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Analogues of Herglotz-Zagier-Novikov function
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Abstract. Recently, Choie and Kumar extensively studied the Herglotz-Zagier-Novikov function F(z;u,v), defined as

L log(1 — ut?
F(z;u,v):/; %dt, for Me(z) > 0.

They obtained two-term, three-term and six-term functional equations for F(z;u,v) and also evaluated special values in terms of
di-logarithmic functions. Motivated from their work, we study the following two integrals,

L log(1 — ut?) log(1 — wt?)

f ; K b = dt?
(z;u,v,w) /0 o —
11 k 1 — ut?
Fr(z;u,v) :/ wm‘q
0 v -1

for Re(z) > 0 and k € N. For k = 1, the integral Fi(z;u,v) reduces to F(z;u,v). This allows us to recover the properties of
F(z;u,v) by studying the properties of Fy(z;u,v). We evaluate special values of these two functions in terms of poly-logarithmic
functions.
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1. Introduction

Finding an explicit formula for the constant term in the Laurent series expansion at s = 1 of
Dedekind zeta function is a challenging problem. Kronecker’s limit formula answers this problem
for Dedekind zeta functions over quadratic imaginary number fields in terms of the logarithmic of
Dedekind eta function. Zagier’s [Zag75] ground breaking exploration of the Kronecker limit formula
for real quadratic fields has ignited considerable interest among number theorists. Novikov [Nov&1],
building upon Zagier’s work introduced a novel function within the Kronecker limit formula paradigm.
Recently, Choie and Kumar [ChKu23] studied the properties of this function which they named as
Herglotz-Zagier-Novikov function defined as

vl —t

1 o z
f(z;u,v):/ Mdt, for MRe(z) >0, (1.1)
0

where u € L := C\ {(1,00) U{0}} and v € L' := C\ {[1,00) U{0}}.

This function serves as a unified framework encompassing three distinct functions extensively
studied by Herglotz [Her1923], Zagier [Zag75], and Muzaffar Williams [MuWi02]. One of these
functions is J(z) which interestingly turns out to be a particular instance of F(z;u, v). For Re(z) > 0,
we have

og(1 + t7)

dt.
14¢

J(2) = —F(z—1,—1) :/0
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Radchenko and Zagier [RaZa23] significantly studied this function in connection with Stark’s
conjecture. Choie and Kumar [ChKu23] further studied attributes of J(z) and gave the following two
term functional equation for J(z). For RRe(z) > 0, they showed that

J(2)+J C) — log2(2). (1.2)

We obtained a relation (see Theorem 2.3) which allows us to evaluate J(z) in the left half plane. We
define D = {z € C\{0} : |2| <1} and D/ = D\{1} throughout the paper. Choie and Kumar [ChKu23,
Theorem 2.2] also gave a duplication formula for F(z;u,v) as given below. For Re(z) > 0, u € D and
v, 02 eV,

F(2z;u2,v) = F(z;u,v) + F(z; —u,v), (1.3)
f(g;u,v2) = F(z;u,v) + F(z;u, —v). (1.4)

Further, they [ChKu23, Theorem 2.5] obtained the following exact evaluation of F (z;u,v) at rational
argument, for (u,v) € D x D' and m,n € N,

m. an i aum — Bv%
.7:<g,u,v> —ng Q;IBZ% {ng ( vn - 1) — Lio <]_ﬂ”l)’rll> } (1.5)

Now we define an analogue of F(z;u,v) by multiplying another log term in the numerator of
F(z;u,v), that is,

1
log(1 — ut?) log(1 — wt?
F(zyu,v,w) ::/ og(1 — u _)1 ogt( o )dt, Re(z) > 0. (1.6)
0 vt
Further, we consider a one-variable generalization of F(z;u,v) as follows:
110k
1 1 — ut?
Fi(z;u,v) :—/ Og(_lz)dt, Re(z) >0, keN. (1.7)
0 v

Here u,w € L and v € L in both the cases. For k = 1, Fj(z;u,v), becomes F(z;u,v). Also, for
u = w, we have F(z;u,v,u) = Fa(z;u,v). One of main objectives of this paper is to study the
properties of F(z;u,v,w) and Fi(z;u,v).

Before delving deeper, we define the polylogarithm function which will be used throughout the
paper.

Definition 1.1. (Polylogarithm function) The polylogarithm function, denoted as Lis(z), repre-
sents a fundamental mathematical concept with a dual representation: it can be expressed both as a
power series in z and as a Dirichlet series in s. It is defined as

[e.o]

Lis(z) := %Z (1.8)

n=1

This definition holds true for every complex s and for any complex argument z where |z| < 1; analytic
continuation allows it to be extended to |z| > 1.

