( z
n

;u, vn
)

=

∫ 1

0

log
(

1− ut
z
n

)
v−n − t

dt.

Making the change of variable t→ e−t in the above equation, one obtains

F
( z
n

;u, vn
)

=

∫ ∞
0

log
(

1− ue
−tz
n

)
etv−n − 1

dt.

Substituting t = ny, we see that

F
( z
n

;u, vn
)

= n

∫ ∞
0

log (1− ue−zy)
enyv−n − 1

dy.

Again, we change the variable as y = − log t to obtain

F
( z
n

;u, vn
)

= n

∫ 1

0

log (1− utz)
(vt)−n − 1

dt

t
.

Now using the relation

n

1− Y n
=
∑
βn=1

1

1− βY
, with Y = (vt)−1, (4.54)

and upon simplification, we obtain

F
( z
n

;u, vn
)

=
∑
βn=1

F(z;u, βv).

This proves (2.10).

Proof of Theorem 2.3. Substituting z by −z in J(z), we get

J(−z) =

∫ 1

0

log(1 + t−z)

1 + t
dt

=

∫ 1

0

log(1 + tz)

1 + t
dt−

∫ 1

0

log(tz)

1 + t
dt

=

∫ 1

0

log(1 + tz)

1 + t
dt− z

∫ 1

0

log(t)

1 + t
dt. (4.55)

It is easy to check that ∫ 1

0

log(t)

1 + t
dt = Li2(−1) = −π

2

12
. (4.56)

Substituting (4.56) in (4.55), we get

J(−z) = J(z)− Li2(−1)z

⇒ J(−z) = J(z) +
π2z

12
.

This completes the proof Theorem 2.3.
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Proof of Theorem 2.4. As |u| < 1, |v| < 1, and |w| < 1, so using the series expansion of logarithm
and 1

1−vt around t = 0, we write

F(z;u, v, w) =

∫ 1

0

∞∑
m=1

(utz)m

m

∞∑
n=1

(wtz)n

n

∞∑
k=0

v(k+1)tk dt

=

∞∑
m=1

um

m

∞∑
n=1

wn

n

∞∑
k=0

(vk+1)
1

(mz + zn+ k + 1)

=

∞∑
m=1

∞∑
n=1

∞∑
k=1

umwnvk

mn(z(m+ n) + k)
; z 6= −p

q
for any p, q ∈ N.

This series represents an analytic function in u, v, w. It decays for the specified values of u, v, and w,
suggesting that the series is uniformly convergent for any complex z other than a negative rational
number. As a result, the function F(z;u, v, w) is analytic for any complex z expect negative rational
numbers.

Proof of Theorem 2.5. From (1.6), we see that

F (nz, un, v, wn) =

∫ 1

0

log (1− untnz) log (1− wntnz)
v−1 − t

dt.

Using (4.53), one obtains

F (nz, un, v, wn) =

∫ 1

0

∑
αn=1 log(1− uαtz)

∑
βn=1 log(1− wβtz)

v−1 − t
dt.

On interchanging summation and integration, we arrive

F (nz, un, v, wn) =
∑
αn=1

∑
βn=1

∫ 1

0

log(1− uαtz) log(1− wβtz)
v−1 − t

dt,

=
∑
αn=1

∑
βn=1

F (z;uα, v, wβ) .

Again use (1.6) to see that

F
( z
n

;u, vn, w
)

=

∫ 1

0

log
(

1− ut
z
n

)
log
(

1− wt
z
n

)
v−n − t

dt. (4.57)

Making the change of variable t = e−t in (4.57), one obtains

F
( z
n

;u, vn, w
)

=

∫ ∞
0

log
(

1− ue
−tz
n

)
log
(

1− we
−tz
n

)
etv−n − 1

dt.

Substituting t = ny and using relation (4.54), we get

F
( z
n

;u, vn, w
)

=
∑
βn=1

F(z;u, βv, w).

This completes the proof of Theorem 2.5.
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Proof of Corollary 2.6. Using multiplication formula (2.13) for F
(

1
n ;u, vn, u

)
, we get

F
(

1

n
;u, vn, u

)
=
∑
αn=1

F(1;u, αv, u). (4.58)

Employing (3.51) with v being replaced by αv, we have

F(1;u, αv, u) = − log2(1− u) log

(
u(1− αv)

u− αv

)
− 2 log(1− u)Li2

(
αv(u− 1)

u− αv

)
+ 2Li3

(
αv(u− 1)

u− αv

)
− 2Li3

(
αv

αv − u

)
.

