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Dual Ramanujan-Fourier series

Noboru Ushiroya

Abstract. Let cq(n) be the Ramanujan sums. Many results concerning Ramanujan-Fourier series f(n) = 3502, aqcq(n) are
obtained by many mathematicians. In this paper we study series of the form f(q) = >°72 | ancq(n), which we call dual Ramanujan-
Fourier series. We extend Lucht’s theorem and Delange’s theorem to this case and obtain some results.
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1. Introduction

For ¢,n € N={1,2,---}, the Ramanujan sums ¢,(n) are defined in [Ra] by

d 2mikn
Cq(n) = Z eXp( )7
k=1 q
(k,q)=1

where (k, q) is the greatest common divisor of k and ¢. Let f : N — C be an arithmetic function.
Ramanujan [Ra] investigated its Ramanujan-Fourier series which is an infinite series of the form

F(n) = ageq(n), (1.1)

%5(0) _ s+ ny" (1) (1.2)
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es(n) 1 o= pulg) il
ns (s +1) = ys+1(a) o) (1.3)
() == > Bl (), (1.4)
g=1
< 1y¢-1
) =Y S ) (L5)
q=1

where o5(n) = 3_4),, d° with s >0, ((s) is the Riemann zeta function, ¢s(n) = n*[],, (1 —1/p°%),
T(n)=> din 15 is the Mébius function and r(n) is the number of representations of n as the sum
of two squares.

Ramanujan [Ra] also investigated dual Ramanujan-Fourier series of the form

flg) =) ancy(n),
n=1
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and he obtained the following results.

 l—s 1 cy(n) .
(1= 5 1) (q) = o1_s(q) = ——}jq( i s> 1, (1.6)

¢(s) n®
_ z_:l cq(n)

n=1
where id is the function id(n) = n, f*g denotes the Dirichlet convolution of f and g, and A(g) denotes
the von Mangoldt function.
We investigate dual Ramanujan-Fourier series and obtain theorems which are extensions of the
results due to Delange and Lucht. Several examples are given. The method used in this paper is
quite elementary.

if ¢ 2, (1.7)

2. Preliminaries

1 if n=1 1 if =
Let 6(n) = nen and let §(m,n) = nome=n
0 if n>1 0 if m #n.

We set D(m,n) = md(m,n). Obviously, D(m,n) = D(n,m) holds.
Let f, g : N+— C be arithmetic functions. The Dirichlet convolution of f and g is defined by

(f*xg)(n) =" f(d)g(n/d).
dn

For two arithmetic functions, one of which is a function of one variable, the other a function of
two variables, we define similar types of convolutions as follows.

Definition 2.1. Let f : N — C be an arithmetic function and g : N x N +— C be an arithmetic
function of two variables. We define f kg NXN—Candg+* f:Nx N~ C as follows.

(@@@M#NHMWM@=Zﬂ§WM

dlq

(9% f)(a,n) =(9(q; ) =D 9(e.d

dn
It is clear that the following lemma holds.

Lemma 2.1. Let f,h : N +— C be arithmetic functions and let g : N x N +— C be an arithmetic
function of two variables. Then we have

We note that ((f * g) * h)(g,n) can also be written as >°; . 4,1, f(a/d1)g(d1, d2)h(n/dz). We
simply write f xg* h instead of (f * 9) xhor f * (g * h).

It is easy to see that the following lemma holds.
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Lemma 2.2. Let f: N~ C be an arithmetic function. Then we have

Oy i
(f  D){(g,n) = n|qf(%> _{ f(g)n ii Zlg
no [ f($a i qln
(D f)(g, )—I|nf(g) —{ 0 if atn,
1 if
where Inq:{O if ZJ(Z

Proof. By definiton, we have

(f % D)(g,n Zf Zf )né(d,n) = n\qf< )n.
dlq dlq

The proof of the second assertion is similar. O

Let f, g : Nx N+ C be arithmetic functions of two variables. The Dirichlet convolution of f and
g is defined by

(fxg)an)= > f(di,da)g(g/di,n/dy).

dilg, d2|n
Let f: N~ C be an arithmetic function. We note that, if we define f®§,0® f: Nx N +— C by
(f ®0)(g,n) =f(q)é(n),

(0 © f)(g,n) =6(q) f(n),

then we have for g : N x N +— C

(fx9)(a,n) = ((f ®9) * g)(a. n),
(g% f)la:n) = (g* (0 ® f))(g,n).

We say that f: N — C is a multiplicative function if f satisfies

f(nang) = f(n1) f(n2)

for any n1,ne € N satisfying (n1,n2) = 1. It is well known that if f and g are multiplicative functions,
then f % g also becomes a multiplicative function. We say that f : N x N +— C is a multiplicative
function of two variables if f satisfies

flq1g2,mn2) = f(qi,n1) f(gq2,n2)

for any q1, g2, n1, ne € N satisfying (g1n1, gane) = 1. It is well known that if f and g are multiplicative
functions of two variables, then f % g also becomes a multiplicative function of two variables.
It is easy to see that the following lemma holds.

Lemma 2.3. Let f,h : N+ C be multiplicative functions and let g : N x N — C be a multiplicative
function of two variables. Then f ? g, gxh and f ? g * h are all multiplicative functions of two
T T

variables.

