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The Barban-Vehov Theorem in Arithmetic Progressions

V. Kumar Murty

To the memory of S. Srinivasan

Abstract. A result of Barban-Vehov (and independently Motohashi) gives an estimate for the mean square of a sequence related
to Selberg’s sieve. This upper bound was refined to an asymptotic formula by S. Graham in 1978. In 1992, I made the observation
that Graham’s method can be used to obtain an asymptotic formula when the sum is restricted to an arithmetic progression. This
formula immediately gives a version of the Brun-Titchmarsh theorem. I am taking the occasion of a volume in honour of my friend
S. Srinivasan to revisit and publish this observation in the hope that it might still be of interest.

Keywords. Selberg’s sieve, Brun-Titchmarsh theorem, arithmetic progressions
2010 Mathematics Subject Classification. Primary 11N37, 11N13 ; Secondary 11B25, 11N35, 11N69

1. Introduction
Let 1 < 21 < 29 and define for ¢ = 1, 2,

p(n)log 2 if n < 2

Ai(n) = 0 if n > z;
Also, set
) Az(n) — Ai(n)
" log z2/21
and
a(n) = Z)\d.
din

The )\, are weights that are related to Selberg’s sieve. Notice that we have
a(l)y=1

and a(n) =0 for 1 < n < z;. Moreover, for primes p, we have

logp/z1 .
a(p) _ m lel<p<ZQ
0 otherwise.

It was shown by Barban and Vehov [BaVe68] and Motohashi [Mo74] that

> lam)P? <

= log zo/21

Soon afterwards, S. Graham [Gr78] was able to prove the following asymptotic formulae: if N > z,

then N N
2
E an)|]* = ——+0 | ——mF—
n<N’ ()] log 22/ 21 <(long/zl)2>
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158 2. The First Formula

and if z; < N < z9, we have
Nlog N/z N
S ol = ot +O (rmrar)
a<N 2/ 21 2/ 21
This result has found significant applications to zero density theorems and to the estimation of Linnik’s
constant (see [Ju77] and [Gr81] for example).

The purpose of this note is to study the size of the sum when n is constrained to range through
a fixed arithmetic progression. In my joint work with R. Balasubramanian [BaMu92], we observed
(Proposition 1.2) that for N > r and (b,r) = 1, we have

2 < g

n=b (mod r)

This follows immediately from Graham’s result by the Cauchy-Schwarz inequality.

Soon after [BaMu92] was written, I worked out an asymptotic formula for the sum on the left by
adapting Graham’s methods. The result is that for (b,7) = 1 and N > rz3, we have

» N No(r)
> latm)P = ¢(r)log 22/ 21 o (¢(T)2(10g22/31)2).

n<N
n=b mod r

Ifrz1290 < N < TZ%, then we show that

9 N N(logrz2/N)® N(logr)? rZ9
_7; ja(m)” = o(r)log 29/ 21 +0 < r(log z2/21)? > +0 (r(logzz/z1)2> +0 ((10g22/zl)2> ’

The last two terms on the right are not present if we have the additional condition z; > r. Also, It
will be clear from the arguments that the same methods will actually allow us to get estimates for
N < rzizo as well but we do not pursue that here.

An immediate consequence of the first formula is a version of the Brun-Titchmarsh theorem in
the following form. Denote by (N, r,b) the number of primes < N which are = b mod r. Then we

have
L NO'(’I")
") < S tog vy T © (oﬁ(r)?(logN/r)?)'

We could try to use the second formula in a similar manner.

Our method of proof for both formulae is elementary and uses only the usual prime number
theorem. The proof of the first formula is a direct generalization of the work of Graham ([Gr78], §3)
and represents the easy case.

Though these calculations were completed some years ago, I had not published them. However,
the occasion of a volume honouring the memory of my friend S. Srinivasan caused me to look at
them again. In particular, the consequence for the Brun-Titchmarsh theorem may still be of interest.
When [ was a Visiting Fellow at the Tata Institute for Fundamental Research in 1983-1984, Srinivasan
was my office-mate and we shared many hours of mathematical conversation. We also enjoyed many
social occasions together when we had a chance to discuss philosophical and even spiritual questions.
Srinivasan was always a thorough and thoughtful individual and I look back on those occasions with
many pleasant memories. Given that his main interest was in analytic number theory, I thought the
topic of this article might have been of interest to him.