Substituting the above value of F(1;u, αv, u) in (4.58), we get the desired result.

Proof of Theorem 2.8. From the definition (1.6), we have

F (1;u, u, u) =

∫ 1

0

log2 (1− ut)
1
u − t

dt.

On integrating, one gets

F (1;u, u, u) = − log3 (1− u)− 2F (1;u, u, u)

⇒ F (1;u, u, u) = −1

3
log3 (1− u) .

Hence the result is proved.

Proof of Theorem 2.9. We have

F(1;u, v, w) =

∫ 1

0

log(1− ut) log(1− wt)
v−1 − t

dt.

We now consider log(1− ut) log(1−wt) as the first function and use integration by parts, along with
the relation

d

dt
log

(
u(1− vt)
u− v

)
= − v

1− vt
dt,

we see that

F(1;u, v, w) = − log(1− u) log(1− w) log

(
u(1− v)

u− v

)
+

∫ 1

0

u

ut− 1
log (1− wt)

× log

(
u(1− vt)
u− v

)
dt+

∫ 1

0

w

wt− 1
log (1− ut) log

(
u(1− vt)
u− v

)
dt. (4.59)

We further use integration by parts to evaluate both integrals in the right hand side. We take

log (1− wt) as the first function and u
ut−1 log

(
u(1−vt)
u−v

)
as the second function in the first integral,

whereas in the second integral, we take product of log terms as the first function and w
wt−1 as the

second function. From (3.27), we can see that

d

dt
Li2

(
v(1− ut)
v − u

)
= − u

ut− 1
log

(
u(1− vt)
u− v

)
d

dt
log

(
v(1− wt)
v − w

)
=

w

wt− 1
.
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Using the above two relations in (4.59), we have

F(1;u, v, w) = − log (1− u) log (1− w) log

(
u(1− v)

u− v

)
− log (1− w) Li2

(
v(1− u)

v − u

)
+

∫ 1

0

w

wt− 1
Li2

(
v(1− ut)
v − u

)
dt+ log (1− u) log

(
u(1− v)

u− v

)
log

(
v(1− w)

v − w

)
−
∫ 1

0

v

vt− 1
log(1− ut) log

(
v(1− wt)
v − w

)
dt

−
∫ 1

0

u

ut− 1
log

(
u(1− vt)
u− v

)
log

(
v(1− wt)
v − w

)
dt

= log (1− u) log

(
u(1− v)

u− v

)[
log

(
v(1− w)

v − w

)
− log (1− w)

]
− log (1− w) Li2

(
v(1− u)

v − u

)
+ J(w, v, u)− S(u, v, w), (4.60)

where J(w, v, u) is defined as in (3.29). We also define

S(u, v, w) :=

∫ 1

0

v

vt− 1
log

(
v(1− wt)
v − w

)
log(1− ut) dt

+

∫ 1

0

u

ut− 1
log

(
u(1− vt)
u− v

)
log

(
v(1− wt)
v − w

)
dt.

Again using integration by parts, by taking log term as first function, v
vt−1 as second and making use

of the relation
d

dt
log

(
w(1− vt)
w − v

)
=

v

vt− 1

in the first integral, we have

S(u, v, w) = log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
−
∫ 1

0

u

ut− 1
log

(
v(1− wt)
v − w

)
log

(
w(1− vt)
w − v

)
dt

−
∫ 1

0

w

wt− 1
log

(
w(1− vt)
w − v

)
log(1− ut) dt

+

∫ 1

0

u

ut− 1
log

(
u(1− vt)
u− v

)
log

(
v(1− wt)
v − w

)
dt.