Proof. If f is multiplicative, then f® ¢ is also multiplicative as a function of two variables. Therefore
f ? g = (f ®9) x g is also multiplicative as a function of two variables. Similarly, g * h and f >; gx*h
T T

are multiplicative functions of two variables. O
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Ramanujan [Ra] proved that c,(n) can be written as
cq(n) = Y pla/d)d.
dl(q.n)

We show that ¢,(n) can also be written as follows.

Lemma 2.4.
cq(n) = (nx D +1)(g,n),

where 1(n) =1 for every n € N.

Proof. By definition, we have

(uxDx1)(g,n) = > wlg/dr)did(di, do)1(n/dy) = > plg/d)d

dilg, da|n d|(g,n)
O

Hardy [Ha] proved that, for fixed n, ¢ — c4(n) is a multiplicative function. Johnson [Jo] proved
that (¢,n) — cq(n) is a multiplicative function of two variables. We remark that the multiplicativity
of (g,n) — cq(n) is trivial from Lemma 2.4 and Lemma 2.3 since D : N x N — C is multiplicative as
a function of two variables.

It is well known that the following holds ([Si]). For a fixed integer k,

kE if kEln
Zcq(”)szlnk:{ 0 if k:J(n
qlk

We give another expression of the above in the following lemma. We simply write ¢ instead of c.(+).
We note that }_ , cq(n) can be written as (1 * c)(k,n).

Lemma 2.5. We have

_ _Ja if qfn

(1 7 C)((L n) - qu\n - { 0 lf q Jf n, and
_ 4\ [ nu(l) if n|g

(C t :U’)(‘Ln) - nIn\q:U‘(n)_ { 0 if n ,f q.

Proof. Since c = p * Dx1 and 1% pu =9, we have by Lemma 2.2
T

(1 ¢)(g,n) = (L (ux D D)(a,n) = (L) £ (D 5 D)(g,n) = (D £ 1)(g,n) = alja, and

(4 m)(@m) = (1s D 1) 5 w)(a,n) = (s D) x (1% ) (am) = (o D)(ayn) = nlyggu( )

r

3. Some Results

In this section we show some results concerning dual Ramanujan-Fourier series. First, we introduce
the following Lucht’s theorem concerning Ramanujan-Fourier series.
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Theorem 3.1. (Lucht [Lu]) Let a: N — C be an arithmetic function. If the series

n):=n Z w(k)a(kn)
k=1

converges for every n € N, then for f(n) = (A% 1)(n), we have

= Z a(q)cq(n)
q=1

Lucht obtained (1.4) by taking a(n) = —10%. In this case, we see that

> logk: + 10gn
n)=n'S" u(k)a(kn) = —nZ logk +1ogn _y(y), (3.5)
k=1
since Y oo logk =—land ) 2, M = 0. Therefore f = Ax1 =1x%1 = 7 satisfies (1.4). We

would like to extend Lucht’s theorem to the case of dual Ramanujan-Fourier series. We show the
following theorem which is ”dual” to Lucht’s theorem.

Theorem 3.2. Let a : N— C be an arithmetic function. If the series

=g al(kq)
k=1

converges for every q € N, then for f(q) = (A * u)(q), we have

= i a(n)cqg(n). (3.9)
n=1

Proof. Since cy4(n) = (p i D x1)(q,n), we have by Lemma 2.2
T

S aln)eg(n) =3~ a(m) (e D)+ 1(a,n) = 3 aln) 3 (1w D)la, )1(5)

nix nlzx nix dln
_ — q
= 3 a(dk) s D)a.d) = 3 aldk)Lygn()a
dk<z dk<z
=3 Lagu()d Y- aldk) =3 pu(3)(d D af
d<zx k<z/d dlq k<z/d

where z is a sufficiently large real number. Letting x — oo, we have
oo
D " a(n)ey(n Zu = (u* A)(q) = f(q),
n=1 dlq
which proves Theorem 3.2. ]

Remark 3.1. It is easy to see that, if we set a(n) =1/n® (s > 1), then we obtain (1.6) since

o

> 1 1
=q)» alkq) =q - = ((s) = = ¢(s)id' ~(q).
kzl — (kq) g1
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We show other examples of Theorem 3.2 below.

Example 3.1. Let w(q) denote the number of distinct prime divisors of q and let A(q) = (—1)%@
be the Liouville function where Q(q) is the number of prime factors of q, counted with multiplicity.
Then we have

2w(¢1))\(q) — _C(lz) Z )\(n)sog ncq(n).

n=1

Proof. Let a(n) = A(n)logn/n. Then, noting that A is completely multiplicative, we have

= A(kq)(log k + log q
=q) a(kq) —qz R )
k=1

}j'* k%k**k%Q) — —((2)A),
=1

since Y oo logk = —((2) and > 72, T) 0. Therefore, if we set

F@) = (A=) (q) = —C(2)(A = 1) (q) = —C(2)2°D(q),

then Theorem 3.2 gives the desired result. O

Example 3.2. Let s > 1. Then we have

()@ = X ey o (3.10)