The note is organized as follows. In §2, we prove the first formula. In §3, we begin the proof of
the second formula. In §4 and §5, we estimate certain error terms and in §6, we study the main term.
Finally in §7, we complete the proof of the second formula.

I would like to thank the referees for helpful comments that helped to streamline the presentation.
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2. The First Formula

The purpose of this section is to prove the following.
Theorem 2.1. Suppose that rza < N and (b,r) = 1. Then,

po N o)
0 = g O (oo a7

n<N
n=b (mod r)

The proof follows closely the method of [Gr78], §3 but we give the details in order to orient the reader.
First, we note an immediate consequence. Denote by ¢(N, z2,7,b) the number of integers n < N with
n = b (mod r) all of whose prime factors are > z3. Denote also by w(NV,7,b) the number of primes
p < N with p=1b (mod 7).

Corollary 2.2. Ifrz2 < N, then

N o Net)
(N, zg,7,0) < o(r)log 2o * O<¢(74)2(10gz2)2>‘

Proof. If n < N, and n =b (mod r) and it has all its prime divisors > z9, then a(n) = 1.

Corollary 2.3. We have

$ NJ(T)
TN b < Sy iog N O(qb(r)?aogN/r)?)'

Proof. This follows on noting that
7T(N, T, b) S ﬂ-(ZQ? r, b) + w(N7 22,7, b)a
and the trivial bound 7(z2,7,0) < zo/r + 1 and choosing z9 = (N/'r)%

To prove the theorem, we notice that

(logze/z1)* D la(m)® = ) > Ai(d) =Y Aa(e)

n<N n<N dln eln
n=b (mod r) n=b (mod r)

The right hand side is a sum of terms of the form

Sij = > > Ai(d)A(e).

n<N d,eln
n=b (mod r)

where 7,5 € {1,2}. The theorem will follow from the following.

Proposition 2.4. We have

Sij = (;(VT) log min(z;, zj) + O(z;2;) + O(Na(r)/o(r)?).

In particular, if rziz; < N, the first error term is O(N/r).
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Proof. By definition N
Sty = MDA + O}

The error term is

< (@l [ i@l <z

d<z; e<z;

The main term is

r

N > Ai(d)As(e)

(d,r)=(e,r)=1

Without loss of generality, we may suppose that z; < z;. We have

AidAje AidAje

eSzJ-
(d,r)=(e,r)=1

and inserting the definition of A; and Aj, the right hand side is seen to be

p(m)*¢(m) p(do) ,  zi fileo) -z

P PAT) 1 PAR0) oo 20
Z: m2 Z do 08 mdp Z €o 8 meg
m<z; do<z;/m eogz]-/m

(m,r)=1 (dg,mr)=1 (eg,mr)=1
We quote the following from [Gr78], §2:

Lemma 2.5. For any integer a and any ¢ > 0, we have

n<Q

(n,a)=1

Using this on the terms in parentheses, we find that the above is

m2 m mr 2
Z a an( ){¢ +O(Jé(mr)(log2zi/m)_2}

(mr)

m<z;
(m,r)=1

The error terms are O(1) just as in [Gr78], pp. 89-90. The main term is

r’ p(m)®
¢(r)? 2. ¢(m) -

m<z;
(m,r)=1
This is seen to be )
T ro(r
——logz; + O .
o) i)



V.Kumar Murty, The Barban-Vehov Theorem in Arithmetic Progressions 161

3. The second formula

The aim of the remaining sections is to prove the following asymptotic formula which will suffice to
deduce the second formula.