2. Main Results

In this section, we discuss the key results of this paper. Equations (1.3), (1.4) illustrate the duplication
formula for F(z;u,v) provided by Choie and Kumar. Inspired by this, we obtained a generalization
of the duplication formula of F(z;u,v).
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Theorem 2.1. Let n be any natural number and Re(z) > 0. We have

F(nz;u", v) Z]—"zuav u"eDvel, (2.9)
an=1
z
Zum) = : D,v" €D, 2.10
]-"(n,u,v) CWZZI}"(Z,u,va), ue D" e (2.10)

Remark 2.2. Putting n = 2 in Theorem 2.1, we recover the duplication formula (1.3) and (1.4).

Now we mention a result for the Herglotz function J(z) which gives a connection between the
values in the right half plane and the left half plane.

Theorem 2.3. For Re(z) > 0, we have

Z7T2

J(—Z) J()‘FE

Now we study the various properties of F(z;u,v,w). Recall that the function F(z;u,v,w) is
defined for PRe(z) > 0. Here, we extend its domain by analytic continuation.

Theorem 2.4. (Analytic Continuation of F(z;u,v,w)) For non-zero complex numbers u,v, and
w such that |u| <1, [v] <1, and |w| < 1,

o o0 [e.e] k

F(zu,v,w) ZZ; nzf:linserk) (2.11)

This holds for any complex z such that pz + q # 0 for any p,q € N.

Next, we find the following multiplication relations for F(z;u, v, w) similar to Theorem 2.1 for
F(z;u,v).

Theorem 2.5. (Multiplication formula) Forn € N and fRe(z) > 0, we have

F(nz;u",v,w") = Z Z F(zyua,v,wph), u",w" €Dvel, (2.12)
an=1pn=1
.F(E;u, U",w) = Z F(zu,va,w), wu,w €D v”eD. (2.13)
" an=1

In the next section, we explore some particular values of F(z;u, v, w) for z € Q.

2.A. Special evaluations of F(z;u,v,w)

For z =1 and u = w in (2.13), we have the following result.
Corollary 2.6. Let n be any natural number. Let u,v™ € ' such that u # v, we have

F <711 u,v”,u> => < —log*(1 — u) log <m> — 2log(1 — u)Lia <Om>

a=1

+ 2Lis (W) — 2Lis (Maf u> > (2.14)
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Remark 2.7. Letting u tends to 1~ in Corollary 2.6, one can check that the first three terms will go
to zero. Therefore, we get

1 av
Si0m1) =— S 2L . 2.1
F(mnama) == 3 i (L0 (2.15)

an=1

One can evaluate the value of F (%7 1,—-1, 1) for any odd natural number n directly using (2.15). In
particular, forn =1, we get

F(1;1,-1,1) = —2 Lis <;> .

. , (1Y _ 7 2 log®(2)
It is interesting to note that Lig (5) = £¢(3) — T51og(2) + 2552, see [Lew91, Eq. (1.14)].
The next result gives an explicit evaluation of F(1;u,v,w) when u = v = w.

Theorem 2.8. For any u € IV, we have
L. 3
F(Liu,u,u) = —glog (1—u). (2.16)

Now for u # v # w, we give an evaluation of F(1;u,v,w) which will be used further for calculating
F(z;u,v,w) at rational arguments of z.

Theorem 2.9. Let u,v,w, € D such that u # v # w. We have

F(1;u,v,w) = log (1 — u) log (“S__;’)> log <vi’w) ~log (1 — w) Lis <“(1—“)>
— log(1 —u)log <w(wl_:)> log <v(1_5)) —log(1 — u) Liz (M)

[

o (1=2) o () o (2559
)
L

wi=)]
() o (25) e (29)]
ey () g () (P00 g ()
wi (=) 1 () 2 () e (00

Theorem 2.10. Let u,v,w € D' such that uw # v # w and p,q € N. Then F <§;u, v,u) can be given
as

]-"(Z;u,v,w) = Z Z Z .7:(1;16%577)%04;711%7)- (2.17)

al=1pr=1~P=1

where the value F(1;u,v,w) is provided in Theorem 2.9.
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We can evaluate F ( U,V w> on two different arguments using the above theorem, one by putting

p=n,q =1 and another with p =1,¢g =n.

Corollary 2.11. For any natural number n and u,v,w € D' such that u # v # w, we have

F(n;u,v,w) ZZ}"IUnﬁ,vwn) (2.18)
pr=1y"=1
1
f(n,u,v w> agl]: (1; u, v ,W). (2.19)

2.B. The function Fi(z;u,v)

We now shift our focus to the function Fi(z;u,v) defined in (1.7) and examine its characteristics.
First, we give an analytic continuation of Fy(z;u,v) to C except at negative rationals.

Theorem 2.12. For |u| <1 and |v| < 1, we have

m; Ul

) — P N.
iz ) H 2 e A e £ Lm0 7 g “herepds

The next result gives one of the variants of multiplication formula.
Theorem 2.13. Foru e D, v™ € I/, and Re(z) > 0, then for any given natural number n, we have
z
Fi (—; ”) = ; . .
k n u, v Z ‘Fk’(zau>ﬁfu) (2 20)
pr=1
In the next theorem, we give the explicit evaluation of Fj, (%, u, v) for any n € N .

