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On the simultaneous 3-divisibility of class numbers of
quadruples of real quadratic fields
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Abstract. In this paper, we construct infinitely many quadruples of real quadratic fields whose class numbers are all divisible
by 3. To the best of our knowledge, this is the first result towards the divisibility of the class numbers of certain tuples of real
quadratic fields. At the end, we give an application of this result to produce some elliptic curves having a 3-torsion subgroup.
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1. Introduction

It was conjectured by Gauss that there are infinitely many real quadratic fields with class number one,
which is still open. In contrast, the situation for imaginary quadratic fields is completely understood:
only nine such fields have class number one, and all imaginary quadratic fields with class numbers up
to 100 have been classified (cf. [Wat04]). These results highlight the importance of understanding
the arithmetic of class numbers. In particular, their divisibility properties shed light on the structure
of the associated ideal class groups. A striking development in this direction is the proof that, for
any positive integer n, there exist infinitely many real (resp. imaginary) quadratic fields whose
class numbers are divisible by n (see, [AnCh55, CHYP18, Hoq21, Yam70]). Moreover, there is a
“Spiegelungssatz” due to Scholz [Sch32], which relates the ideal class group of a real quadratic field
to that of an imaginary quadratic field. As a consequence of this Spiegelungssatz, we can deduce that
if 3 divides the class number of a real quadratic field @(\/&), then 3 also divides the class number of
the imaginary quadratic field Q(v/—3d). Komatsu [Kom02] was motivated by this consequence, who
proved the existence of an infinite family of pairs of quadratic fields of the form Q(v/d) and Q(v'md)
with m,d € Z whose class numbers are divisible by 3. He further extended this result in [Kom17] to
the n-divisibility of the class numbers of pairs of imaginary quadratic fields of the above form. Later,
lizuka [liz18] considered an analogous problem, and proved the existence of infinitely many pairs of
imaginary quadratic fields of the form Q(v/d) and Q(v/d + 1) with d € Z whose class numbers are all
divisible by 3. This helped him to frame the following conjecture.

Conjecture 1.1. ([Iiz18, 126 p.], Conjecture) For any prime number p and any positive integer
m, there is an infinite family of m + 1 successive real (or imaginary) quadratic fields,

Q(Vd),Q(Vd +1),--- ,Q(Vd +m)

with d € Z whose class numbers are all divisible by p.

In [ChMu21], Chattopadhyay and Muthukrishnan extended the result of lizuka [liz18, Theorem 1] by
proving the 3-divisibility of the class numbers of an infinite family of triples of imaginary quadratic
fields. Their proof is based on the construction of an unramified, cyclic cubic extension of a quadratic
field and the classical Spiegelungssatz of Scholz. Krishnamoorthy and Pasupulati [KrPa21] further
extended Tlizuka’s result [[iz18, Theorem 1] from 3-divisibility to p-divisibility for any prime p. In
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particular, it resolved Conjecture 1.1 when m = 1. In [XiCh20], Xie and Chao proved that there
are infinitely many pairs of imaginary quadratic fields of the form Q(v/d) and Q(v/d + m), whose
class groups have an element of order n respectively. They used Yamamoto’s [Yam70] construction to
prove this result. The third author [Hoq22] constructed an infinite family of quintuples of imaginary
quadratic fields of the form Q(v/d), Q(v/d + 1), Q(v/d + 4), Q(v/d + 36) and Q(v/d + 100) whose class
numbers are all divisible by a given odd integer n > 3. This result helped the author to give a
complete proof of Conjecture 1.1 in a more general case, when m = 1. Analogously, it gives an
affirmative answer to a weaker version of Conjecture 1.1 for m > 3. Chakraborty and the third
author [ChHo23] constructed an infinite family of certain tuples of imaginary quadratic fields of the
form Q(v/d),Q(v/d + 1), Q(v/4d + 1) and Q(v/2d +4™) with d,;m € Z and 1 < m < 2|d| satisfying
the n-divisibility of their class numbers for a given odd integer n > 3. In the spirit of Conjecture
1.1, the third author [Hoq] considered the problem of n-divisibility of class numbers of the tuples of
imaginary quadratic fields of the form,