Theorem 3.1. Suppose that rzizo < N < rz%. Then for (b,r) = 1, we have

2

Z ZAg(d) = gb](\;)log 2z + O <]7Y(10g rz%/N)5> + 0 (];f(logr)2> + O(rz2).
din

n<N
n=b mod r

Expanding the sum on the left, we have

Do D@ ) [ D As(e)
din

n<N eln
n=b mod r

and we begin the proof by splitting this sum into three components
Sa+ S+ O(Sc)

where in S4 we restrict the sum to d, e satistying [d, e] > N/r. The remaining terms may be rearranged

to give
> Ma(dAg(e) DL
[de]<N/r N
'nggmrgc(l) [dte]
which is
N AQ(d)AQ(G)
= — —_ (@) As(d)A
r [d,e] + Z ‘ 2( ) 2(€)|
[d,e]<N/r [d,e]<N/r
(d,r)=(e,r)=1
which we write as
Sp+O0(Sc).
In §4., we shall show that
N N
Sa < o (logrz%/]\f)5 + 7(10g7")2 + rz.

In §5., we shall show that
N
Sc < - (logrz%/N)4.

Finally, in §6., we shall deal with the main term Sp, and in §7. we collect together the various pieces
to complete the proof of Theorem 3.1.

We state explicitly the consequence of Theorem 3.1 for the a(n).
Theorem 3.2. Suppose that rzg > N > rz1z9. Then
N N(log rz2/N)5) < N(log)? > ( ) >
2 2
an)* = ——+0| ——— |40 ——— |+O | ———F— | .
Z ()] o(r)log 22/ 21 < r(log z9/21)? r(log 29/21)? (log z2/21)?

n<N
n=b (mod r)
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4. Estimation of Sy

Proposition 4.1. Suppose that rz3 > N > r. Then

S Y M@ < - (logrz3/N) 4 (logr)? + 2

n<N [d,e]|n
n=b (mod r) [d,e]>N/r
Remark 4.2. Our argument will show that in certain ranges of r, z;, z; and N, this estimate can be
refined.

Proof. Write p = (d,e). Then, each n can be written as n = pegdyng with d = pdy, e = pey and
[d, e] = pdpeg > N/r. This last condition implies that ng < r. The sum over ey then ranges over the
interval

)
<e < —.

rpdo p
In order for this to be nonempty, we need

do > N/TZQ.

But dy < z9/p and so p < rz3/N. Thus, our sum is

> > |As(dop)Aa(eop)].

2/N mno<r N N
p<rz3/ (ng,r)=1 p <40°0= png
(P, r) 1 d()e() pngb  (mod r)

dg<zg/p.eq<z2/p

Here, for any residue class 8 (mod r) (with (8,7) = 1), we are writing 3 (mod r) for the inverse
class. The inner sum is

> |u(dop) (log z2/dop) pu(eop) (log 22/eop) |

ﬂ N
<d0 en< o
dg eo =pngb (mod r)

Separating the dg and the ey sums, we find that this is
Z9 Z9
p(dop) log — p(eop) log —
3 ) o 221 3 (o) o |

where the sum over dj is in the range
N N
<alg<mm<z2 )
rzo p Nop

and the sum over e is in the range

rdop

(2’2 N >
< eg < min
p nodyp

with the additional condition
ep = b- dopng (mod 7).

First, consider the contribution of the ey which satisfy eg > r. Writing eg = % + e1r, we see that

the inner sum is
< Z log =2 (4.1)

eirp
1S61§min<$,2>
ngpdgr’ rp
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4.A. Case 1
If N/nody < z2, then this is
N Zgnod()
1 1.
< nopdor <0g N +
Inserting this into the sum over dy, we find that it is
N 1 d,
<<n " Z d(logdZQ) <Iog227;\? 0+1>.
0Py T oy o 0p
z21n0 P
For this sum to be nonempty, we require
p < zang/N.
Using the following consequence of the arithmetic mean - geometric mean inequality,
(log A)(log B) < (log AB)? (4.2)
for A, B > 1, the above sum is
N 1 22ng 2
— (1 2
< nopr Z do (og Np )
The sum over dj is

and so, we have to estimate

N 2no\ "
>y ()

no<r p<ngzZ/N rnop p
and this is

N 1 z2n04
- — (1 2
P EACES

N
which in turn is

N 2\
< ¥ (bgTNZz) | (43
4.B. Case 2

If N/nody > z2, the sum in (4.1) is

Notice that in order for such terms to exist, we need p < z3/r and in particular, r < zo. Inserting
this estimate into the sum over dgy, we get

z29 22

— log —.