Proof. Setting a(n) = u(n)/n®, we have

k=1 = (k) k=1 R
(k,q)=1
q1(q) 1 ap(e) 1
_ 1-—)=
q° lpg p* ¢ C(s) 1,1 —1/p°)
_ 1 id(g)ulq)
¢(s) ws(q)
Theorefore if we set f = Axpu = ﬁ 122“ * 1, then we see that (3.10) holds by Theorem 3.2. O
Ramanujan [Ra] proved
3 an) _ (3.11)
q=1 a4

which is well known to be equivalent to the prime number theorem. We remark that, letting s — 1
n (3.10), we obtain

n=1

which is "dual” to (3.11).
We also have another example which is ”dual” to (3.11).
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Example 3.3. We have
A
3 (");‘I(”) —0. (3.13)
n=1

Proof. Taking a(n) = A(n)/n in Theorem 3.2, we have

qz (kq) = Z/\(IZQ) ZA(Q)Z/\S:)ZO,

from which f = A % u = 0 follows. O

Next we introduce Delange’s theorem concerning Ramanujan-Fourier series. Given an arithmetic
function a : N — C, it is convenient to use Theorem 3.2 in order to find f satisfying (3.9). However,
given f, it is not convenient to use Theorem 3.2 in order to find a satisfying (3.9). In the case of
Ramanujan-Fourier series, it is sometimes useful to use the following Delange’s theorem in order to
find a satisfying (1.1) for given f. We will extend Delange’s theorem to the case of dual Ramanujan-
Fourier series later.

Theorem 3.3. (Delange [De]) Let f(n) be an arithmetic function satisfying
n
n=1

Then its Ramanujan-Fourier series is pointwise convergent and

= alg)eq(n)

holds where
- i (f + m)(gm)

a(q on

m=1

Moreover, if f is a multiplicative function, then a(q) can be rewritten as

H( Z ) (3.15)

PEP e=vp(q)

a if p|lq
0 if ptgq.

Lucht [Lu] showed that Theorem 3.3 can easily be obtained from Theorem 3.1. We would like to
extend Theorem 3.3 to the case of dual Ramanujan-Fourier series by using Theorem 3.2.

where P denotes the set of prime numbers and v,(q) = {

Theorem 3.4. Let f be an arithmetic function satisfying
= 1
Z [(fx1)(9)] *q () 7(q) < o0. (3.16)
=1

Then its dual Ramanujan-Fourier series is pointwise convergent and

holds where

a(n) = Z Mﬂ(m) (3.17)
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Remark 3.2. If f is a multiplicative function satisfying

ZZ‘JC* e+1)<oo, (3.18)

peEP e=1

then its dual Ramanujan-Fourier series is pointwise convergent and

fl@) = a(n)cy(n)

holds where

Moreover, a(n) can be rewritten as

_ (f *1)(=t)  (fx1) (et
a(n) o H< pl’p(n) pr( n)+1 > (319)
peP
Proof of Theorem 3.4. We first see that A(q) =¢> r-; a(kq) converges since
(f * 1 kqm
S Jatkg) < 32 30 W DGl
k<z k<x m=1
o |(f * 1)(0)] o |(f * 1)(0)]
—1 k<z, k|¢ =1
holds for every x > 1. Using Lemma 2.5 we can rewrite A(q) as follows.
Alg) =g _alkg) = Y a(m)qlym = Y a(m)(1xc)(g,m).
k=1 m=1 m=1
From this we have
Fl@) = (ux A)g) = > a(m)(ux (1 xc))(g,m) = > alm)((px1)xc)(g,m)
m=1 m=1
=Y a(m)(§xc)(g,m) =Y a(m)ey(m)
m=1 m=1
which completes the proof of Theorem 3.4. O

Proof of Remark 3.2. If f is a multiplicative function, then ¢ — (f*l)(q)
function. Using 1 4 z < exp(x), we see that (3.16) follows from (3. 18) since

7(q) is also a multiplicative

oo

5 =10 s+ US> EE TN
§Hexp(§:|(f*;3(p e)_eXP<ZZ| f* e+1)><oo
pEP e=1 pEP e=1
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holds for every @ > 1. Therefore (3.17) holds by Theorem 3.4. In the expression of (3.17), we set
n= Hpjj, m = THp;ij where (r,n) =1, e; 2 1, and d; 2 0. Then we have

w1 ej+d v
MR DAL AR § 17D

d;20, 121, (rn)=1 I1»;

Since f * 1 is multiplicative and since ,u(pc.lj ) = 0if d;j = 2 for some j, we obtain

eJer
o-TI( X h@%) x4 :)(T)u(r)
J o 0=d;=1 rz1, (ryn)=1

/U )(p””(”)) (f*1)(p™ (p)
N H( pVP(n) p’/p(n ) % H( )

pln
T/ EDEr™)  (f 1)t
- H < p’/p(n) N pl’p(”)JFl )’

peP

which completes the proof of Remark 3.2. O

Several examples are shown below.