Theorem 2.14. For any u,v € D' such that u # v,

k41 .
Fk (i;u,v) = Z {Z(_l)jll()ng 7(1 — u) Li; (an(u _11)> (k+l;! J)!

Brn=1 " j=1 u— Pow

+ (=D R Ligyy (ﬁf)) } (2.21)

Un — U

Substituting £ = 1 in the above theorem, we recover the formula (1.5) with m = 1 given by Choie
and Kumar.

Corollary 2.15. For (u,v) € D x D' with u # v, we have

F (i, u,v) = nLiz(u) + ﬁ;l {ng <ﬂfnvi 1) —Liy <11L:§Z£> } . (2.22)

Letting u tends to 17 in Theorem 2.14, one can see that the first term will vanish and hence we
obtain the result below.

Corollary 2.16. For anyn € N and v € I/, we have

Fi (1,1,11) = (1)L E! Z Lijqq (ﬂ) . (2.23)

anl vn — 1

In particular, when n =1, v = —1 in (2.23), we get

Fi (1;1,=1) = (=1)"*1 k! L4 (;) : (2.24)
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Remark 2.17. For k > 4, an explicit evaluation of Ligiq (%) i terms of well-known functions is
challenging. In 1995, Borwein et. al. [BBG95] showed that

1 7T4 1 72 1 -
Lig (=) = — — —log*(2 —log?(2) — = 1
i (5) = a5~ 91 198" + 51 108%(2) - 363,

where ((3,1) = Y.°° (—1)m*tm=3n=1. More generally, Broadhurst [Bro96] expressed Liy, (%) mn

m>n=1
terms of special value of the multiple zeta function, namely,

) 1 o 3 © (_1 ni+na
i(3) =@ mi=- 5
ng>-->ng>ni=1 17e2 k

where {172 denotes (k — 2)-tuple with all entries equal to 1.

Theorem 2.14 does not hold for the case © = v. So, when u = v, we have the following result.

Theorem 2.18. For any u € I/, we have

Fr (L u,u) = log*™* (1 —w). (2.25)

1+ k

Remark 2.19. For k = 2, the above result matches with Theorem 2.8 since Fa(l;u,u) =
F (Lu,u,u).

3. Some Important Lemmas

In this section, we give a few important lemmas that will help us to prove our main results. To
calculate the value of F(z;u,v,w) at z = %, we need the value of F(1;u,v,w) where

Mog(1 — ut) log(1 — wt
F(L;u,v,w) ::/ og( ;L_)l Ogt( v )dt.
. _

To evaluate the above integral, we use the following Lemmas along with the below properties of
polylog function:

Lij(z) = —log(1 — 2), (3.26)
% Lisi1(z) = Llsz(z). (3.27)

Lemma 3.1. Let u,v,w € D' such that u # v, v # w. Then, we have

I(u,v,w) := /0110g2<(v—u)(wt—1)>( U a

(v —w)(ut — 1)) (vt — 1)
e (g ) oe () e (50 e (55

)
o) 2 () 1 (a=n)
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Proof. First, we add and subtract *5 in the integrand to write as

I(“’“’“’):/ log” (EU Z;))((ﬁ:i;) [(mv_n )
- ()

Now, we use integration by parts to solve the above integral. In both integrals, we consider

log (M#:B) as the first function and we use the following relations for the case of second
function:

d <(u—w)(vt—1)>:( v u

'\ = Dw—w)) T =1 =1

%log <w(uut_—w1)> T —uut)'

Hence we have
s =tog® (=i s ([ =) oo (= ) oe (=)
7 /0 og (E - Z,)f(ﬁ - 3) tog <Ezt_—w)>(<zt—_ 3) e
—tog* () s () o (0= e ()
? / tog (E - 3((3: - B) o (wZLZ-“’ 1>> = Dt = 1

We have two integrals in the last equation. To solve the first integral, we use the relation (3.26) and

(3.27) with z = % to get

iy (oY e (w1,

dt w)(ut — 1) ut — 1)(wt — 1 (ut — 1) (v — w)

For the second integral, we again use (3.26) and (3.27) with z = Z)((ﬁjg to obtain

%Li? <Z)((ti - B) = —u{)z;t —1y log <w(uut__w1)> !
and again use integration by parts. We also simplify the log terms to have
rag <Hé‘i—1§> L (W) -2os (1= 1 (55)
B 2/0 T (EZ -
2o (=) e () 2w (5 ) 1 ()

B ! u—w . (u(wt —1)
2/0 BT (w(ut - 1)> dt. (3.28)
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Using (3.27), one can verify that
d i (v —u)(wt —1) _ u—w . (v—u)(wt —1)
dtL ((v—w)(ut—l)) (ut—l)(wt—l)L2((v w(ut—l))’
d _. [u(wt—1) u—w u(wt — 1)
at s <w(ut - 1)) = (= D(wt—1) 2 <w(ut = 1)) :

Use these values in (3.28) to obtain the final result.