DD S
do<min(N/ngz2,22/p)

We distinguish two sub cases.



164 4. Estimation of S4

4.C. Case 2(a)

Suppose that
z9/p < N/ngzs.

Then, the sum over dy is O(z2/p) and so the overall contribution is

< >N =

p<rz2/N n0<N/J/z2
no<r

This simplifies to
2
25 1 Np
2
p<rz3/N

and this is

2
rz5

<<Nl
— log —£.
r gN

4.D. Case 2(b)

Consider the remaining case
zo/p > N/ngza.

N (nozg )
log
no2z2 pN
and so the overall contribution is

zg N noz3
22 log =252
<Y X 2 ()

no<T p<min(noz3/N,22/r)

Then, the sum over dy is

<

which is

ST ()

) <7"

This sum can be split into two subsums, the first of which is
N 1 1 3
oy e
r . no p pN
no<min(r,N/rzz) p<nozz/N

and this is

2
N 1 noz3
- § = [ log =22
< r ng <0g N

N/z2<no<r

< N 1 rz% 3
—llo .
r &N N

N 1 1 noz3
A - ~ (10
I S G
P<32/7' N/rzg<ng<r
pN/z%<nO

which is

The second is
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which is seen to be

and this is

Note that this term is present only if 225 > N.

To summarize, Case (2) occurs only if r < z3 and in this case, it contributes

N rz2 3
— (log =2 .
T (og N)

4.E. The contribution of terms with ¢y < r

By interchanging the roles of ey and dy, we may also suppose that dy < r. We see that as ng < r, the
congruence condition
eodppng = b (mod r)

implies that eg, dy, p uniquely determine ng. Thus, our sum is
Z9 zZ9
< log ) <10g ) .
55 (o) (e 3
0,0 P

Here, the outer sum ranges over do, eg < r satisfying N/rzo < dp < z2 and ey < z2 and the inner sum
ranges over p satisfying

2
. Z9 29 TZ5
<p<min|—,—, —=|.
T‘doeo_p_ <d07€07 N)
Since N
— < dp
rzo
we see that )
z rZ
~2 < ez
do N
Also,
N
ey = —
rpdy ~ 129
and so )
z Tz
~2 < 2
€0 N
Let us set
. R2 22
w = min(=—, —).
d() €0

We will consider the case w = z3/dy, the other case being similar. In this case we must have

rzg < N.

It forces the condition

N
— < eg < dp.
rzo
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Using the identity (4.2), the sum over p is

< N ] N2 i Z9 1 do
O — 10g —.
Tdo@o & T2Z§d060 do & €0

Now we insert this into the sum over dy and eg. For the eg sum to be nonempty, we must also
have 1229 > N (since 7229 > rzadg > N). In this case, the eg sum is

N N
<« — log — + 2o.
rdo 729

Summing this over dy, we get an estimate of

and this is

5. Estimation of So

Proposition 5.1. Suppose that rz;z; > N > r. Then, we have

S M)A (e)] < g(log%f

[d,e]<N/r

Proof. Set p = (d,e). Thus, the sum is

Yo @A) = DY @Y Y el

de<Np/r d old egNlp/rd
ple
(e/p,d/p)=1

Write d = dgp and e = egp. Then the above is

Do D0 IAdop)l Y IAj(eop)l.

p<z; do<z;/p eg<N/rd
(eg,dp)=1

In the inner sum, we need in fact that

Nz

)

ep < min(@

Consider the contribution of terms with

We have to estimate

ep<zj/p
(eg.dg)=1

p<zi do<min(z;/p,N/rz;)
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We see that N
S (5.4)
p T2
holds if and only if
T2i%;
N
In this case, the sum is
DS <1og > 3 <1og a>
dop eop
p>rziz; [N do<zi/p eo<z;/p
and this is N
2z
< Y < oz = —
P iZj r
p>rzizi [N

