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A note on some congruences involving
arithmetic functions
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Abstract. We consider some congruences involving arithmetical functions. For example, we study the congruences ni(n) = 2
(mod ¢(n)), np(n) = 2 (mod ¥(n)), ¥(n)d(n) —2 = 0 (mod n), where p(n), ¥(n), d(n) denote Euler’s totient, Dedekind’s
function, and the number of divisors of n, respectively. Two duals of the Lehmer congruence n — 1 = 0 (mod ¢(n)) are also
considered.
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1. Introduction

Apart from the classical Wilson theorem, which asserts that a positive integer n > 1 is a prime
if and only if (n — 1)! = —1 (mod n), and its variants and corollaries, there are no known simple
primality conditions in the form of a congruence. The famous Lehmer congruence (see [Le32], [SAC05],
[SAMCO06]) is the following:

n—1=0 (mod p(n)). (1.1)

This congruence is satisfied by every prime. We do not yet know if it has any composite n as a
solution. (For many results, and related facts, see the monograph [S4C05]).
In 1974 M.V. Subbarao [Su74] considered the two congruences

no(n) =2 (mod p(n)) (1.2)

and
e(n)d(n)+2=0 (mod n) (1.3)

where ¢ is Euler’s totient, d the number of divisors, and ¢ the sum of divisors functions, respectively.
Each of these is satisfied whenever n is a prime, or n = 1. In [Su74] it is proved that the only
composite solutions to (1.2) are n = 4, 6 and 22; while n = 4 is the only known such solution to (1.3).
Up to n < 100,000 no other solutions are known; and if w(n), the number of distinct prime factors
of n, is fixed, then there are at most a finite number of solutions.

If in (1.2) one replaces ¢ by o, we are lead to the study of the congruence

np(n) =2 (mod o(n)). (1.4)

It is immediate that this is satisfied again when n is a prime. While n = 8 is a composite solution
to (1.4), no general method is available to the author in order to deduce all other solutions, as in the
case of equation (1.2). However, we will be able to completely solve both equations (1.2), as well as
(1.4), when ¢ is replaced by v in equation (1.3) of Subbarao (and 2 with —2). In this case, we obtain
another deep problem, and we will offer only a partial solution.
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Theorem 1. The only composite solutions to the congruence

nyY(n) =2 (mod p(n)) (2.5)

aren =4, 6 and 22.
The single composite solution to the congruence

np(n) =2 (mod ¢(n)) (2.6)

isn =4.

Proof. Let 1 < n = p{*...p% be the prime factorization of n (p; distinct primes, a; > 1 integers,

i=1,2,...,n). Then
p(n) =pi*...p7 <1 - 1) <1 - 1>
! " yai DPr ’

ai ar i i
P(n) =pit...p; <1+p1>...<1+pr),

so we can easily deduce the following two properties of these functions (see also [S488]):
alb = ¢(a)]p(b); (2.7)

alb = (a)|y(b). (2.8)

Now let p be an odd prime divisor of n in congruence (2.5), such that p? | n. Then by property
(2.7) it follows that ¢(p?) | ¢(n), so that p | p(n). But then (2.5) implies also p | 2, which is
impossible. This means that there is no a; > 1 in the prime factorization n = pi*...p%, ie. a; =1
for all 7, whenever p; > 3. Suppose that py = 2 and p; > 3 for j > 2. Then n must have the
form n = 2%p,...p,. Assume now that a; > 3. Then 23 | n, so by (2.8), 1(8) = 12 divides ¥ (n).
Since ¢(8) = 4 divides ¢(n) by (2.7), we would obtain from (2.5) that 4 divides 2, which is absurd.
Therefore, we must have a1 € {0, 1,2}.

(i) For a1 = 0, since n is composite, we get 7 > 3. Then
p(n)=(@1—1)...(pr —1), ¥(n)=(p2+1)...(pr +1)
and since both these quantities are divisible by 4, this is in contradiction with congruence (2.5).
(ii) For a; =1,
e(n)=p2=1)...(pr = 1), ¥(n)=3(p2+1)...(pr+1)

and again we cannot have r > 3, so r = 2, when n = 2ps. For p(n) =p2 — 1, ¥(n) = 3(p2 + 1) , we
get the congruence
6p2(p2 +1) =2 (mod pp —1). (2.9)

As 6pa(p2 +1) = 6(p2 — 1+ 1)(p2 — 1 + 2), this is possible only when
10=0 (mod py —1). (2.10)

The solutions of (2.10) are given by pa —1 =2, 10 (as p2 — 1 is even) so p = 3, 11. These provide
the solutions n = 6, 22.

(iii) For ag = 2 we get n = 4ps so 4 | 1(n), p(n), which is in contradiction with congruence
(2.5). We have not considered the case where no odd prime factors exist; then clearly n = 2%!, with
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a; € {0,1,2} and only a; = 2 is acceptable. So n = 4 is a solution of this type. This finishes the
proof of the first part of Theorem 1.

