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Set Equidistribution of subsets of (Z/nZ)*
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Abstract. In 2010, Murty and Thangadurai [MuTh10] provided a criterion for the set equidistribution of residue classes of
subgroups in (Z/nZ)*. In this article, using similar methods, we study set equidistribution for some class of subsets of (Z/nZ)*.
In particular, we study the set equidistribution modulo 1 of cosets, complement of subgroups of the cyclic group (Z/nZ)* and the
subset of elements of fixed order, whenever the size of the subset is sufficiently large.
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1. Introduction

We say (as defined in [MuSi09]) that a sequence of finite multisets A,, with A,, C [0,1] and |A4,,| — o0
is set equidistributed mod 1 with respect to a probability measure pu, if for every continuous function
f on [0,1], we have

1

T e ) - /0 f(@)dp. (1.1)
teAy,

In order to verify this condition, it suffices to check that this limit exists on a dense family of functions

fin C]0,1]. Here, we shall make use of the family of Bernoulli polynomials.

Murty and Thangadurai [MuTh10] proved that the elements of the subgroup H,, of (Z/nZ)*, are
set equidistributed modulo 1, whenever |H,|/\/n — oo as n — oc.

Motivated from this, one may ask the following natural question: If S, is a subset of (Z/nZ)*
such that |S,| > n%“, are the elements of the subset S,, of (Z/nZ)* set equidistributed modulo 1, as
n — oo? In other words, does the result of [MuTh10] apply for subsets and not just subgroups?

In general, the answer is not affirmative. For instance, if S), = {a1,az,...,an} C (Z/nZ)* where
m = [n%+€] +1 and a;’s are the first m integers < n with (a;,n) = 1, then the elements of S,, :== S}, /n
are close to 0 in [0,1] for all integers n — oo and hence these sets are not set equidistributed mod 1.
However, for many arithmetical subsets like the set of all quadratic non-residues modulo p (which is
not a subgroup of (Z/pZ)*), and the set of all generators of (Z/nZ)*, whenever it is cyclic, the above
question makes sense.

In this article, we give a partial answer to the above question. More precisely, we prove the
following theorems:

Theorem 1.1. Let € be a given number with 0 < € < 1/12. Consider an integer n = p* or 2p* for
some odd prime p, some integer k > 1 and a positive divisor f of n satisfying ¢(n)/f > nl/23¢ Let
S5 be a subset of (Z/nZ)* which consists precisely of those elements whose index is f in (Z/nZ)*
and take the representatives Sy, as integers, say, s, with 1 < s, < n—1 and (s,,n) = 1. Let
Sin={s/(n—1):s €8s} C0,1]. Then the sets S}, ’s are set equdistributed in [0, 1] with respect
to the Lebesgue measure.
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In Theorem 1.1, when we take f = 1, then trivially the hypothesis is true. Hence, when n runs
through numbers of the form n = p* or 2p* for an odd prime p and for some integer k > 1, we find
that the sets of generators of (Z/nZ)* are set equidistributed modulo 1.

Theorem 1.2. For an integer n = p* or 2pF for some odd prime p and for some integer k > 1,
let Sy, be a subset of (Z/nZ)* such that its complement is a subgroup of (Z/nZ)* and we take the
representatives Sy, as integers, say, sy with 1 < s, <n—1 and (sp,n) =1. Let S, ={s/(n—1):s €
Spt C [0,1]. For a given € > 0, if |Sn\/n%+2E — 00 as n — 00, then the S} s are set equdistributed in
[0, 1] with respect to the Lebesque measure.

As an application of Theorem 1.2, we have the following corollary.

Corollary 1.3. Let r > 2 be an integer. For any prime number p such that p =1 (mod r), let H, =
{a € (Z/pZ)* : T =1 (mod p)} C (Z/pZ)" and let the representatives of Hy be {hy,. .., hp_1y/r}
as a subset of {1,2,...,p—1}. Let

Sp=A{a/p:ac{l,2,...,p—1} and a # h; for any i}.

Then, as p — oo such that p =1 (mod r), the sets S,’s are set equdistributed in [0, 1] with respect to
Lebesgue measure. In particular, when r = 2, we get the set of all quadratic non-residues modulo p,
are set equidistributed in [0, 1].