Example 3.4. Let s > 1. Then we have

ps(@) v 1§ p(BE)
g M= g(s+1);1n¢5+1(f((n)) (),

where K(n) = [, p and ¥s(n) = n*I[,,,(1 + 1/p%).
Proof. Let f(q) = 229 (g). Then it is easy to see that

x
ron={ T e,

and
e 1 if e=0

from which we see that (3.18) holds. It is also easy to see that
(f=1)°)  (F+1)e) { 1—1/p*tt if e=0
p

e petl A (1-1/p) if ex1.
From this and (3.19) we have

* 1 vp(n) * n)+1 * 1 vp(n) x1 vp(n)+1
oty = [T (L7 _ (F# DO b (s D) _ (£ = D)

pin pr(n) p’/p(n ol pr(n) pl’p(”
1

= H W(l —1/p) H(l —1/p°)

pln p pin

1/p s+1

_H ,/p +51 1/ps+1 pep(l—l/p—i- )
B S NG V7% N W™ (D)

C(s+ 1)t pro(®) pst(1 —1/pst1) (s + 1) napsy1(K(n))

pln
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Example 3.5. Let s > 1. Then we have

US(Q) . 3+1 - W(K( ))C n
el as+zz nwsH(K(n)) o)

Proof. Let f(q) = Usq(sq),u(q). Then it is easy to see that
e | —1=1/p° if e=1
F) = { 0 it e>2

and . " 0
dener={ s

from which we see that (3.18) holds. It is also easy to see that

(f*l)(pe)_(f*l)(pe“)_{ L+ 1/pH i =0
P k- 1p) i ezl

Therefore by (3.19) we have

*1 vp(n) * n)+1 x 1 vp(n) *x1 vp(n)+1
a(n):H((f ™) (f )() ))H<(f ™) (f )(IZL)+1 ))

pin p”p (n) pr(n ol

-TI ﬁ(l —yp T+ 1/
P o

1/p s+1
_H Vp +51+1/ s+1 67)(1+1/p )

pr (n)

_ C(8+1) 11 -1 p(l=1/p) _ ((s+1) () Me(K(n n)

T G2+ 2) L (A /) T (251 2) nia (K (n)

Example 3.6. We have

8

= a(n)ey(n)

n=1

1 -1
where a(n) = - H —.

Proof. Let f(q) = A(g). Then it is easy to see that

0 if e is odd

1 if e is even,

(f+1)(p°) = {

from which we see that (3.18) holds. It is also easy to see that

(f*D)EY) (D) { —1/p**! if eis odd

pe petl 1/p° if e is even.
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Therefore by (3.19) we have

(F+DE)  (FrDEO T DE) (D)
a(n) = H( pl/p(n) - pup(n)+1 ) H( pyp(n) - pyp(n)+1 )

pln pin
-1 1
- H pl/p(n)Jrl H pup(n) H 1
p|n pln pin
vp(n):odd vp(n):even
1 -1 1 -1
- H pl/p(n) H ? - E H ?
pln pln pln
vp(n):odd vp(n):odd
O
Example 3.7.
<P<Q) R Isquare(n)
— ) = cq(n),
q ¢(2) nz_:l no
1 if n is a perfect square
where Isquare(n) = ]
0 otherwise.
Proof. Let f(q) = @)\(Q). Then it is easy to see that
1/p if eisodd
€\
(F+1)(r") = { 1 if eis even.
from which we see that (3.18) holds. It is also easy to see that
(f=1)(°) (f*+1)(peth) 0 if eisodd
pe B petl a [%(1 —1/p?) if eis even.
Therefore, by (3.19), a(n) = 0 if n is not a perfect square. If n is a perfect square, then we have
— 1 2 2\ 2 1 . 1 1
a(n) = Hp,,p(n)(l —1/p )H(l - 1/p%) = H(1 —1/p )HW =@
pln pin pEP pln
Thus we can express a(n) as
a(n) _ 1 Isquare(n)
¢2) n
whether n is a perfect square or not. This completes the proof of Example 3.7. ]

Let F be the set of real valued arithmetic functions and let A = {a € F : }_ a(q)cq(n)converges.},
B={be F:), b(n)cy(n)converges.}. If we define T': A+ F and T* : B— F by

(Ta)(n) =) alg)eg(n),
(T*b)(a) = ) b(n)cq(n),

respectively, then we have ”formally”
<bTa>=<T"D,a >,

where < b,a >:= )" b(n)a(n) is an inner product of a and b. More precisely, we have the following
trivial proposition.
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Proposition 3.1. If f(n) = >_ a(q)ce(n) and g(q) = >_, b(n)cq(n). If

> lalg)eg(n)b(n)| < oo, (3.20)
then
> F)b(n) =Y alq)g(q)
Proof.

As an example of the above proposition, we show the following example.

Example 3.8.
oo ) 9
Z o(n) Iy square _ w(q)
= a(a)

Proof. By (1.3) with s = 1 and Example 3.7, we have

ZM)

—t v2(q)
©(q) 1 > Isquare(")

We note that the right hand of (1.3) is absolutely convergent. Hence (3.20) holds. By Proposition
3.20 we have

1(q) ﬂ = @A) T (1 = 1/p)
vala) ¢ o =2 a*[1,,(1 —1/p?)

q=1

Z:l % n:square Z
R p(q)’ _ N 4(9)?
- qzl ¢ 1Ly,(1+1/p) = av(a)

which completes the proof of Example 3.8. 0

Of course, Example 3.8 can also be obtained by expressing both sides as infinite products by prime
numbers.

Remark 3.3. We do not know whether we can loosen the condition (3.20) or not. If we can, then,
for every f € TA such that f = Ta and for every g € T*B such that g = T*b, we have ”formally”

Zﬂn)ﬂ( —Ta,  secum B s—cu0>=0,
n id id

1 1
Z M =< T*b, — >=<bT—= >=<b,0>=0,
q 1d ld

namely, ImT 1 KerT* and ImT™* 1 KerT'. However, we can’t prove the above rigorously.
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Next we consider Dirichlet series of a function expressed as Ramanujan-Fourier series or dual
Ramanujan-Fourier series. We show the following theorem.

