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Congruences modulo powers of 5 for the
rank parity function

Dandan Chen, Rong Chen and Frank Garvan

Abstract. It is well known that Ramanujan conjectured congruences modulo powers of 5, 7 and 11 for the partition function.
These were subsequently proved by Watson (1938) and Atkin (1967). In 2009 Choi, Kang, and Lovejoy proved congruences modulo
powers of 5 for the crank parity function. The generating function for the rank parity function is f(g), which is the first example
of a mock theta function that Ramanujan mentioned in his last letter to Hardy. We prove congruences modulo powers of 5 for the
rank parity function.
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1. Introduction
Let p(n) be the number of unrestricted partitions of n. Ramanujan discovered and later proved that

p(bn+4) =0 (mod 5), (1.1)
p(Tn +5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

In 1944 Dyson [Dy44] defined the rank of a partition as the largest part minus the number of parts
and conjectured that the residue of the rank mod 5 (resp. mod 7) divides the partitions of 5n+4 (resp.
Tn+5) into 5 (resp. 7) equal classes thus giving combinatorial explanations of Ramanujan’s partition
congruences mod 5 (resp. 7). Dyson’s rank conjectures were proved by Atkin and Swinnerton-Dyer
[AS-D54]. Dyson also conjectured the existence of another statistic, he called the crank, which would
likewise explain Ramanujan’s partition congruence mod 11. The crank was found by Andrews and
the third author [AnGa88] who defined the crank as the largest part, if the partition has no ones,
and otherwise as the difference between the number of parts larger than the number of ones and the
number of ones.

Let M¢(n) (resp. M,(n)) denote the number of partitions of n with even (resp. odd) crank. Choi,
Kang and Lovejoy [CKL09] proved congruences modulo powers of 5 for the difference, which we call
the crank parity function.

Theorem 1.1. (Choi, Kang and Lovejoy [CKL09, Theorem 1.1]) For all o > 0 we have
M,(n) — My(n) =0 (mod 5*T1), if 24n =1 (mod 52*F1).
This gives a weak refinement of Ramanujan’s partition congruence modulo powers of 5:
p(n) =0 (mod 5%), if 2dn =1 (mod 5%).

This was proved by Watson [Wa38].
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In this paper we prove an analogue of Theorem 1.1 for the rank parity function. Analogous to
M, (n) and M,(n), we let Ne(n) (resp. Nyo(n)) denote the number of partitions of n with even (resp.
odd) rank. It is well known that the difference is related to Ramanujan’s mock theta function f(q).
This is the first example of a mock theta function that Ramanujan gave in his last letter to Hardy.
Let

n2

B ooa o e8] q
f(Q)—nZ::O £(n)q 1"‘;(1+q)2(1+q2)2...(1+qn)2

=14q¢-2¢3+3¢-3¢"+3¢" -5 +7¢" -6 +6¢° —10¢"° +12¢" —11¢2 4.

This function has been studied by many authors. Ramanujan conjectured an asymptotic formula
for the coefficients af(n). Dragonette [Dr52] improved this result by finding a Rademacher-type
asymptotic expansion for the coefficients. The error term was subsequently improved by Andrews
[An66], Bringmann and Ono [BrOn06], and Ahlgren and Dunn [AhDul9]. We have

af(n) = Ne(n) — No(n),

for n > 0.
Our main theorem is

Theorem 1.2. For all a > 3 and all n > 0 we have

50&

1
ap(5*n + 6a) + ap(5° 20+ 84—2) =0 (mod 5{ J), (1.4)
where 6, satisfies 0 < do < 5 and 246, =1 (mod 5%).

Since this paper was first written, we have found that Karl-Heinz Fricke [Fr13, p.9] independently
observed (1.4) but without proof. Fricke [Fr13, p.232] also independently observed analogous con-
gruences modulo powers of 7 and analogous congruences for Ramanujan’s third order mock theta
function

0 q2n(n+1)
0= 2 s PP PP

In a subsequent paper [CCG21] we will extend our methods to prove these other congruences.
Below in Section 3.A. we show that the generating function for

ar(dbn — 1) +ar(n/5)

is a linear combination of two eta-products. See Theorem 3.1. This enables us to use the theory
of modular functions to obtain congruences. Our presentations and methods are similar to those of
Paule and Radu [PaRal2], who solved a difficult conjecture of Sellers [Se94] for congruences modulo
powers of 5 for Andrews’s two-colored generalized Frobenius partitions [An84]. In Section 2. we
include the necessary background and algorithms from the theory of modular functions for proving
identities. In Section 3. we apply the theory of modular functions to prove our main theorem. In
Section 4. we conclude the paper by discussing congruences modulo powers of 7 for both the rank
and crank parity functions.