Theorem 1.4. For any integer n > 2, let H], be a subgroup of (Z/nZ)* and take the representatives
of H], as integers, say, h such that 1 < h <n and (n,h) = 1. Let H, = {h/n : h € H]} be a finite
subset of [0,1]. If |Hy|/v/n — 00 as n — oo, then for any given g, € (Z/nZ)*, the cosets g,Hy’s are
set equidistributed in [0, 1] with respect to the Lebesgque measure in [0, 1].

2. Preliminaries

In order to prove the sets S, are set equidistributed, it suffices to determine the behaviour of sums

of the form
|Sn|

> fnlan),
k=1

for any suitable family of polynomials f,, of degree m for each integer m > 1, with g, € S,,. It is
convenient to take the Bernoulli polynomials which are defined as

Bpn(X) = i <7:> B x™mk,

k=0

for each integer m > 1 where Bj denotes the kth-Bernoulli number, because the set of all finite
Q-linear combinations of {B;,(X)} is a dense subset of C[0,1] (see [Apo76]). Therefore, we consider

n

and we would like to prove that

|Snl 1
. 1 Ik
Jm eS8 (%) = [ Bt

k=1

A well-known result states that (for instance, see [Mu08], page 19)
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Lemma 2.1. For any integer m > 1, we have

/01 Bp(t)dt =

Thus, by Lemma 2.1, in order to prove that the sequence of sets {S,} are set equidistributed mod
1, it is enough to prove that

[Snl
1
Jim o Z n () =0
S|
The way to understand this sum, Z B, ( ) is through the generalized Bernoulli numbers (see for
n
k=1

instance [Wa97]) which are defined as follows. For any Dirichlet character x : (Z/nZ)* — C* and for
any integer m > 1, we define the m-th generalized Bernoulli number B,, , as

=n""1 zn:x(a)Bm <%> .
a=1

Then we get the connection between By, , and the Dirichlet L-function with character x at s = m
and use the estimates of the special values of L-functions. For more information, we refer to Murty
[Mu08]. Indeed, we need the following Lemma which can be found in [Mu08], pp 122.

Lemma 2.2. We have the following;
1. For any character x on (Z/nZ)" and for any integer m > 1, we have

B

2. If x is any character on (Z/nZ)*, then, there exists a positive constant C(m), depending only
on m such that )
[L(1 =m,x)| < C(m)n™">

for all integers m > 1 and for alln > e'7. (Proof of this fact can be seen in the proof of Theorem,
2 in [MuTh10]).

The following lemma is standard and we shall state as follows.
Lemma 2.3. Let og(n) denote the number of positive divisors n. Then, we have
oo(n) < n for all large enough integers n,
for any given € > 0. Also, we know that
B(n) > nl=c
for any given € > 0, where ¢ stands for the FEuler’s totient function.

We need the following two crucial lemmas for the proof of Theorems 1.1 and 1.2 (see Lemma 3 in
[Jo73]).
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Lemma 2.4. Let R be a finite ring such that R* s the cyclic group of order n for some integer n > 2
and let f be a positive divisor of n. For any a € R, we define

Ii(a) = 1 ifa € R* and a is of index f in R*;
Y7 0 otherwise,

where the index of an element a € R* means the index of the subgroup generated by a in R*. Then,

for any a € R*, we have,
1 p(d)
I(a) = - d Z x(a),
d|(n/ f) v/ = o

where p is the Mobius function and the inner summation runs over all the multiplicative characters
x of R of order at most fd.

The following lemma computes the characteristic function for a given subset S of a cyclic group
G such that its complement is a subgroup.

Lemma 2.5. Let G be a cyclic group of order n for some integer n > 2. Let S be a finite subset of
G such that G\S is a subgroup of G. Let

R ={r e N:r is the index of a € S for some a} = {r1,...,re}
be the finite subset of N. Then
1 ifaes;
d| Yil=yq 0 otherwise,

where p is the Mobius function and the inner sum runs over the multiplicative characters x of G of
order at most r;d.