First and third integrals can be combined and we solve the second integral by taking z = v(1−wt)
v−w in

(3.27) to have
d

dt
Li2

(
v(1− wt)
v − w

)
= − w

wt− 1
log

(
w(1− vt)
w − v

)
.
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Hence, we get

S(u, v, w) = log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
− log

(
w(u− v)

u(w − v)

)∫ 1

0

u

ut− 1
log

(
v(1− wt)
v − w

)
dt

+ log(1− u) Li2

(
v(1− w)

v − w

)
−
∫ 1

0

u

ut− 1
Li2

(
v(1− wt)
v − w

)
dt

= log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
+ log(1− u) Li2

(
v(1− w)

v − w

)
− log

(
v(1− w)

v − w

)
log

(
w(1− u)

w − u

)
− log

(
w(u− v)

u(w − v)

)[
log

(
v

v − w

)
log

(
w

w − u

)
+ Li2

(
u(1− w)

u− w

)
− Li2

(
u

u− w

)]
− J(u, v, w) (4.61)

where the first integral is solved in (3.39) and J(u, v, w) is defined as in (3.29). Putting the value of
S(u, v, w) (4.61) and using Lemma 3.2 in (4.60), we have

F(1;u, v, w) = log (1− u) log

(
u(1− v)

u− v

)
log

(
v

v − w

)
− log (1− w) Li2

(
v(1− u)

v − u

)
− log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
− log(1− u) Li2

(
v(1− w)

v − w

)
− log

(
v − u
v − w

)[
Li2

(
v − u
v − w

)
+ Li2

(
v

v − u

)
− Li2

(
v

v − w

)
− Li2

( u
w

)
− log

(
w(u− v)

u(w − v)

)
log

(
v

v − w

)]
+ log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
+ Li2

(
v(1− u)

v − u

)
− Li2

(
v(1− w)

v − w

)
− Li2

(
u(1− w)

w(1− u)

)
− log

(
w(u− v)

u(w − v)

)
log

(
v(1− w)

v − w

)]
+

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
v(1− w)

v − w

)
− log2

(
v

v − w

)]
− 1

2

[
log

(
u(1− v)

u− v

)
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)]
+

1

2
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
w(v − 1)

v − w

)
− 1

2
log2

(
v − u
v − w

)
log

(
w

w − v

)
+ Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ Li3

(
v(1− u)

v − u

)
− Li3

(
v

v − u

)
+ Li3

(
u(1− w)

w(1− u)

)
− Li3

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− Li3

( u
w

)
+ Li3

(
v − u
v − w

)
. (4.62)

We simplify some terms of the last equation. We use the below functional equation of dilogarithm
function Li2(z), due to Rogers [Rog1907]:

Li2(A) + Li2(B)− Li2(AB) = Li2

(
A−AB
1−AB

)
+ Li2

(
B −AB
1−AB

)
+ log

(
1−A

1−AB

)
log

(
1−B

1−AB

)
. (4.63)
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We first take (A,B) =

(
v−u
v−w ,

v
v−u

)
to write as

Li2

(
v − u
v − w

)
+ Li2

(
v

v − u

)
− Li2

(
v

v − w

)
− Li2

( u
w

)
= Li2

(
v(w − u)

w(v − u)

)
− log

(
w

w − u

)
log

(
u(w − v)

w(u− v)

)
. (4.64)

We also have the following terms in (4.62):

L(u, v, w) :=
1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
v(1− w)

v − w

)
− log2

(
v

v − w

)]
− 1

2

[
log

(
u(1− v)

u− v

)
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v − u
v − w

)
log

(
u

u− v

)]
+

1

2
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
log

(
w(v − 1)

v − w

)
− 1

2
log2

(
v − u
v − w

)
log

(
w

w − v

)
=

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
v(1− w)

v − w

)
− log2

(
v

v − w

)]
+

1

2
log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
log

(
w(1− v)

w − v

)
− log

(
u(1− v)

u− v

)]
− 1

2
log2

(
v − u
v − w

)[
log

(
w

w − v

)
− log

(
u

u− v

)]
=

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
v(1− w)

v − w

)
+ log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v

v − w

)
− log2

(
v − u
v − w

)]
. (4.65)

We also use a2 + b2 = (a− b)2 + 2ab for the log2 terms to see that

log2

(
v(1− w)

v − w

)
+ log2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v

v − w

)
− log2

(
v − u
v − w

)
= log2

(
u− v
v(u− 1)

)
+ 2 log

(
v(1− w)

v − w

)
log

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− log2

(
v

v − u

)
− 2 log

(
v

v − w

)
log

(
v − u
v − w

)
. (4.66)

Putting the value of (4.66) in (4.65) and then using (4.64) and the value of L(u, v, w) (4.65) in (4.62),
we get