For equation (2.6) we can repeat the same argument as above. The solutions can only be 4, 2ps or
4p2. By ¢(2p2) = p2 — 1, ¥(2p2) = 3(p2+1), (2.6) would imply 2[p2(p2 —1) — 1] divisible by 3(p2 +1),
and since pa(pa —1)—1= (po+1—1)(p2+1—-2)—1=1 (mod (p2+1)), this is impossible. Similarly,
for p(4p2) = 2(p2 — 1), ¥(4p2) = 6(p2 + 1) both are divisible by 4, a contradiction.

The remaining number n = 4, however is a solution; and the proof of Theorem 1 is completed.

Theorem 2. All primes satisfy the congruence
Y(n)d(n) =2 (mod n). (2.11)

Suppose that n > 4 is a composite solution. Then:

1) n must be squarefree.

2) There are a finite number of solutions n with w(n) fized.

3) If Y(n)d(n) —2 =K -n, and n is odd, then K is even and 2 || K. If n is even, then K is odd
and 31 K, 3tn. If 3| n, then 41 K, 41 n.

More generally, if p | n, then p+ 11 K, n.

Proof. As ¢(p)d(p) = 2(p+ 1) = 2 (mod p), the primes n = p are solutions to congruence (2.11).
If m is the odd part of n, and p?|m, then by (2.8) p | ¥»(m) so (2.11) becomes impossible, as p { 2.
Let n = 2Pm, where m is odd. Then v(n) = 2¥=1 . 3¢)(m). Supposing m = 1, one gets the solutions
n =2,4to (2.11). Since n > 4, we must have m > 3. But it then easily follows from the definition of
function 1 that t(m) is even. Thus v (n) is divisible by 2%, contradicting (2.11), when n > 2. This
shows that n must be squarefree.

Let now w(n) = r be fixed, and write
P(n)d(n) —2=K-n,
when n = qiq2...qr, so d(n) =2".

Then
(@ +1)...(¢p+1)-2" -2

qi---qr
2M(a+1) . (e +)—qr-..q] > 2,

which follows by 7 > 1 and (g1 +1)...(¢+1) —q1...¢ > 1.

On the other hand, as
1 1
K<2T-M:2T <1—|—>...<1+>
n q1 qr

(where ¢; (1 = 1,2,...,n) are the distinct prime divisors of n) we can write

K<2’”<1+1)...<1+1>, (2.12)
P1 Dr

where p; (i = 1,2,...,n) denotes the ith prime number. (Clearly ¢1 > p1,...,q > p,). Since

K= > 2"

pl;[x<1+;)<n (111>
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and by Mertens’ theorem (see [SAMCO06])

(-3)
[ir--)>
P log x

p<z

(¢ > 0, p runs through the primes), we get from (2.12) that

1
K< 6-2T10gpr

S0, as r is fixed, K can only take a finite number of values.

Now, by the arithmetic mean - geometric mean inequality one can derive

1 1 1 /1 1 "
(D)o (e D)< (1 (L e )Y
q1 qr T \q1 qr

so by (2.12) one has

KT 1 1
r —l <=4+ (2.13)
2 q1 qr
KYr 1 1 r
(Here —1>0,as K > 2", see above). As — + -+ — < —, we get that by (2.13),
q1 qr q1
1
fl(K,T') > 0.

< — =
NS Kz

Now, by (2.13),

K1/2 1 1 1 r—1
r — 1l -—<—4-+=< ,
2 Q@ qr q

SO 1
r—
qo < ZfQ(K,T‘)>O;

rf fu(K ) + -
q1

and continuing in this way, we can proceed inductively, and obtain

1 1 KT
o<1/ —+ -+ —r —1]];
q1 qr—1 2

so if q1,...,q,—1 can take at most a finite number of values, this is also true for g,.

Part 2) of Theorem 2 is proved as n =qj .. . g,
Now, to prove the assertions of part 3) remark that ¢(n)-2" — 2 = K - n, so if n is odd, then

clearly K must be even (but 2 || K). If n is even, then K is odd, as 2 || left side. Since 2 | n, we have
3| ¥(n),so 31K, 3tn. Generally, p | n implies p+ 1 | ¥(n), and since p+ 1 1 2, we clearly have that
p+ 11K, n.

3. Other congruences

Theorem 3. The only solutions n > 1 to the congruence

o(n)o(n) +1=0 (mod n?) (3.14)

are the prime numbers.
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Proof. Let p <n =pj'...p% be the prime factorization of n. Then it is clear that

cp(n)a(n) —n?= p?lil .. .pg"“_l[(pfllﬁrl _ 1) o (p;xr—i-l _ 1) _ p?1+1 - 'pgr_i,_l]’

a;+1

by an easy computation. Now remark that by letting p; — 1 = z;, we have

(1 —1)...(zp—1)—21...20, < —1

(i.e., since z; > 1, by letting 2;, — 1 =y; >0, (y1 +1)... (yr+1) > y1 ...y, + 1; trivial), with equality
only for r = 1; and since p‘f‘l_l ...p2~1 > 1, with equality only when oy = --- = ;. = 1, we get that

o(n)o(n) <n*—1 (3.15)

with equality only for n = prime. Since ¢(n)o(n) + 1 < n?, this means that (3.14) holds only when
there is equality in (3.15); so only for the prime numbers.