Lemma 3.2. Let u,v,w, € D such that u # v # w. We define
! 1 —wt
J(u, v, w) == / Y Li <”( v )> dt. (3.29)
0

ut — 1 v —w
Then, we have

J(u, v, w)+J(w, v, u)

= L13

=
+ log <Z
s
1

> Lis <Ui’w) + Lis (H) ~ Lis (vﬁu>
i () o () e ()~ ()
) [ () e (e (07
(e { ()
)

) (2 ()
N

v— u)w_
vi}l U >]
i[g@
oz (o=
+m<u

where I(u,v,w) as in Lemma 3.1.

w—u

’U)
w

N\_/ved
—
/—\
Ss
=}
o
7N

E
—_
|
£
N———
|
=}
o
N
I
N———
o
o

Proof. First, we write

To solve the first integral, we take z = v(i:gt) in (3.27) to see that

ngg v(1 — wt) W Liy v(1 — wt) .
dt v—w wt — 1 v—w

For the second integral, we use integration by parts, by taking Lis (M

v—w

) as first function and
using the following relations:

d ((U—u)(wt—1)> w

(v—w)(ut —1)
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So, we have

J(u,v,w) = Lis <U(v1__ww)> — Lij <Ufw> + log (Z:Z) Lis (v i} w)

—log (W) Lis (H) + J1(u, v, w), (3.30)
where
By i= [ o (MU g (L= (331)

Now to simplify J; (u,v,w), we again use integration by parts with the following relation:
d v(1l — wt) w
—1 = .
at ® < v—w > wt —1

Thus, one has

— -1 1— 1—
T v,w) = —log (=W =D (wl=v), (v =w)

(v—w)(u—1) w—v v—w

oo (1= o (555 o (5

+ Jo(u, v, w) + J3(u,v,w), (3.32)
where
oo v —u)(wt — v(l —w
Ja(u, v, w) = /0 — log <EU — w))((ui — 3) log <<i—wt)> dt, (3.33)

I (1, v, w) = /01 [wtw_ - ut“_ 1] log (M) log <w> dt. (3.34)

We solve Jo(u, v, w) using the following relation:

D og <“(1 - vt)) = v (3.35)

dt U—v vt —1

EZ : Z}))((IZ : B) log (v(vl_—;U)> log <u$_—v’0)>

— log (Z:Z) log <v—vw> log uu >

- (G “)ii‘ii‘i)log(“w )
1

_/0 { tw—1 t—l] (U(i th)

Adding the above expression of Ja(u, v, w) with Js(u,v,w) gives

J2<u,v,w)+J3<u,v,w>=10g<U_Z)>u_1> (U( 5) <US—_UU))
s (2 e (2 e ()

_/Olwtwllog( —ww

)

Hence, we have

01 [ v - al } log <”(1wt)> dt.  (3.36)
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One can check that the following term in (3.36) simplifies as

/01 ———log <v(i:;ut>> dt = ;{bg? (H) ~ log? <U_”w) } (3.37)

Again, for solving f01 —= log ( ”%:g”) dt in (3.36), we use the following relation:
d w(1l — ut) u
44 _ .
at ® < w—u ) ut —1

Hence, we have

[ tion (Moo (M s (“051)
— log (vfw> log <wlﬁ u)

b w(1l — ut)
1 dt 3.38
+/0 1—wt0g( w—u > (3:38)
We finally use the following formula
d . [(u(l—wt) w w(l — ut)
—L = 1
dt 12< U —w ) 1—wt og( w—u )’

[ rion (M=o (2 s (202)
~log (1}_”w> log <wlf u)

in (3.38) to have

1—
+ Liy <M> — Lis < “ ) . (3.39)
u—w u—w
We also define the remaining integral in (3.36) as follows:
Low (v —wu)(wt —1) u(l —vt)
J. = 1 1 — | dt. 3.40
4(u, v, w) /0 wt — 1 Og((v—w)(ut—l)) 0g< u—v > (340)
We break this integral into two parts, namely,
Ji(u,v,w) = Js5(u, v, w) + Jg(u, v, w), (3.41)
where
! w u (v —u)(wt —1) u(1l — vt)
J, = — 1 1 — | dt 3.42
stwnn = [y = ) o (o) o (o G
Loy (v—wu)(wt —1) u(l —vt)
Ji = —1 1 — | dt. 3.43
R = (== R =) 349

To solve Js(u,v,w), we take product of log terms as first function and remaining terms as second
function. We use the following formula:

d <(vu)(wt1)>_( w u

a8\ o =)

C(wt—1)  (ut—1)
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Finally, we get
o (=)o (2) (2o
- /0 e (o)
- [<wtw— 0 s 1>] o (E - Z)ﬁ - 3) o <u(i:t)> &