The contribution of the remaining terms (the one that do not satisfy (5.4)) is

= 5 () 2 (w3)

p<rzizj /N do<N/rz;

zj (N 2; TZj N
- — [ log ——= o— .
< X SE ) <o)

p<rzizj/N

This is seen to be

Simplifying, this is

N 1 TZi%; N 1
s E 21 i - E Z
< . p<0g Np)—i—O .

p<rzizj/N p<rzizj /N P

which is

Consider now the case that

zj > N/rdgy
Note that N
- > dy > —.
T‘Zj

Thus, p < rz;z;/N. We have

ST (i) 5 ()

. N 0 €op
p<min(z;,rz;z; /N) ;<d0§2i/p eo<N/rdop
J

N zi rdgp
1 R . o(1) | .
Tdop<og(ﬁ’ N > " ()>

Inserting this, we get that our sum is
rdoz;
1 2.

N 1 1 2
< . Z — Z d—o <log dop

. P
p<min(z;,rz;zj/N) %<d0§zi/p
J

The sum over ¢ is
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The sum over dj is easily seen to be

Inserting this, we find that our sum is

N 1 rzizi\ o N rzizi\ 4
— > = (log =21 —(1 7”)
< r p(Og Np> < r 8 N

p<min(z;,rz;z; /N)

6. The main term

Finally, we deal with the main term. We need the following technical result.

Proposition 6.1. Suppose that rz;z; > N > r. Then, we have

Z Ai(drar)Aj(daas) (dy) (o) diry dzT’Q)ZM(’Y)Q n

= pler)piaz
laq,as]<M aja ¢<d17"1) ¢<d27"2 ¢<7)2
(a1,m1)=(ag,r2)=1

4
Zi%Zi
1 e E
+0 <<og dldgM) ) +
where v ranges over '
v < min(2, )
dy’ do
and
(v, riredida) =1
Here,
dir 4
E < qZ)(dlrl)di%(dg’l“g)(log 22j/d2)
dor _
+ ¢(;2;2)afé(dlrl)(longi/dl) 4

+0’_% (d17’1)0'_% (dg?”g)(log QZi/dl)izl(lOg 22’j/d2)74
Proof. Write v = (a1, az). The condition [a1, as] < M is then ajas < M~y. Write
a; =~yay, as=~ya,.

Then, our sum is

DS dwal T Aj(davas)
( S~ ydy
vyrire)=1(a},r1)=1 (a2m2>71
aly<M/~va}

since ajag < M~ means that yaja, < M. Moreover, we may as well assume that
(a1,d1) = (a2,d2) = 1.

Thus, we can rewrite our sum as

!/ /
$ p(dry)p(dzy) > play) log zi/divyay 3 pi(ay) log Zg/dﬂag
,-)/2 a’ al
(y,r1m2dide)=1 (af,d1yry)=1 1 (aly,dyyry)=1 2
a’lgmin(lﬂ/w,zi/dl'y) ’2 mln(]bf/’yal ]/dz'y)
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Suppose that a} > Mdsy/z;. Then, the innermost sum is (using Lemma 2.5 quoted in §2)

doyro
P(dayra)

. 2
+ O(o_1(dyyre)(log2z;/day)™) + O | (log %%
2 do M

where the last term is present only if

Mz
p .
al dg

The contribution of the last term above, when inserted into the a} sum is

1 Zi zia! \ 2
— (log =—— ) (log 22
<3 (e i) (s 557)

!
ay

where the range of the sum is

We see that it is

< |lo zi/dhy ' = |lo A !
oMz ) — \®Pdidn)

Inserting this into the + sum yields an error term of
<y D log—23 " <« (og-25 Y
— | log ——— o .
2 & didoy M & dido M

We are left with the problem of estimating

3 p(diy)p(day) 3 M(a’l)logzz-/dwa’1< daryra
2

7
v (adiyr)=1 ay ¢(d277”2)

(y,rir2)=1
The sum over a) can also be estimated using the Lemma 2.5. It is equal to

diyry
P(d1yry)

Inserting this, we find that the main terms give

+ O(0_1(diyr)(log 2z;/d1v)"Y).