F(1;u, v, w)

= log (1− u) log

(
u(1− v)

u− v

)
log

(
v

v − w

)
− log (1− w) Li2

(
v(1− u)

v − u

)
− log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
− log(1− u) Li2

(
v(1− w)

v − w

)
− log

(
v − u
v − w

)[
Li2

(
v(w − u)

w(v − u)

)
− log

(
w

w − u

)
log

(
u(w − v)

w(u− v)

)
− log

(
w(u− v)

u(w − v)

)
log

(
v

v − w

)]
+ log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
+ Li2

(
v(1− u)

v − u

)
− Li2

(
v(1− w)

v − w

)
− Li2

(
u(1− w)

w(1− u)

)
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− log

(
w(u− v)

u(w − v)

)
log

(
v(1− w)

v − w

)]
+

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
u− v
v(u− 1)

)
− log2

(
v

v − u

)
− 2 log

(
v

v − w

)
log

(
v − u
v − w

)
+ 2 log

(
v(1− w)

v − w

)
log

(
(v − u)(w − 1)

(v − w)(u− 1)

)]
+ Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ Li3

(
v(1− u)

v − u

)
− Li3

(
v

v − u

)
+ Li3

(
u(1− w)

w(1− u)

)
− Li3

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− Li3

( u
w

)
+ Li3

(
v − u
v − w

)
.

We simplify further to obtain

F(1;u, v, w)

= log (1− u) log

(
u(1− v)

u− v

)
log

(
v

v − w

)
− log (1− w) Li2

(
v(1− u)

v − u

)
− log(1− u) log

(
w(1− v)

w − v

)
log

(
v(1− w)

v − w

)
− log(1− u) Li2

(
v(1− w)

v − w

)
− log

(
v − u
v − w

)[
Li2

(
v(w − u)

w(v − u)

)
− log

(
w

w − u

)
log

(
u(w − v)

w(u− v)

)]
+ log

(
(v − u)(w − 1)

(v − w)(u− 1)

)[
Li2

(
(v − u)(w − 1)

(v − w)(u− 1)

)
+ Li2

(
v(1− u)

v − u

)
− Li2

(
v(1− w)

v − w

)
− Li2

(
u(1− w)

w(1− u)

)]
+

1

2
log

(
w(u− v)

u(w − v)

)[
log2

(
u− v
v(u− 1)

)
− log2

(
v

v − u

)]
+ Li3

(
v(1− w)

v − w

)
− Li3

(
v

v − w

)
+ Li3

(
v(1− u)

v − u

)
− Li3

(
v

v − u

)
+ Li3

(
u(1− w)

w(1− u)

)
− Li3

(
(v − u)(w − 1)

(v − w)(u− 1)

)
− Li3

( u
w

)
+ Li3

(
v − u
v − w

)
.

This finishes the proof of Theorem 2.9.

Proof of Theorem 2.10 . Employing second part (2.13) of Theorem 2.5, we have

F
(
p

q
;u, v, w

)
=
∑
αq=1

F(p;u, v
1
qα,w).

Again using (2.12) for F(p;u, v
1
qα,w), we see that

F
(
p

q
;u, v, w

)
=
∑
αq=1

∑
βp=1

∑
γp=1

F(1;u
1
pβ, v

1
qα,w

1
pγ),

where F(1;u
1
pβ, v

1
qα,w

1
pγ) can be evaluated from Theorem 2.9.

Proof of Corollary 2.11. By putting (p, q) = (n, 1) and (p, q) = (1, n) in Theorem 2.10, one can
directly get the result.

Proof of Theorem 2.12. Using 1
1−vt as the series expansion around t = 0 and expanding the logarithm
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as series in (1.7), we get

Fk(z;u, v) =

∫ 1

0

( ∞∑
m=1

(utz)m

m

)k ∞∑
l=0

vl+1tl dt

=

∫ 1

0

∞∑
m1=1

(utz)m1

m1

∞∑
m2=1

(utz)m2

m2
· · ·

∞∑
mk=1

(utz)mk

mk

∞∑
l=0

vl+1tldt.