Theorem 3.5. Suppose s > 1. Let f be an arithmetic function such that the Dirichlet series
f(n o . k
> és) converges absolutely and let a(-) be a multiplicative function such that 3 ,~ |Z(s_n1)| < 0.

(i) If f(n) =32, a(q)cq(n) converges absolutely, then the Dirichlet series of f is expressed as

e n a(n®) — alpt 1
S I = [T 58

(
n=1 peP =0 P

(i) If f(q) = Yoo i a(n)cq(n) converges absolutely , then the Dirichlet series of f is expressed as

— f(q) 1 D enze, a(p?)
2. = U =)

PEP e1 20

Proof. (i) Since f(n) = 2, a(g)cg(n) = 32, alq)(u p D * 1)(¢q,n), we have by Lemma 2.2

(Fm(n) =) alg)((u*D*1) =>_al@)(ux D)(g.n)
q=1

From this we have

s—1
n=1 n=1" g¢21 q21 nlq " q=1
nlq
. e 1 ey 1 e 1 1
- ( a(p )( dsfl *,U,)(p )) - H( + a(p )(pe(s—l) - p(e—l)(s 1)))
pEP >0 peEP e>1
e e+1 e e+1
a\p — alp a\p — alp
- (1_a(p)+z ( )e(s—g) )) - ( ( )e(s—g) ))
p p
pEP e>1 PEP =0

Therefore we have

(ii) We proceed in a similar manner. Since f(q) = > .24 a(n)cq(n) =Y o2 a(n)(p * D *1)(q,n),
we have by Lemma 2.2

(1= f)(q Za 1>1< ,u*D* 1))(q,n) Za x1)(q,n)

n=1 n=1

Za q|nq - Za(n)Q'

n n=1
qln

—
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From this we have

q=1 ¢ g=1 q n>1 n>1 ql q
qln
S 1 e 1 (&
=Y el + D) = [0l (o * D)
n=1 ! PEP =0 !
1
_ e\/: 11—s e _ e
=TI a6« 1)) = [ a0 3 i)
PEP =0 PEP €220 0<e;Zes
Derze, U(P7)
=1 = ov )
PEP €120
Therefore we have
— f(q) 2erze, UP™)
C-(S) Z s H(Z 261(15—1) )’
q=1 q PEP €120 p
which completes the proof of Theorem 3.5.
As an example of Theorem 3.5, we show the following example.
Example 3.9.
MD)E(@¥(a) _ <(2) <= A1)
= cq(n
¢ ¢(4) nz:l o)
Proof. Let a(n) = A(n)/n?. Then we have
(-1 (=patt (=1«
€2 — e —
Z a(p®) = p2e1 T p2(er+) T p2r(1+1/p2)’ and

e22eq

Desze, A(P%?) 1 —1)¢ 1 1
Z = _ Z( ) _

pei(s=1) 14+ 1/p2 — pelst+1) 14 1/]?2 1+ 1/p5+1 )

€120

From this we have

1 D erze; A(P?) 1 1 1 1 ¢(4)¢(2s+2)
C(s) H(Z pei(s—1) ) :C(S) H -

Therefore, if we set f(q) =D oo, a(n)cqg(n), then f satisfies

o~ f@) _ 1 ((4) ¢(2s+2)
Z q° $)¢(2) C(s+1)°

PEP €120

On the other hand, if we set f(q) = W, then fsatisﬁes

TP T 1p7 (9@ G+

e
q=1 peEP e>1 pEP e>1 p
—1 p+1
= H(1 + (p+1)2(m)) = H(1 - Z)STH)
peP =1 P peP

B 1-1/p* B (25 +2)
U7 = o

- ¢ pe(l+1
S 10 [y ARG, sy L SV,
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By the uniqueness of the Dirichlet series, we have f(q) % f(g), namely

4. The Case of Arithmetic Functions of Two Variables

In this section, we consider the case of arithmetic functions of two variables. We would like to extend
theorems in section 3 to this case. In more detail, we consider Ramanujan-Fourier series

o

f(nl’ nQ) = Z a(‘]la QQ)Cm (nl)CQQ (n2)7
q1,92=1
and dual Ramanujan-Fourier series
o0
fla,a2) = > a(ny,na)cg, (nm1)cg, (n2),
ni,na=1

where f,a are arithmetic functions of two variables.
We use the same notations 1 and u for the functions

1(77,1,712) = 1(n1)1(n2),
p(n1, n2) = p(na)p(nz),
respectively. Clearly, (u* 1)(n1,n2) = §(n1)d(ng) holds.
We begin with the following theorem which is an extension of Theorem 3.1.
Theorem 4.1. Let a : N x N— C be an arithmetic function of two variables. If the series

[e o]

A(ni,n2) :=ning Z p(k1, k2)a(king, kang)
k1,ko=1

converges for every ni,ng € N, then for f(ni,ng) = (A x*1)(ny,ng), we have

oo

flnang) = Y alqr,g2)cg, (n1)cg, (na).