(QVa), QA+ 1),Q(v/2(d +2)), Q(V3(@+3)), -+, Q(v/m(d +m)))

with d € Z for a given integer m > 1. In a similar spirit, we construct an infinite family of quadruples
of real quadratic fields whose class numbers are all divisible by 3. The precise result in this paper is
the following:

Theorem 1.1. There are infinitely many quadruples of real quadratic fields of the form,

(Q(VD), Q(+/216000D3 + 457200D2 + 322580D + 75866), Q(1/432D3 + 1080D2 + 900D + 223),
Q(v/40500D3 + 89100D2 + 65340D + 16215))

with D € N whose class numbers are all divisible by 3.

2. Construction of cyclic, cubic and unramified extensions

We recall the following beautiful result of Kishi and Miyake [KiMi00] to construct an unramified,
cyclic cubic extension of a given quadratic field.

Theorem A. ([KiMi00, Main Theorem]) For any two integers u and v, let
Fur(Z) =73 —wvZ —u®. (2..1)
If
(a) u and v are relatively prime;
(b) Fyuo(Z) is irreducible over Q;
(c) the discriminant Dp, , of Fy.(Z) is not a perfect square in Z;
(d) one of the following conditions holds:

(d.1) 3{wv,
(d.2) 3|v, wv#3 (mod9), u=v=+x1 (mod9),
(d.3) 3|v, wv=3 (mod9), u=v=+1 (mod 27),
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then the normal closure of Q(«), where « is a root of Fy(Z), is a cyclic, cubic, unramified extension
of K = Q(\/Dr,,); in particular, K has class number divisible by 3. Conversely, every quadratic
number field K with class number divisible by 3 and every unramified, cyclic and cubic extension of
K is given by suitable choices of integers u and v.

Another approach to construct a cyclic, cubic and unramified extension of a quadratic field is due
to Kishi [Kis00]. This approach is based on a cubic polynomial defined by an algebraic integer. Let
K be a quadratic field and Ok its ring of integers. Assume that a € Ok with Ny g(a) € 73. We now
define

Po(X) = X? = 3[Ng ()] /3X — Ty g ().

In [Kis98], Kishi deduced the following criterion for the irreducibility of P, (X) over Q.
Lemma 2.1. Let K = Q(v/d). Suppose a = %‘/Q € Ok with Nk g(«) is a cube in Z. Then Py (X)
is reducible over Q if and only if o is a cube in K.

Let d be a square-free integer other than 1 and —3. Set

b {—d/3 if 3 d,

—3d otherwise.

Let K = Q(v/d) and L. = Q(v/D). We define,

R4 :={a € Ok : ais not a cube in K, but Ng,g(a) is a cube in Z}
and

Rp :={a € O : aisnot a cube in L and Ny, /g(«a) is a cube in Z}.

It is very clear that the subset Ry (resp. Rp) contains all those units in K which are not cubes in K
(resp. in L). Further assume that

Ry == {a € Ry : ged(Ng g(a), Tk o)) = 1}
and
Rp :=={a € Rp : ged(Ny g(a), Ty jg(a)) = 1}.
With the help of elements in R} (resp. R},)), one can construct a cyclic, cubic and unramified

extension of K (resp. LL). Kishi used this idea to construct such unramified extensions except at 3.
More precisely, he proved the following:

Theorem B. ([Kis00, Proposition 6.5]) Let o € R}, (resp. o € R}). Then the splitting field,
So(Pa) of Po(X) over Q is an S3-field containing K = Q(v/d) (resp. L = Q(v/'D)) which is a cyclic
cubic extension of K (resp. L) unramified outside 3 and contains a cubic subfield K with v3(Ag/) # 5.
Conversely, every Ss-field containing K (resp. 1) which is unramified outside 3 over K (resp. L) and
contains a cubic subfield K' satisfying v3(Agr) # 5 is given by Sg(Pa) with o € R}, (resp. a € R}).

The above theorem helps us to construct cyclic, cubic and unramified extensions outside 3. Thus,
we need to handle the prime 3, and the following result comes here to rescue us in this case. This
result is a particular case of [LINa83, Theorem 1].