On switching the integration and summation order, it gives

Fk(z;u, v) =

k∏
i=1

∞∑
mi=1

∞∑
l=0

umi

mi
vl+1

∫ 1

0
tzm1+zm2+···+zmk+ldt,

=
k∏
i=1

∞∑
mi=1

∞∑
l=0

umi

mi

vl+1

(z(m1 +m2 +m3 + · · ·+mk) + l + 1)
,

=
k∏
i=1

∞∑
mi=1

∞∑
l=1

umi

mi

vl

(z(m1 +m2 +m3 + · · ·+mk) + l)
,

which is absolutely convergent for |u| < 1 and |v| < 1, and for any complex z except for negative
rational numbers.

Proof of Theorem 2.13. From (1.7), we have

Fk
( z
n

;u, vn
)

=

∫ 1

0

logk
(

1− ut
z
n

)
v−n − t

dt. (4.67)

Changing the variable t by e−t in the above equation yields,

Fk
( z
n

;u, vn
)

=

∫ ∞
0

logk
(

1− ue
−tz
n

)
etv−n − 1

dt.

Making the change of variable t = ny and using the relation (4.54) in the above equation, one obtains

Fk
( z
n

;u, vn
)

=
∑
βn=1

Fk(z;u, βv).

This completes the proof of Theorem 2.13.

Proof of Theorem 2.14. From multiplication formula (2.20), we have

Fk
(

1

n
;u, v

)
=
∑
βn=1

Fk(1;u, βv
1
n ).

Substituting value of Fk(1;u, βv
1
n ) from Lemma 3.3, one can directly obtain the result.

Proof of Corollary 2.15. Substituting k = 1 in Theorem 2.14, we have

F1

(
1

n
;u, v

)
=
∑
βn=1

{
log(1− u)Li1

(
βv

1
n (u− 1)

u− βv
1
n

)
− Li2

(
βv

1
n (u− 1)

u− βv
1
n

)

+ Li2

(
βv

1
n

βv
1
n − u

)}
. (4.68)
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One can see that F1 (z;u, v) = F (z;u, v). Now we state the following Abel’s identity [Lew91,
Eq. (1.16)], which is also equivalent to Roger’s identity (4.63):

Li2

(
x

1− y

)
+ Li2

(
y

1− x

)
− Li2

(
xy

(1− x)(1− y)

)
= Li2 (x) + Li2 (y) + log(1− x) log(1− y).

Use the above identity with x = u, y = βv
1
n (u−1)

u−βv
1
n

and simplify to get (2.22).

Proof of Theorem 2.18. From the definition (1.7) of Fk (z;u, v), we have

Fk (1;u, u) =

∫ 1

0

logk(1− ut)
u−1 − t

dt. (4.69)

Note that
1

k + 1

d

dt
logk+1(1− ut) = − logk(1− ut)

u−1 − t
.

Employing the above identity in (4.69), one can easily get the desired result.

5. Concluding Remarks

Throughout this paper, our primary focus has been to study the properties of the functions
F(z;u, v, w) and Fk(z;u, v), defined in (1.6) and (1.7). Mainly, we have established multiplication
formula, analytic continuation and special values at rational arguments of these functions. It is quite
challenging to obtain all the similar properties for our functions that F(z;u, v) satisfies. Investigating
other properties of these functions would be a compelling direction for future research.

The Table 1 below illustrates some special values of the function Fk(z;u, v) evaluated from
Theorem 2.14.

Table 1: Special values of Fk
(

1
n ;u, v

)
(k, n) (u, v) Value of Fk

(
1
n ;u, v

)
(1, 1)

(
1
2 ,−1

)
log (2) log

(
2
3

)
− Li2

(
1
3

)
+ Li2

(
2
3

)
(1, 1)

(
1
3 ,−1

)
log (2) log

(
2
3

)
− Li2

(
1
2

)
+ Li2

(
3
4

)
(1, 1)

(
1, 1

4

)
Li2
(
−1

3

)
(1, 1) (−4,−2) − log(5) log(6)− Li2(−5)− π2

12

(2, 2)
(
1, 1

9

)
−2
[
Li3
(
−1

2

)
+ Li3

(
1
4

)]
(2, 1) (−2,−3) − log2(3) log(8)− iπ log2(3)− 2 log(3)Li2(9) + 2Li3(9)− 2Li3(3)

(1, 2) (1,−1) Li2

(
i
i−1

)
+ Li2

(
i
i+1

)
(2, 1) (1,−1) −2 Li3

(
1
2

)
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