~ Jog? (W) log (US_—:)> — log? <;}__Z}> log (u - U)

— I(u,v,w) — Jy(u,v,w) + Jg(u, v, w), (3.44)

where [(u,v,w) is same as in Lemma 3.1 and Jy(u,v,w) and Jg(u,v,w) are defined as in (3.40),
(3.43). To solve Jg(u, v, w), we take z = % in (3.27) to see that

d . [(v(l—ut) u u(l — vt)

S (BT log (L")

dt 12( v—u > (ut — 1) og< u—v

Using integration by parts and the above relation, we have
_ 1 1_— _
Jg(u,v,w) = —log w Lis v(l =) + log v-u Lis Y
(v—w)(u—1) v—u v—w v—u
L w u v(l — ut)
— Lisg | ———= . 4
+ [ [y~ e () @ 349

Now using (3.27), we have

dLig<v(1—ut)>: u L12<v(1—ut)>' (3.46)

— Lis <H> + Lis <Ufu> n /01 ﬁ Lis (W) at. (3.47)

Note that the last integral term is nothing but J(w,v,u). Putting the values of J5(u, v, w) (3.44) and
J(u, v, w) (3.47) in (3.41), we have

1 (28 (20 e (222
— I(u,v,w) = Ja(u,v,w) — 2log <(”_“))(w_1)) Liy (M>
+2log <;’__Z> Liz <U f u) — 2Liy <v$__s)> +2Lis <Ufu>

+2 /01 (wtw_ i (”(; :Z”) dt. (3.48)
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The last integral in the above equation is nothing but J(w,v,w). Thus, simplifying further one has
1 (v—u)(w—1) u(l —v) s [(V—u u
J = o2 (W W\ T g (BT 1
4(u, v, w) Z[Og ((v—w)(u—l) SR r— @ \v—w) B \u—v
1 (v—u)(w—1)\_.. [(v(l—u) v—u .. v
g g (T T I g, (T W) g (20 ) L
2 (1,0, ) Og((v—w)(u—l) 2\ 0w +log v—w) 2\v—u

~ Lis (H) + Lis (U”u) + J(w, v,u). (3.49)

Substituting the above value of Jy(u,v,w) and (3.37), (3.39) in (3.36), and then together with (3.32)
and (3.30), we get the final answer.

Lemma 3.3. For any u,v € I such that u # v, we have

Uogh(1 — ut

0
:Ei{“”j1“ij“‘“”@<v$:;»<k+?—ﬁJ
+ (1) Lig gy (U - u) . (3.50)

Proof. From the definition (1.7), we have

T logh(1 —
]:k(l;u,v):/ Mdt

0 ’U_l—t

Now we proceed by considering log¥(1 — ut) as the first function and use (3.35) to get

Fe(liu,0) = —logh(1 — u) log <U(1—U>> _ /ﬁ;/o1 log (1~ ut) " log (“(1 - ”t)) dt.

u—v u—v

Further utilizing the following relation
d . [(v(l—ut) u u(l — vt)
—L = 1
dt 12( v—u ) (1 —ut) og< u—v )’

Fulliu,v) = —log*(1 — ) log (“(1—”)> ~ Flog" (1 — u)Lis <”(1—“))

we get,

u—v Vv—Uu

(k- 1) /01 logh~2(1 — ut); _uthi2 (v(l - ut)> dt

v—1u

To solve the integral in the above equation, we use following relation
d 1—ut 1—ut
A (v g (v ut))
dt v—u (1 — ut) v—u

So, we have

Fulliun) = — log*(1 — u)log (“(1—”))> ~ klog"1(1 — u)Li (““‘W>

() V—1Uu

+k(k — 1)1og"%(1 — u)Li <“(1 - “)>

vV—Uu

+k(k—1)(k —2) /1 logh*(1 — ut) ;- Lis (U(l - Ut)> o

0 v—Uu



50 4. Proof of Main Results

Continuing this process by taking z = v—ub) (3.27), we get

v—u

Fie(1;u,v) = —logF(1 — u)log (M) ~ klogh (1 — w)Li <U(U1—U)>

—Uu

+k(k —1)1og"*(1 — u)Liy (W) + o4 (=) R log(1 — u)Liy <”(1_“)>

v—Uu

! 1 —ut)
-1 ’““k:!/ o (U dt.
+(=1 o 1—ut lk v—u

Using (3.26), we have

Filliu) =togh(1 i (U= ) < kogt 11 - i (M0
+ k(k — 1)log"*(1 — u)Lis (H) + -+ (=1)* k! log(1 — u)Liy (”S__u“))

u

k+1
= 1)1 pgkt1-i : v(1l —u) A
_;( 1) log (1-— )LJ< o —u >(/€+1—j)!

+(—1)k+1k!Lik+1( Y )

v—1u

+ (=1)*E! Lij 4 <U(v1__u)> + (=) E! Ligy g (v E u)

This finishes the proof.