Lemma 2.2. Suppose that
g(X):= X3 —aX —b e Z[X]

is irreducible over Q and that either vs(a) < 2 or v3(b) < 3 holds. Let 6 be a root of g(X). Then 3 is
totally ramified in Q(0)/Q if and only if one of the following conditions holds:

(i) 1 < v3(b) < ws(a),
(ii) 3| a, a#3 (mod 9), 31band b*># a+1 (mod 9),
(i) a =3 (mod 9), 31band b*> Za+ 1 (mod 27).
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3. Some families of real quadratic fields with class number divisible
by 3

Proposition 3.1. For any positive integer x, the class number of the real quadratic field
Q(V/2160003 + 45720022 + 3225802 + 75866) is divisible by 3.

Proof. Let us choose u =4 and v = 3(180z + 127). Then gcd(u,v) = 1. We set:
Fuo(Z) = 7% —12(180x + 127)Z — 16.

Now, reading F, ,(Z) under modulo 5, we get F, ,(Z) = Z3 —4Z — 1 (mod 5). It is easy to check
that F,,(Z) (mod 5) is irreducible, and thus F, ,(Z) is irreducible as a polynomial with integer
coefficients as well.

The discriminant of Fy, ,(Z) is

Ap,, = 4(12(180x + 127))* — 27 - 16°.

This can be simplified as Ap, , = 124D, where D = 216000z® + 457200z% 4 322580z + 75866. Since
D =2 (mod 4), D is not a square in Z and so is Ap, .

We see that 3 | v, and wv = 3 (mod 9). Further, v+ 1 =4 (mod 27). Therefore, F, ,(Z) satisfies
the conditions (a)-(c) and (d.3) of Theorem A. This completes the proof by Theorem A.

Proposition 3.2. For any positive integer y, the class number of the real quadratic field
Q(1/432y3 + 1080y2 + 900y + 223) is divisible by 3.

Proof. The proof of this proposition is very similar to that of Proposition 3.1. Nevertheless, we give
the proof in brief for the sake of completeness.
We put uw =2 and v = 6y + 5. Then ged(u,v) = 1, and we define,

Fun(Z):= 7% —2(6y +5)Z — 4.
The discriminant of Fy, ,(Z) is
Ap,, = 4(2(6y +5))* — 27 - 42,

which can be simplified as 42d with d = 432y + 1080y? + 900y + 223. As d = 2 (mod 3), d is not a
square in Z and so is Ap, ,. It is easy to see that [, ,(Z) (mod 3) is irreducible, and thus F,,(Z) is
irreducible over Z too. Since 3 1 v, therefore by Theorem A, we conclude the proof.

In the next proposition, we will use the second method to construct unramified, cyclic cubic extension
of a quadratic field. To establish the 3-divisibility of the class number, we need Hilbert class field.
Therefore the for sake of completeness, we briefly recall the Hilbert class field. The Hilbert class field
of a number field K, denoted by H(K), is defined as the maximal unramified abelian extension of K,
which contains all other unramified abelian extensions of K.

Theorem C. ([Cox13, Theorem 5.23 (Artin Reciprocity)]) Let K be a number field with its
group of fractional ideals and class group respectively, Ix and CI(K). If H(K) is the Hilbert class
field of K, then the Artin map

®: Ix — Gal(H(K)/K)

is surjective, and its kernel is exactly the subgroup Px of principal fractional ideals. Thus this map
induces the following deep correspondence

Gal(H(K)/K) 2 CI(K).



K. Banerjee, A. Chutia and A. Hoque, simultaneous 3-divisibility of class numbers 5

Proposition 3.3. For any positive integer k, the class number of the real quadratic field
Q(V/40500k3 + 89100k2 + 65340k + 16215) is divisible by 3.