Theorem 4. If n > 1 is a composite solution to the congruence
p(n)o(n)+1=0 (mod n), (3.16)

then n is odd and squarefree. All prime numbers are solutions.

Proof. Observe that n = p prime, is a solution, since
(p—1)(p+1)+1=p>=0 (mod p).

Let n be a composite solution. Then, n cannot be even, as for n > 4 it is well-known that ¢(n)
is even, so the left side of (3.16) is odd. If n is odd, let p be a prime divisor of n such that p? | n. By
(2.7) we get that p | ¢(n), so p |1 in (3.16), a contradiction.

As we have seen in the Introduction, the famous Lehmer problem states that n—1 =0 (mod ¢(n))
doesn’t have composite solutions. The congruence

Y(n)—1=0 (mod n) (3.17)

1
could be named as a “dual” of the Lehmer problem. (Indeed, ¥(n) = nH <1 + ) is a kind
p
pln

1
of dual of ¢(n) = nH <1 - p>’ and n | (¢¥(n) — 1) may be considered as a reciprocal dual of

pn
p(n) | (n—1)).
Theorem 5. Any prime number satisfies the congruence (3.17). If n > 1 is a composite solution,

then n is odd and squarefree. There are at most a finite number of solutions for a fized value of w(n).
If n is a solution, then w(n) > 18.

Proof. Since for n = p (prime), )(n) = p + 1, clearly the primes satisfy (3.17). Now, if n > 4 is a
composite solution, then as 1(n) is even, 1(n) — 1 being odd, cannot have even divisors, so n is odd.
If p | n is an odd prime such that p? | n, then p | ¥(n), contradicting (3.17). If w(n) = r fixed, then
¥(n) — 1= K - n, and the number of solutions will be finite, which can be shown almost in the same
manner as in the proof of Theorem 2 (we omit the details). Now, write (3.17) as

b(n) =K -n+1. (3.18)

For n odd composite, ¥(n) is even, and n is odd. Thus K must be odd, too. This means that
K >3 (K =1 is impossible, as 1)(n) = n + 1 would imply n = prime, as 1)(n) > n + 1, with equality
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only for primes). We will show that when w(n) < 17, we have 1(n) < 3n, contradicting K > 3 in
(3.18).

Set n =g¢q1...q.. Then

1/’51”): <1+q11>...<1+q1r> < <1+pll>"‘<1+p1r>’

where p; is the ith prime number.
Let » < 17. Then

v <1+p11)...<1+p1r> < (H;)...(Hp;)

4 6 8 12 14 18 20 24 30 32 38 42 44 48 54 60 62

with the aid of a computer. Thus 1#5171) < 3, in contradiction to @Dgln) >3+ %
Remark. A similar dual could be obtained when 1) is replaced by o. The obtained congruence
o(n)—1=0 (mod n) (3.19)
is related also to the congruence
on)=0 (mod n), (3.20)

representing to so-called "multiply perfect numbers” (see [SAC05]). It is not known if (3.20) has
infinitely many solutions.

Theorem 6. Any prime number satisfies congruence (3.19). If n is a composite solution, then n
must be abundant. There are a finite number of solutions n with w(n) fized.

Proof. For n = p one has o(n) —1 =p=0 (mod p). Put
on)—1=K-n. (3.21)
Thus, if n is composite, then K = 1 is impossible, as o(n) = n + 1 would imply n = prime.
Therefore K > 2, s0 0(n) > 2n+1 > 2n, i.e. n is abundant number.

Remark. If K = 2 in (3.21), then n is called a quasiperfect number. It is not known if such
numbers exist (see [SAC05], [SAMCO06] with other results).

Let now w(n) = r be fixed. In [S489] it is proved that

on) <n(w(n)+1). (3.22)
By (3.22) we get oln) <r+1,so o(n) can take at most a finite number of values. Thus,
n n
k=2 LI _om)
n n n

i.e. K has a finite number of values.

For a fixed value of K in (3.21) we get a fixed equation, which is a ”quasi-perfect” type. H.J.
Kanold (see [Ka88]) has shown that there are at most a finite number of quasi-perfect numbers with
w(n) = r. His method can be slightly changed in order to obtain the similar result with fixed K (in
place of K = 2). We omit the details.

Final remarks. A computer search revealed that, up to 100,000, the only solutions, besides the
primes, to relations (3.16), (3.17) and (3.19) are n = 1. For (1.4) the only solutions are n = 1,8, 9;
while for relation (2.11) we know the following solutions: n = 1,4,10,21,1462,4342,29491. The
author cannot decide if the number of solutions is finite or infinite.
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