Remark 3.4. Note that the function Fa(z;u,v) is same as F(1l;u,v,w) when uw = w. Therefore,
from Lemma 3.3, we have

F(Lu,v,u) = —log?(1 — u) log <u$_:)> — 2log(1 —u)Liz <v(uu—ul)> 2l <M>

u—"v

— 9Ly <U ke u) . (3.51)

4. Proof of Main Results

This section focuses on presenting the proofs of the main results outlined in this paper.

Proof of Theorem 2.1. Replacing z by nz and u by u" in (1.1), one has

1
1 1 — un"?
F(nz;u",v) = / Mdt. (4.52)
0 v —1
We know that
1-2"= H (1—az). (4.53)
an=1

Here the product runs over all the nth roots of unity. Utilizing (4.53) in (4.52), we see that

n_q log(1l — aut?
F(nz;u",v) /ZO‘ 1?% tau >dt.
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On swapping the order of summation and integration, we directly get (2.9). Again from (1.1), we
have
5 1 log (1 — ut5>
]:(—;u,v”) :/ ——=dt.
n 0 v — ¢
Making the change of variable t — e~ in the above equation, one obtains
~ ~ log (1 — ue%u>
F(Ziu0m) :/ t dt.
n 0 etv™" —1
Substituting t = ny, we see that
> log (1 — ue=*¥
F (2w :n/ log (1 —ue™™) \
n 0 ey~ —1
Again, we change the variable as y = —logt to obtain
P (Zrnr) < [ 50 0
n o (wt)y™m—1 t
Now using the relation
n 1 . -1
= /;1 v with YV = (vt)~}, (4.54)
and upon simplification, we obtain
z
(o) - e
~3 U U Z}"(z,u,ﬁv)
Br=1
This proves (2.10).
Proof of Theorem 2.3. Substituting z by —z in J(z), we get
1 _
log(1+t—*
(K_ﬁ)zi/ log(1+17%) .,
0 144
1 1
log(1 + t* log(t*
[l [,
o L1+t o 1+t
1 1
log(1 + t* log(t
- / log(1+1%) 4, _ z/ 08(t) 4. (4.55)
o 1+t o 1+t
It is easy to check that
1 2
log(t) ) T
——2dt = Lig(—1) = ——. 4.56
/£ 1+t (=1 =13 (4.56)

Substituting (4.56) in (4.55), we get

This completes the proof Theorem 2.3.
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Proof of Theorem 2.4. As |u| < 1, |[v| < 1, and |w| < 1, so using the series expansion of logarithm

and = vt around t = 0, we write
tz m X tz n X
Fzu,0,w) = /Z” PRty T
m=1 n=1 k=0
EEETE e
N m n (mz+2zn+k+1)
m=1 n=1
(o] o0 o0 n k
=202 S A% 2# 2 for any p,q € N.
m=1n=1 k=1 mn m+n T ) q

This series represents an analytic function in w, v, w. It decays for the specified values of u, v, and w,
suggesting that the series is uniformly convergent for any complex z other than a negative rational
number. As a result, the function F(z;u, v, w) is analytic for any complex z expect negative rational
numbers.

Proof of Theorem 2.5. From (1.6), we see that

11 1 — u™"#) 1 1 — "™
F (nz,u",v,w"™) :/ og (1 — u"t 7)1 Ogt( wit )dt.
0 v =

Using (4.53), one obtains

1 n_qlog(l — uat? n_+log(l — wpht?
]:(nzu”vw")Z/ 2an—1108( )2 5n1 log( P )dt.

vl —t
On interchanging summation and integration, we arrive

Fnzu"vw") = > > / log(1 — uatZ)log(l —wpt)

an=1pgn=1

= Z Z F (z;ua, v,wp) .

an=1pn=1

Again use (1.6) to see that

. (% ) = /1 log (1 — ut#) log (1 — wt+) » o
0

v —t

Making the change of variable t = e~ in (4.57), one obtains

- (%;uw”’w) _ /Ooo log (1 — ue%) log (1 — we%) .

etv™m — 1
Substituting ¢ = ny and using relation (4.54), we get
z
F (77 9 TL’ ) - f y U, } .
Ut W an:l (z;u, v, w)

This completes the proof of Theorem 2.5.
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Proof of Corollary 2.6. Using multiplication formula (2.13) for F ( Lo, o™, u), we get

n’
1
F = u, 0" = ; . )
(n,u,v ,u) Z F(L;u, av,u) (4.58)
an=1
Employing (3.51) with v being replaced by awv, we have

u(l — av)

F(L;u, av,u) = —log(1 — u)log < OMU—D>

u— v

> — 2log(1 — u)Lis <
u — ov
1
+ 2Lis <a”(“)> — 9Lis < v ) .
u — v av —Uu

Substituting the above value of F(1;u, v, u) in (4.58), we get the desired result.

Proof of Theorem 2.8. From the definition (1.6), we have

121
}'(l;u,u,u)—/ M

0 u—t

dt.