Proof. Assume that d = —(13500k3 + 29700k? + 21780k + 5405). Then d # 0 (mod 3), and thus we
set D := —3d = 40500k> + 89100k2 + 65340k + 16215. As d =2 (mod 3) and D = 3 (mod 4), so that

both d and D are not perfect squares.
Let K = Q(v/—d), and define o € K as

L. 9tV

Then Ty g(a) = 9 and Ng g(a) = —(15k + 11)?, and thus ged(Tx g(a), Ng/g(a)) = 1. Therefore
with this «, we define

1/3
falZ) = 7% = 3 (Ngjg()) " Z = Ty o),
which is
fa(Z) = Z3 + 3(15k + 11)Z — 9.
If Z=p/qis aroot of fo,(Z) in Q, then p |9 and ¢ | 1, which further imply that
7 = +1,+3, +9.

However, fo(£1) # 0, fo(£3) # 0 and fo(£9) # 0. This confirms that f,(Z) is irreducible over Q.
Therefore by Lemma 2.1, a is not a cube in K, and hence a € Ry. As ged(Tk/g(a), Nk /g(a)) = 1, so
that a € Rj;. Therefore by Theorem B, Sg(f«) is a cyclic cubic extension of L. which is unramified
outside 3.

It remains to check the unramification of Sg(f.) at 3. To see this, we will apply Lemma 2.2. By
the assumptions, we see that v3(3(15k +11)) = 1 and v3(b) = v3(9) = 2. Thus (i) of Lemma 2.2 does
not hold. Rest of two conditions of Lemma 2.2 do not hold since b =9 = 0 (mod 3). Thus by Lemma
2.2, we can conclude that Sg(fy) is unramified over L at 3 as well. Therefore, we complete the proof
by Theorem C.

4. Proof of Theorem 1.1

To prove that our construction can generate infinitely many quadruples of quadratic fields of a specific
form with class numbers divisible by 3, we recall a particular case of the celebrated result on integral
points due to Siegel (cf. [Sil09, Chapter IX, Theorem 4.3], [Sie29]). Let Vg be the set of all standard
absolute values on Q.

Theorem D. ([Sil09, Siegel’s Theorem]) Assume that S is a finite set such that {oo} C S C V.
Let f(z) € Q[z] be a polynomial of degree at least 3 with distinct roots in C. Then the set

{(z,y) € Rs x Rs | y* = f(x)}
is finite, where Rg = {x € Q| vy(x) >0 for all p € Vy \ S}; so-called the ring of S-integers of Q.
Given an integer a, we define the curve ay? = 405002 + 8910022 + 653402 + 16215. Assume that
A= {(z,y) € Z x Z | ay* = 405002> + 89100z* + 65340z + 16215}.

If we take S = {oo}, then Rg = Z. Thus, by Theorem D the set A is finite. Therefore, the
set & = {Q(+v/4050023 + 8910022 + 65340z + 16215) | z € Z*} contains infinitely many elements.
Hence, by Proposition 3.3, we have the following:

Proposition 4.1. The set

S = {k € Z*| the class number of Q(\/40500k3 + 89100k2 + 65340k + 16215) is divisible by 3}

is infinite.
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Proof of Theorem 1.1

Given a positive integer k, we assume that D = 40500k% + 89100k? + 65340k + 16215. Then by
Proposition 3.3, the class number of the real quadratic field Q(+/D) is divisible by 3.

Since D is a positive integer, by Proposition 3.3, the class number of the real quadratic field
Q(1/40500D3 4 89100D2 + 65340D + 16215) is divisible by 3.

Similarly, by Propositions 3.1 and 3.2, the class numbers of the real quadratic fields
Q(v/216000D3 + 457200D2 + 322580D + 75866) and Q(v/432D3 + 1080D2 + 900D + 223) are all di-
visible by 3. The infinitude of such fields follows from Proposition 4.1.

5. Torsion in certain elliptic curves
We consider the curve given by the equation,
y? = 405002> 4+ 8910022 + 65340z + 16215.

We can verify that this defines an elliptic curve, Fj.