q1,92=1

Proof. Since cy4(n) = (p * D x1)(q,n), we have

S alar @2)eq (m)eg(n2) = 3 alar, @) 5 D x 1)(gs,m1) (5 D 1)(g2, 12)

sz @iz

=3 alane) (30 n(E)DF 1)(dr,m)) (3 w0 5 1)(d,m2)).
sz dilq dz|q2

2y
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Setting q; = di1k1, g2 = doko and using Lemma 2.2, we see that the above is equal to

> aldiky, dako)u(ky) (k) (D % 1)(dv, m)(D % 1)(dz, n2)

dik1<zx
dok2Zy

= Z a(diky, doko) p(ka) p(kz) Lay g di Lay)n, do
dik1<zx
daka <y

:Z:Id1|mIdz|n2dld2 Z M(klakz)a(d1k17d2k2)a
dléa: klgw/dl
d2<y ka<y/d2

where z,y are sufficiently large real numbers. Letting x,y — oo, we have

> alqr @2)eq (n1)cg, (no) Z Liyiny iy (dada > gk, bo)a(diky, daks))
q1,92=1 dy,do=1 k1,ko=1
= Z A dl,dg A*l)(nl,ng):f(nl,ng),
di|n1
da|na
which proves Theorem 4.1. O

The following theorem is an extension of Theorem 3.2.

Theorem 4.2. Let a : N x N— C be an arithmetic function of two variables. If the series

Alq1,q2) == Q12 Z (k1q1, k2g2)
k1 ka—=1

converges for every q1,q2 € N, then for f(q1,q2) = (A* p)(q1,q2), we have

o

flaaz) = Y alng,na)eq (n1)eg (n2). (4.21)

ni,na2=1

Proof. The proof proceeds along the same lines as the proof of Theorem 3.2. We have

Y alni,na)eg (m)egy(n2) = Y alni,na)(u * D x1)(qr,m)(p % D * 1)(g2,m2)

ni1<x ni<x
n2Sy n2<y
n n
= > almn2)( Y (o D)ar d) L)Y (s D)gz, do) ().
n1<x dy|n1 da|n2 2
n2Sy

Setting n1 = d1k1, no = dsko and using Lemma 2.2, we see that the above is equal to

Y aldiky, daka) (% D)(qr,d) (% D)(g2, d2)
dik1Zz
daka=y

- Z (dlklvd?kQ)Idﬂ(h:U'(d )dlIdz\QQ:u(d )d
dik1<zx
dok2Zy

q q
- Z Id1|q11d2|qaﬂ(dl) (é)(dld2 Z a(diky, doks)),

di1<zx ki1<x/dq
d2=y ko<y/da
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where z,y are sufficiently large real numbers. Letting x,y — oo, we have

N a1 q2
Y a(ni,na)cg, (n1)eg, (n2) = Z Layjgr Laggn (- )M(d )A(d1, do)
ni,ne=1 dy,d2=1 2
q
= Z (d17d2) (N*A)((th?) :f(QLQQ)v
dilq
dalqo
which proves Theorem 4.2. ]

The following example is an extension of Example 3.2.

Example 4.1. Let s > 1. Then we have

2 719214(q1G2) p(ning)
(gl—p))(M 1)(a1, 6) W%(m)%(m) (4.22)

where o5(q) = ¢° I[,,(1 — 2/p%).

ni,no=1

p(ning)

na)e We have

Proof. Setting a(nq,n2) =

p(k1g1k2g2)
Alqr, q2) = 142 Z (k1q1, k2q2) = q1g2 Z ——
by el oy (k1aikage)?

k1
Z p(k1ka)p(q1g2) _ M(Q1Q2) Z p(k) Zl

k1 ka1 (kik2)*(q142)*  (q12)*~" k=1 ey |k
(k1k2, q1g2)=1 (k, q1q2)=1

:M Z pk)T(k)  p(q1g2)

(q1g2)*! ks (quge)s!

= q192

(1+ Mis)
=1 p
(k, qrq2)=1

_ mae) (1- 2. wlag) Iep(—2/p%)

Plq1q2

(q1g2)*1 Ploaa P (0192) g (1= 2/P%)

If (q1,42) > 1, then A(qy,q2) = 0 since pu(q1g2) = 0. If (q1,g2) = 1, then we have

 Maqige) per(1 —2/p°)
Alqr, q2) = (q1g2)" " Lo (1= 2/p%) I 1, (1 — 2/p%)
q19214(q192) H (1-2/p%)

(@ T (= 2/p) (@3 Ty (1 — 2/p%))

_ @1@ep(nge) s
= Sl L0270

peEP

which clearly holds also in the case (q1,q92) > 1. If we set f = A % u, then Theorem 4.2 gives the
desired result. O

Remark 4.1. We consider the case s | 1 in (4.22), where the notation s | 1 means that s approaches
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1 from above. Since

_ s\2
[Mo-2=a-HIa-2=a- ST a2 520

_ S 2s
peEP peEP peP 1 2/]? - 1/p
P23 p=3

2 1—1/p%)? 2 1—1/p%)?
:(1_¥) 1(_2/17511})/79)25:(1_23)1_[(/1))

pEP T (1—2/p%) pEP 1+ p**(1-2/p®)
P23 p=3
2 1., 1
- Ila- I =
pEP peP ps(ps—2)
p23 p23