Proof. Suppose a € S and let 7; be the index of a for some integer j € {1,...,¢}. Then by Lemma

2.4, we get
1 w(d) 1 ifi=g
T Z d Z x(a) = 0 otherwise.
dz " xit=x

Therefore, we have

(13 s )

— T d
i=1 dl(n/r;) X"i%=x0

Now, let b € G\S and let ¢ be the index of b. Then, we shall show that

LY DS =0

d = X"i%=xo

forall 1 <4</

To prove this, it suffices to show that ¢ ¢ {r1,r2,...,7r¢}. Since G is a finite cyclic group, there
exists a unique subgroup H, of index ¢. Since the index of b is g, we conclude that the subgroup
generated by b is equal to H,. Also, note that any element in G, which is of index g, is a generator of
H,. Since b € G\S and by hypothesis G\S is a subgroup, we conclude that b € H, C G\S. Since b
is arbitrary, we conclude that any element of index ¢ lies in G\S. Therefore, ¢ ¢ {r1,r2,...,7¢} and
proves the lemma.
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3. Proof of Theorem 1.1

By Lemma 2.4, we have

1 w(d 1 ifacSy,
f ;) d Z { otherwise.
477 =x

Let S¢pn = {91, .. ,g|5fn|} and m > 1 be a given integer. Then consider

S (%) = X (1) |72 4 X

I ¢(”) de—XO

I
| =
=
=
3

S8

3
7N
S|
~_
=
=

4|2 k=1 xF1=xo
1 w(d - k
- 2y M ) (1)
d‘ (P(f") de:XO k=1
1 wu(d) 1
= 72 g T 2 Ba
d‘ib(") de:XO

1 gk
’an’ Z Bm(ﬁ) —0asn— o
M k=1
B
Also, by Lemma 2.2 (1), for any character y, we have L(1 —m, ) "X Therefore, we get
RS Ik M
S B (f) = Z - Y (=m)L(1—m,X)
[Stal | 1= " St 5(m) fa—
= | X" =Xo
1 1 w(d m
< mr 2 M s T a-mol
f,'n dlm de:XU

IN
Q
2
—_
—_

S
i

[NIE
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for some positive constant C’(m) that depends only on m by Lemma 2.2 (2). Therefore, we get,

“Sf n‘

Z ()S ISf,n\fZ 2!

‘ ¢(") de:XO

’ f,n’

C'(m) Vi
< Son 1T Sl | 2!

‘Cb(")

o)

( )

Since the set Sy, precisely contains the generators of the cyclic subgroup of order , the cardinality

of the set Sy, is ¢ (T) Therefore, we have

1 Ik C'(m)y/n (¢(n)>
N B, ()] < o
St 2 (n) Sral O\ f
_ C'(m)yn_ (¢(n)
= qb(M) (o)) f .
f
For a given € > 0, we know that og(n) = O(n¢) and ¢(n) > n'~¢ for all sufficiently large integers n.
€ 1—e
Hence, since og (M> <C (@) for some positive constant C' and ¢ (@) > (M> . Thus,

f f
we get,
[Ss.nl _
C/ C 1—2¢
> B (5)] < St
| f,n! ¢(n)
By hypothesis, we know that (f n) > nl/2+3¢ we see that
St
mA\ 2e—6e2
Sl = n n2e-Ge
and hence as n — 0o, we get the desired result, as the given e satisfies 0 < € < % g

4. Proof of Theorem 1.2

For each integer n = p* or 2p*, where p is an odd prime and k > 1 is an integer, we let S,, be a given
subset of (Z/nZ)" such that its complement is a subgroup of (Z/nZ)*. Note that for these values of
n, the group of coprime residue classes modulo n is cyclic.