On integrating, one gets
F (Lu,u,u) = —log® (1 — u) — 2F (1;u, u, u)

1
= F (Liu,u,u) = —glog?’(l—u).

Hence the result is proved.

Proof of Theorem 2.9. We have

dt.

Y og(1 — ut) log(1 —
F(Lu,v,w) = / o( uf)l og(1 — wt)
0 v —1

We now consider log(1 — ut) log(1 — wt) as the first function and use integration by parts, along with

the relation q ) .

dt U—0 1ot

we see that

F(Liu,v,w) = —log(1 — u) log(1 — w) log (“S__:)) + /01 —~—log (1 - wi)
x log (W) dt + /01 wtw_ - log (1 — ut)log (W) dt. (4.59)

We further use integration by parts to evaluate both integrals in the right hand side. We take
u(l—vt)
u—v

log (1 —wt) as the first function and —“+ log ( ) as the second function in the first integral,

whereas in the second integral, we take product of log terms as the first function and ;%5 as the
second function. From (3.27), we can see that

o (v(l—wt)> _w

dt v —w wt—1"
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Using the above two relations in (4.59), we have

F(1;u,0,w) = —log (1 — u) log (1 — w 1og(“(1_“) log (1 — )Liz<v(1—u)>

o (L0 g (220 g (0
_/Olvt” logl—utlog< _wt>

i (2) (2,
log(l—u)log<u(ul_v>l <”( ;U)—log(l—w)]

—log (1 — w) Lisy <v(vl —u ) + J(w,v,u) — S(u,v,w), (4.60)

where J(w,v,u) is defined as in (3.29). We also define

Su, v, w) == /01 " log <U(i:;0t)>log(l—ut) dt

vt — 1

1 _ _
+/ u log (u(l vt)) log <v(1 wt)) dt.
o ut—1 U—v v —w

Again using integration by parts, by taking log term as first function, ;5 as second and making use

of the relation
d log w(l—ovt)\ v
dt w— v ot —1

(),
_/01 Y g H)log(l—ut)dt

First and third integrals can be combined and we solve the second integral by taking z =

(3.27) to have
d v(1 — wt) w w(1l — vt)
— 1 —= ) = 1 .
dt 12( v—w ) wt—10g< w—v

in the first integral, we have

S(u,v,w) =log(l —u)log

|
c\

2
I
~
|| S
—_
5}
o
7 N N

[
s =
[
SHES

v(1—wt)

—w m
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Hence, we get

o020 (o1 0) Ly (20)
<§ (£0=0) g (2 Yo )

where the first integral is solved in (3.39) and J(u,v,w) is defined as in (3.29). Putting the value of
S(u,v,w) (4.61) and using Lemma 3.2 in (4.60), we have

F(L;u,v,w) = log (1 — u) log <US__:)> log <vvw> ~log (1 — w) Lis <v(1 - u)>

— log(1 — u)log (u)(wl_:)) log (vﬂ_w)) —log(1 — u) Liy (”(1_“})>

v —w

(22) [ (22) ) s )

(

o () (=) (40 (429

(o) s G ) o (=0

(B e (222t ()]

() o (i) o () e ()
(o) o () - (=) s (525

+ Lis (H) ~ Lis < f —) +Lis <”(vl__;‘)> ~ Lis <v Y u)

+ Lis (M)  Lis (W) Lis (%) + Lis <: - Z) . (4.62)

We simplify some terms of the last equation. We use the below functional equation of dilogarithm
function Lis(z), due to Rogers [Rog1907]:

Lia(A) + Lia(B) — Lia(AB) = Liy (A - AB) + L <B - AB)

1-AB 1-AB

1-A 1-B
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We first take (A, B) = <;;, > to writ
L ( :Z)) + Lis (Ufu ~ Li <U_w> ~ Li (%)
~ Liy 2(5_3) "~ log (J”) 10g<z<(35;>. (4.64)
We also have the following terms in (4.62):
L(u,v,w) 21;1 g <Z((z§z;> [log2 <U<1 ;U)>1log2 <vi}w>]
= () (i) o () e ()
s () o () 2 (o) s ()
i) o () e ).
e ytos? (=) s (M0 ) s (M0
. %logz (g:z) [bg (Uf”l) ~log (_)]
i) [ (1527 e (20050)
~log? <vfw ~log? g:;)]. (4.65)

SO use CL2 2 a
o (%) o (i) o () o
s =) e (e
—2log (U_“w> log (;’:Z}) . (4.66)

Putting the value of (4.66) in (4.65) and then using (4.64) and the value of L(u,v,w) (4.65) in (4.62),
we get

F(L;u,v,w)
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(G (2 (323 o (23

~ log? <U Y u) —2log <”w> log <Z__Z)) +2log <U5}1__ww)> log <W) }
i (vi}l_uljv ) ( w) + Lis (”(vl__u“)) ~ Lis (Uﬁu)
oo () B (i) - () (G20)

We simplify further to obtain

F(L;u,v,w)
u(l —

1
=log (1 —u)log <vi}w) —log (1 — w) Liy <U(U_5)>

(=)
—log(1 — u) log (wal . > log (H) —log(1 — u) Li <’U(U1_—ww)>

e (222) () v (5 e (22
L

+ log (W;} |:L12 (W) + Lio (H)

(v —w)(u—
=
(i)
¢ Lis (“(vl__w“’)> ~ Lis <Ufw) + Lis (H) ~ Lis (Uiu)
et () e (i) - ) e (5530,

This finishes the proof of Theorem 2.9.