Z p(diy)p(day)  didariray?

2 d d
(yriradidy)=1 gl d(d1yr1)p(dayra)

which is equal to

diry  dar 1()?
p(d1)p(d) > 5
¢(d1r1) ¢(dara) (.r1radada)=1 o(7)
The sum over v extends to
< min(ﬁ Z—j)
7> A dy

Now we consider the cross terms. There are three of them. The first is

1 diyr
<< -
2 77 6ldryr)

(v,r1r2dide)=

0_1(dyyra)(log 2z /dyy) ™

+ Ol (dym)(og 22,/ d) )



170 7. Proof of Theorems 3.1 and 3.2

which is J
171 —4
d log2z;/d .
(b(dl/rl)o-_%( 2T2)(Og Z]/ 2)
Similarly, the second is
< dara o_1(dyry)(log2z;/dy) ™
¢(dara) "2

and the third is
< U_% (lel)O'_% (dg?“g)(log 22i/d1)74(10g 22j/d2)74.

This proves the result.
We only need to apply this result in the following case.
Proposition 6.2. Suppose that rz5 > N > r. Then, we have

AQ(d)AQ(e) . r oo 2 . ﬁ 5 LJ I B
Z (d, €] —¢(T)lg2+0<<lgN)>+O(¢(r) _%()(1g22) )

[d,e]<N/r
(dr)=(e;)=1

Proof. Let us set p = (d,e). Then the sum in question may be written as

Z Az(d;é\2(€)2¢(u) _ Z Qi(g) Z A2(Ud1)A2(U€1).

die
(d,e] <N/r ulp uz [d1.e1]<N/ru 1=
() =(esr)=1 (uwr)=1 (d1.m)=(e1.m)=1

Applying Proposition 5.1 to the inner sum, we find that the above is

o(w) [ oo _ur 1(71)?
2 | <¢<ur>> 2 gy E

u<zg (71,ur)=1
(u,r)=1 v1<z0/u
where
ur \? (loglog z2)? ur 4
E=0 <¢(ur)> - + O (d)(ur)a_é(ur)(log%g/u) )
4
+ O(afé(ur)2(10g222/u)_8) + O ((log Zj\%) ) )
This is
2 ,.2 2 2\ 9
l;s((l;)) ¢€T)2 ggi; + O (¢Zﬂr)aé(r)(log222)—4> + 0 ((log TNZ2> )
u<z (v1,ur)=1
(u,r)=1 11 <z9/u
The main term is
r’ p(7)? ()’ ( 1 >_1 < ’ )
O|——=logl )
o(r)? = b(7)2 7;2 (u) H 1+ (p—1)72 + 502 og log 2o
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7. Proof of Theorems 3.1 and 3.2

As described in §3, we have written

n<N
n=b (mod r)

S DX m@ ] [ D Mle)| = Sa + S +0(Se),
[n

eln

where in S4, we require that [d,e] > N/r.

By Proposition 4.1, we deduce that

N 2\* N
Sy < — (log TZQ> + —(10gr)2+rzz.
T N T

As for S¢, we have by Proposition 5.1 that
N rz2\*
Se < — <10g N2> .

By Proposition 6.2, we have

N r r
Sp = 7’<¢(T’)10g22+0((7’)0_;

This proves Theorem 3.1.

(r)(log 2:2) %) + 0<<1ogrz%/N>5>).

For Theorem 3.2, as in §2, we have to estimate three sums of the form

Sij = > D oA ] [ Do Aj(e)
dn

n<N eln
n=b (mod r)
For the cases i = j = 1 and ¢« = 1,j = 2, the condition N > rz;z; is satisfied and so we get the
desired estimate from Proposition 1. The only remaining case is ¢ = 7 = 2 where this condition is not
satisfied. This case follows from Theorem 3.1.
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