2 1 1
:(1_§)(1—%)2<2(S)H1+ 1 ’

peP p*(p°—2)
p23
we have
) 2\ a1¢214(q1g2)
hm (1 — *) T =,
sl1 (pg) P )ws(ql)ws(qz)
. 2 1 1 19214(q192)
=lim(l — —) —
(1~ 5 T Tya) (}}P e | P EAP
p23
. 2.1 1q214(q1G2) 1 1
:hm(l - 78) S s\ S s RN S
T 2 00 i T (U= 2/p)as T (L — 2/0°) (1= 12 HD 1+ 7
p=3
1 1—2/28 1 1
=lim . ~1(q192) =0,
sll CZ(S) Hp|q1(1 - 2/p )Hp‘qQ(l - 2/p ) (1 - %)2 plgp L+ p(p172)

where we note that, since u(q1q2) = 0 if g1 and g2 are even, we may assume q; or qa is odd. Therefore
by letting s | 1 in (4.22), we obtain

—  p(nang)
1742
Do F e (m)eg (n2) = 0,

ni,na2=1

which is an extension of (3.12) to the case of two variables. Of course an extension of (3.13)

oo

Z )\(nan)cfh (nl)cqz(HZ) =0

ninz

ni,na=1

clearly holds since A is completely multiplicative.
Next we consider extensions of Theorem 3.3 and Theorem 3.4. Ushiroya [Us| proved the following
theorem which is an extension of Theorem 3.3.
Theorem 4.3. ([Us]) (i) Let f(ni,n2) be an arithmetic function of two variables satisfying
o0

S geln)geln) |(f * p)(n1, mo)|

ning

< 00

ni,na=1
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Then its Ramanujan-Fourier series is pointwise convergent and

o0

flning) = Y alqr, g2)cq (n1)cg, (n2)

q1,92=1

holds where

i (f*ﬂ)(mﬂhmeQQ)'

a(QI’ q2) - miqimaqz

mi,ma=1

(ii) Let f be a multiplicative function of two variables satisfying

61 62
Z Z f*ue1+e2 )] < 0.

PEP e1,e220
e1+ex>1

Then its Ramanugjan-Fourier series is pointwise convergent and

o0

flni,ng) = > alqr, q2)cq, (n1)cgy (n2)

q1,92=1

holds where

a(qi,q2) = i (f*“)(ml(hamth).

miqgm
S 1911M2q2

Moreover, if the mean value M (f) = limgy—o0 ), <, f(1) is not zero and if {q1, g2} > 1, where {q1,q2}

denotes the least common multiple of q1 and qa , then a(qi,q2) can be rewritten as

e =TI( Y 30 Uit

PEP e1=vp(q1) e2=vp(q2)

—u I {( Y Rty (v oy U

pl{a1.a2}  e1=vp(q1) e2=rp(q2) e1=0e2=0

We remark that many examples of the form

o0

flnng) = Y alqr, g2)cq (n1)cg, (na)

q1,92=1

are obtained in [Us].
Next we extend Theorem 3.4 to dual Ramanujan-Fourier series.

Theorem 4.4. Let f be an arithmetic function of two variables satisfying

o0

I(f % 1)(q1, g2)|
Q1,qzzl TT(qI)T(QQ) < 00

Then its dual Ramanujan-Fourier series is pointwise convergent and

a1, q2) = Z a(n1,nz)cq, (n1)cg, (n2)
ni,ne=1
holds where
> * 1)(nimq,nom
a(nl’n2) — Z (f )( 1771, 72 2)M(m1,m2)-

nimin2imsa
mi,ma=1

el+62 ))} (4.23)

(4.24)

(4.25)
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Remark 4.2. Let f be a multiplicative function of two variables satisfying

> 2 A 161:2 a (e1+1)(e2 + 1) < oo. (4.26)

peP el, €2>0
61+62>1

Then its dual Ramanujan-Fourier series is pointwise convergent and

D
fla, ) = > alng,na)cg (n1)eg, (n2)
ni,ne=1
holds where -
(f * 1)(n1m1, TLQmQ)
a(ni,ne) = mi,mo).
(n1,n2) ml%l py—— p(my, mo)

Moreover, a(ni,n2) can be rewritten as

* vp(ni1) ,vp(n2) * vp(n1)+1 vp(ne)
atr ) = T (LD (5 2 e )

pr("l)+Vp("2) Vp(n1)+1’p(n2)+1

peEP

(f " )( vp(ny) pup(ng +1) (f % 1)( vp(ny)+1 pup(nl)JrZ)
pl’p(”l)+l’p(”2)+1 Vp(n1)+Vp(n2)+2 )

Proof of Theorem 4.4. We proceed along the same lines as the proof of Theorem 3.4. We first see
that A(q1,92) = q1q2 ZZ? k=1 a(k1q1, kaga) converges since

x 1)(k1g1m1, kagam
S otk k) £ Y Z |(f * 1)(k1gima, kago 2)|\,u(m1,m2)|

kizz k1<xz m1,ma=1 krgimikagame
k2=y ka<y
oo
1)(41,¢
<3 W SR
b,62=1 12 k1<x, k1]l
kaZy, kall2
o
1)(41,¢
< 3 WD) < o0
01,6,=1 1%2

Using Lemma 2.5 we can rewrite A(q1,q2) as
(o] (o)