Proof of Theorem 2.10 . Employing second part (2.13) of Theorem 2.5, we have

D 1
Fl=u,v,w)| = F(p;u,via,w).

al=1

Again using (2.12) for F(p; u,’u%a, w), we see that
f( uvw) ZZZflupﬁ,vqawP’y)

al=1 pgr=1~P=1

1 1 1
where F(1;ur3,via,wry) can be evaluated from Theorem 2.9.

Proof of Corollary 2.11. By putting (p,q) = (n,1) and (p,q) = (1,n) in Theorem 2.10, one can
directly get the result.

Proof of Theorem 2.12. Using ﬁ as the series expansion around ¢t = 0 and expanding the logarithm
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as series in (1.7), we get

On switching the integration and summation order, it gives

k oo oo WM 1
Fulesun) = [T 3 30 atet [ pmsamasamisiyy
ms
i=1m;=11=0 v 0
m; Ul+1

.
M8
M8

m; (z(m1+ma+mg+---+my) +1+1)

S
i
I,
3
i
U,
-
I
o

ot

mi (z(my +ma +mg +---+my) +1)’

E

—.
WE
M8

@
i
I\
e
[
I
=
i
I\

which is absolutely convergent for |u| < 1 and |v| < 1, and for any complex z except for negative

rational numbers.

Proof of Theorem 2.13. From (1.7), we have

Tk (%;u,v") = /01 Wdt. (4.67)

Changing the variable ¢ by e in the above equation yields,

—t

o log” (1 — ueTz>
dt.

z
o)
LT 0 etv™ — 1

Making the change of variable ¢ = ny and using the relation (4.54) in the above equation, one obtains

T (%;u, v”) = Z Fr(z;u, Bv).

Br=1

This completes the proof of Theorem 2.13.
Proof of Theorem 2.14. From multiplication formula (2.20), we have
1 1
F <n,u,v> = lefk(l7u,ﬁv ).
Substituting value of Fj(1;u, ﬁv%) from Lemma 3.3, one can directly obtain the result.
Proof of Corollary 2.15. Substituting k = 1 in Theorem 2.14, we have

1 B : m T M
Fi (i) - z{loga—u)ml( P ) le< p— )

pr=1

+ Lip (57’) } (4.68)
Bun —u
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One can see that Fi (z;u,v) = F(z;u,v). Now we state the following Abel’s identity [Lew9l,
Eq. (1.16)], which is also equivalent to Roger’s identity (4.63):

e (15) +1n (125) o ()

= Lip (z) + Lia (y) + log(1 — ) log(1 — y).

1
Use the above identity with z = u, y = 2271 and simplify to get (2.22).

u—pvn

Proof of Theorem 2.18. From the definition (1.7) of Fj (z;u,v), we have

ogh(1 — ut)
Note that k
1 d log"™(1 — ut)
—— —log"M(1 —ut) = —
s (- T

Employing the above identity in (4.69), one can easily get the desired result.

5. Concluding Remarks

Throughout this paper, our primary focus has been to study the properties of the functions
F(z;u,v,w) and Fy(z;u,v), defined in (1.6) and (1.7). Mainly, we have established multiplication
formula, analytic continuation and special values at rational arguments of these functions. It is quite
challenging to obtain all the similar properties for our functions that F(z;u, v) satisfies. Investigating
other properties of these functions would be a compelling direction for future research.

The Table 1 below illustrates some special values of the function Fi(z;u,v) evaluated from
Theorem 2.14.

Table 1: Special values of Fy, (%, u, v)

(k,n) | (u,v) Value of Fj, (=;u,v)

(1,1) | (5,-1) |log(2)log (%) — Liz () + Liz (%)

(1) | (5.-1) [log(2)log (5) —Liz (3) + Liz ()

TD (L) [T (-] 2

(1,1) | (=4,-2) | —log(5)log(6) — Lis(—5) — 35

(2,2) | (Lg) [ —2[Lis (=) +Lis (3)]

(2,1) | (=2,-3) | —log?(3)log(8) — imlog*(3) — 2log(3)Liz(9) + 2Li3(9) — 2Liz(3)
1,2) | (1,-1) | Liy (T) + Liy (ﬁ>

(2,1) | 1,-1) | —2Li3(3)
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