Let n be one such natural number and we consider S,,. Suppose r1,72,...,7¢ be the indices of the
elements of S,,. By lemma 2.4, we have

V4
1 wu(d) 1 iftae s,
.Z 7’72 d Z x(a) | = { 0 otherwise.
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Let S, = {g1,---,95,/} and m > 1 be a given integer. Then consider

Sl O n k l 1 /,L(d)
Smn(%) = Lo (3) X5 2 E
k=1 k=1 =1 d|$7> X”d:XO
: d) (& k
-y M m(Y) o
=1 ¢ dl ¢7(‘17) k=1 Xrid:XO
‘1 (d) » k
= YL S Y Swwna ()
=1y ‘7”5?) x"i%=xo k=1
‘1 d 1
- ZE Z M(d) pm—1 Z B x
=17 g e X"i%=xo

By Lemma 2.1, it is enough to show that for each integer m > 1, we have

|Sn|
1 Ik
k=1
B
Also, by Lemma 2.2 (1), for any character x, we know that L(1 —m,x) = —%. Thus, we need to
estimate the following
T TN wd) [ 1
RN SN CORE S DY SLESD SR SOV
[nl k=1 " [nl im1 ' o) d " red
= - d\T X tT=Xo
Therefore, by Lemma 2.2 (2), we get
|Sn | ‘
1 Gk 1 1 u(d m
DI (O3 | SR D D L SRR
|Sn| & n |Sn| = 1 d n .
k=1 =1 d‘ ¢(") X’rld:XO
Mmoo 1 (d)|
=0 P Dl ll BD DR CERRY]
’8 ‘n =1 Ti $(n) d rid__
d| ™ X tT=X0
C'(m) = 1 1 1
< - = m=3
S m g |
- d| ™ X *T=Xo
C’ ‘1 1
=D D S 1D B!
Sl =1t em) d\ i
a2 X"1%=x0
! 1 1 !/ ¢
< ST Y g = S S
[Snl i S d [Snl =\ S
d| % |5
C'(m)y/n <¢(n)> C'(m)yn
= o < 14 n)),
s 2o ) S Te teo@lm)
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where o¢(n) stands for the number of divisors of n and C’(m) is a positive constant depending only
on m. By Lemma 2.3, for any given ¢ > 0, we have og(n) = O(n¢). Also, since ¢(n) < n, we get,
ao(¢(n)) = O(6(n)°) = O(nf).

Also, since r1,79,...,7 are the indices of elements of S,, and each r; divides ¢(n), we have

t < oo(d(n)) = O(6(n)°) = O(nf).

Thus,
1 |Sn I C/(m)n%+2e
S () <
|Snl Z n/| |Snl
k=1
which holds for any € > 0. This proves the theorem. 0

5. Proof of Corollary 1.3

Let H), be the given subgroup of (Z/pZ)* of cardinality (p — 1)/r and S, is the complement of H,,.
Then,

—1 —1
Spl=p—1-F—= > P> (p 1)t
T 2
for all sufficiently large p and for any € with 0 < € < % Therefore, by Theorem 1.2, the assertion
follows. O

6. Proof of Theorem 1.4

For any integer n > 2, we are given a subgroup H}, of the group (Z/nZ)* and we take the elements of
H] as integers m such that 1 < m <n and (m,n) = 1. Also, it is given that for each integer n > 2,
the element g, € (Z/nZ)*. Then consider the subset H,, = H},/n of [0, 1].

We want to prove that the sets g, H, are set equidistributed mod 1. For each integer n > 2, we
denote H, the group of all Dirichlet characters of (Z/nZ)* which are trivial on the subgroup HJ.
Therefore, we have a canonical isomorphism

—

o, = (z/nZ)*/H,

and so,
7 _ o) én)
|y = 2 o)
[Hy | [gnHy|
Then, we see that
1 _ 1 ifa€g,H)
=D BRONCDES Sl

otherwise.
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By letting H,, = {a1,...,ag,}, for each integer m > 1, we see that

|| n

S B, (a’;g”> = ‘Hi| B, <z> > xtkx(g )
nl k=1

XEHR,

1 < k
= — » B, <> Z x(kgh)
[Hnl =\

x€H,
1 " k
= — (;1)< By | — (k)>
i 2 (3 (5)

- # Z X(ggl)Bm,x-

nm71|Hn| Xeﬁ\n

By Lemma 2.1, it is enough to show that for each m > 1

|gn Hn|
1 akdn

Since |gn,Hy| = |Hy|, the rest of the proof goes along the proof of subgroup H,, proved in [MuTh10].
Hence, we omit the proof here. O
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