Alqg2) = a2 > alkigkaga) = Y a(ma, mo)qily m, g2l ms

k1,ko=1 mi,ma=1
o0

— Z a(my, ma)(1 ? ¢)(q1,m1)(1 1; c)(q2, ma).

mi1,ma=1

From this we have
Flar, @) = (nxA)(qg2) = > almy,mo)(u % (L)) (g, ma)(p % (1 %)) (g2, ma2)
mi,mo=1
= D almy,m)(0% c)(qr,m1)(0 % ) (g2, m2)
mi,mo=1
= > a(mi,ma)eq (m1)cg, (ma).

mi,ma=1

This completes the proof of Theorem 4.4. O
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Proof of Remark 4.2. We first note that, if f is a multiplicative function of two variables, then
(q1,q2) — WT(QQT(QQ) is also a multiplicative function of two variables. Using 1+ < exp(z),

we see that (4.24) follows from (4.26) since

Z |(f* 1)(Q1a‘]2)|7_(q1)7_(q2) < H(l + Z |(f* 1)(p61ap62)|T(pel)T(p62)>

€ €
@1 192 peP e1,e220 PP
2=Q2 e1+ex1
* 1) (pt, p©2
é H exp( Z ’(f )efpe;p )’T(pel)T(peg))
pEP e1,e220 p=p
€1+€2>1
*1
—ep(X Y ORIl e+ 1)) <o
PEP e1,e220
e1+ex>1

holds for any @1, Q2 > 1. Therefore (4.25) holds by Theorem 4.4. In the expression of (4.25), we set,
fori=1,2, n; = Hpj”, m; = m-Hp;-l” where (r;,n1n2) = 1, e;5 2 1, and d;; 2 0. Then we have

dij+er dojtez;

(f*1)(ry ]_[p]” Yoy Hpjzj eQJ) dy; da;
Z dyj+e1j+dajt+es; 'u(rll_[pj ’TQHpj )
T1T9 Hp

a(ny,ng) =
d;ij20, r;21
(ri;ning)=1

Since f x 1 is multiplicative and since ,u( S p;lzj ) =01if di; = 2 or dy; = 2 for some j, we obtain

dl +e1; dgjtes;
(F*D);" 07 an Z (f*1)(r1,m2)
am, o) :H<o<;<1 pdl]+elj+d2i+€2j wpsp; ])) . >1 T1T2 ulri,r)
J ij= J T2
= (r,n1n2)=1
T (R ) (g b))

yp n1)+vp(n2) pl/p(n1)+l/p(n2)+1

plning

LUt | (g )y
pr(”1)+Vp(”2)+l pr (n1)+vp(n2)+2

< ] « _f(l,p)+f(p,p))

2
pinins p p
(e ”p(”ﬂ) (D) )
op Vp ni +Vp("2) pr(”1)+Vp(”2)+1
p
(f ” 1)( Vp n1) l/p(nz)-i-l) (f % 1)(pup(n1)+1,pyp(n1)+2)>
pr(n1)+Vp(n2)+1 pr(n1)+Vp("2)+2 ’
which completes the proof of Remark 4.2. O

If we take f = p in Theorem 3.4, then it is obvious that

= a(n)eg(n)
n=1

holds where a(n) = d(n). The following example is an extension of the above trivial example.
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Example 4.2. We have

1(q1g2) = Cl > G nl’nQD)ﬂK((nl’nQ)))qu(m)ng(nz).

el ningh (K (ning))

Proof. Let f(q1,q2) = p(g1g2). Then it is easy to see that

(F+1)P5 1) = (f+1)(L,p") =0 if k=1,
(f+1)("p") =—-1 if k0=1.

From this we see that (4.26) holds. We have

(D@ (F=DE™Y (DR ™) (DM

phtt - phti+1 o phti+ pk+z+2
1—1/p? if k=0=0

) 1pttt—1/ptt2 if k=0, ¢2>1

) 1/pkt - 1/pht? if k=1, £=0

—1/pFtl 2 ph L 1 Rt g >

Therefore we have by Remark 4.2

1 1 1
a(nlﬂw) = H (1 - P) H(pr(n2)+1 - I/p n2 +2 H Vp nl - pr(nl)+2)

pining pina p\nl
plna2 pina

1 2 1
X H(_pup(m>+up(n2> G ) e

pln1
pln2
1 1 1 1 1
= 0- Dm0 D I - 5)
(n2)+1 vp(n1)+1
ptninz P pina P p pln1 P p
plna pn2
-1 2 1
Al a5+ )
plma
plne
_H(l_i)l—[ 1 1-1/p 1 1-1/p -1 (1—1/p)?
N 2 +1 ] —1/p2 11— 1/p2 ¥ T
o P i pup(m) 1—1/p i pup(m) 1—1/p b pup(nl) vp(n2) 1 1/p
pln2 pina pln2

1 1 1 1 1 -1 1-1/p
¢(2 ) H pre(n2)+11 4 l/p H pre(m)+11 4+ 1/p H pre(m)+rp(n2) 14 1/p

pl(n1,n2)
p‘”Q meQ
1 1 1
@ H vp(n1)+vp(n2) p(1+ 1/p) H (—=1)p(1 —1/p)
P\”mz pl(nima)

1 p(K((n,n2)) (K ((n1,12)))
S <2 ningy (K (n1nz)) ’

which completes the proof of Example 4.2. ]
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