For the next theorem, we need some preliminaries regarding the Picard group of an algebraic
curve. Let C be a smooth projective curve over Q and let Div(C) denote the free abelian group
generated by the closed points on the curve C'. Any element is an integral linear combination of
points on the curve. We denote such a combination by D a Weil divisor. We say that two Weil
divisors Dj and Dy are linearly equivalent if there exists a rational function f on C such that

Dy — Dy = div(f).
Here the divisor of f is the divisor defined by
F7HO) = F7H(o0),

that is, the differences between the zeros and poles of the rational function.
For an elliptic curve E over QQ, the Picard group is isomorphic to

Pi®(EY®@Z=EQZ.

Given a Zariski open subset U inside C', we have the following exact sequence at the level of Picard
groups:
®;Z — Pic(C) — Pic(U) = 0.

The left hand side, &;Z of the above exact sequence corresponds to the free abelian group generated
by the finitely many points of C'\ U.
There is also the weak Mordell-Weil theorem [Sil09] in the context of elliptic curves. It says that
the group
E(Q)=Z" & Tors(E(Q)).

That is E(Q) is finitely generated.
We want to study the torsion subgroup of F;. We claim that:
There exists a 3-torsion in the Q-rational points on the elliptic curve E-.

Proof of the claim

Suppose that the elliptic curve E; does not have 3-torsion in the group of Q-rational points E;(Q).
Then, if we spread the elliptic curve over the rational integers and consider a fixed smooth integral
model Eyz over Z, by the Nagell-Lutz theorem [SiTalb, Theorem 2.5], the torsion points are all
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integral-valued. So when we specialize these torsion points in the class group of the ring of integers
of the aforementioned real quadratic field

Q(/40500k3 + 89100k2 + 65340k + 16215),

we obtain the torsion elements in the class group of the same order. Now by Theorem 1.1 there are
infinitely many & such that the aforementioned real quadratic fields have 3-torsions in the class group.
Consider the family

Ei7 — A%,

where A} is the affine line over Z given by Spec(Z[z]). The above map is the projection map
(z,y) =@

from Eiz — A}. Suppose that there are no 3-torsions in the divisor class group of Ej, then the same
is true for the generic fiber of the family Fiz — A%. By generic fiber, we mean the elliptic curve
E; scalar extended to Q(z). It is an isotrivial family in the sense that all fibers are isomorphic over
Q. The presence of 3-torsion on the generic fiber forces the same on the fiber F1, since the family is
isotrivial.

Now, the divisor class group of Fjq,) is the co-limit of the divisor class groups Pic(E1y), where
Eqy is the family over a Zariski open subset U of A%. Then it follows that, for all the Zariski open set
U C Al, Pic(E1y) has no 3-torsion. This is because the presence of 3-torsion in Pic(Ey) gives the
following. The 3-torsion in Pic(E1y) goes to zero under restriction homomorphism to Pic(Eq(y))
because the generic fiber does not have such an element. Therefore, there exists V' a smaller open set
such that the 3-torsion in Pic(FE,y) restricted to Pic(E1y) is zero. At the level of torsions, the map

PiC(ElU) — PiC(Elv)

is an isomorphism, as the kernel is zero (there is no torsion element in the kernel.) This by using the
localization exact sequence for Picard groups:

@®;Z — Pic(Eyy) — Pic(Eyy) — 0.

The first term of the above sequence is the Neron-Severi components of the fibers in Eyy \ Vip.
But each of the class groups of

Q(\/40500k3 + 89100%2 + 65340k + 16215)

has a 3-torsion subgroup for infinitely many k, such that the above square root is not an integer. So,
the above torsion points in the class groups varies in a family in the sense that there is a Zariski open
set U, such that Pic(E;y) has a 3-torsion by [BH24, Theorem 4.3]. By the above claim, there is no
such U. So by applying the Nagell-Lutz method and using that Pic’(E;z) has a 3-torsion, we find
that the elliptic curve has a 3-torsion. Thus, we our claim is proved.

The same result holds for the elliptic curves Fo and Ej3 respectively given by the equations:

y? = 43223 + 108022 + 900z + 223,

and
y? = 216000x> + 45720022 + 3225802 + 75866

by arguing as above.
To sum up the above, we can state the following:

Theorem 5.1. Assume that FE1, Es and E3 are as defined above. Then there is a 3-torsion in the
Q-rational points on each of Eq, Es and Es.
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