Some Remarks and Notation

Throughout this paper we use the standard g-notation. For finite products we use

n—1

H(l —ij), n>0

(Z; (:I)TL = (Z)TL = ]:O
1, n = 0.
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For infinite products we use
o
(% @)oo = (2)o0 = lim (23¢)n H (=),

(22: @)oo -+ (213 Qoo

@)oo
(23 gloo = (21 @)oo H )1 -2,

(2’1,2’2,.. , 2ky q ) (21,

(21,225« s 265 Qoo = [213 @)oo 225 @Joo  * + [2k3 @)oo

for |¢| < 1 and z, 21, 29,..., 2z # 0. For #-products we use
Jap = (0",¢" % 0" ¢")oe,  and  Jy = (4" ¢")o0

and the Dedekind eta-function is given by

n(7) = exp(mit/12) H(l — exp(2minT)) = ¢'/* H(l —q"), (1.5)
n=1 n=1

where Im(7) > 0.

Throughout this paper we let |z] denote the largest integer less than or equal to x, and let [z]
denote the smallest integer greater than or equal to x.

We need some notation for formal Laurent series. See the remarks at the end of [PaRal2, Section
1, p.823]. Let R be a ring and ¢ be an indeterminant. We let R((q)) denote the formal Laurent series
in g with coefficients in R. These are series of the form

= Zanqnv

nez

where a,, # 0 for at most finitely many n < 0. For f # 0 we define the order of f (with respect to q)
as the smallest integer N such that ay # 0 and we write N = ord,(f). We note that if f is a modular
function this coincides with ord(f, c0). See equation (2.6) below for this other notation. Suppose ¢
and f € R((¢q)) and the composition f ot is well-defined as a formal Laurent series. This is the case
if ordg(t) > 0. The t-order of

F:fot:Zant",

nel

where t = Y _,b,q", is defined to be the smallest integer N such that ay # 0 and we write
N = ordy(F). For example, if

f=q¢ ' +1+2¢+--, t=¢*+3¢+5¢* +---,

then
F=fot=t"'414+2t+ - =q¢g2-3¢ +5+---,

so that ordy(f) = —1, ordy(t) = 2, ords(F') = —1 and ordy(F') = —2.

2. Modular Functions

In this section we present the needed theory of modular functions which we use to prove identities.
A general reference is Rankin’s book [Ra77].
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2.A. Background theory

Our presentation is based on [Be91, pp.326-329]. Let 5 = {7 : Im(7) > 0} (the complex upper half-
a b

plane). For each M = (c d

the bilinear transformation M (7) is defined by

) € M; (Z), the set of integer 2 x 2 matrices with positive determinant,

at +b

Mt =M(r) = e

The slash operator is defined by
(f | M)(r) = f(Mr),

and satisfies

fIMS =f|M|S,
for matrices M and S. The modular group I'(1) is defined by

r(1):{<‘; Z) € M (z) : ad—bc:l}.

We consider the following subgroups I' of the modular group with finite index

To(N) = {(Z Z) eT(1):c=0 (mod N)},

Ty (N) = {<‘CL Z) eT(1) : <‘CL Z) _ <(1) ’;) (mod N)}.

Such a group I' acts on #ZUQUoc by the transformation V (1), for V' € T" which induces an equivalence
relation. We call a set # C # UQU {0} a fundamental set for T' if it contains one element of each
equivalence class. The finite set F N (Q U {oo}) is called the complete set of inequivalent cusps.

A function f : 2 — C is a modular function on I if the following conditions hold:

(i) f is holomorphic on 7.
(i) f|V =fforall VeT.
(iii) For every A € I'(1) the function f | A~ has an expansion

(f |A_1)(7‘) = Z b(m) exp(2miTm/K)

m=mo

on some half-plane {7 : Im7 > h > 0}, where T' = <é i) and

K = min{k: >0: +A7TRA € F}.

The positive integer x = x(I';() is called the fan width of T' at the cusp ¢ = A~loo. If b(mg) # 0,
then we write

OI'd(f’ C7 F) =My
which is called the order of f at ¢ with respect to I'. We also write

mo

K(I,¢)

ord(f;¢) = = =
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which is called the invariant order of f at (. For each z € 7, ord(f;z) denotes the order of f at z
as an analytic function of z, and the order of f with respect to I' is defined by

Ord(f,=T) =  oxd(f:2)

where / is the order of z as a fixed point of I'. We note £ = 1, 2 or 3. Our main tool for proving
modular function identities is the valence formula [Ra77, Theorem 4.1.4, p.98]: If f # 0 is a modular
function on I" and .% is any fundamental set for T" then

Y Ord(f,zT) =0. (2.7)

2EF

2.B. Eta-product identities

We will consider eta-products of the form
f) =[] ntdr)m, (2.8)
d|N
where N is a positive integer, each d > 0 and my € Z.

Modularity

Newman [Ne59] has found necessary and sufficient conditions under which an eta-product is a modular
function on T'g(V).

Theorem 2.1. ([Ne59, Theorem 4.7]) The function f(7) (given in (2.8)) is a modular function
on To(N) if and only if

1. Zmd:(],

dIN
2. ded =0 (mod 24),
dIN
3. Nma =0 (mod 24), and
> 20 =0 (o 20,
4. Hdlmd| 8 a square.
dIN

Orders at cusps
Ligozat [Li75] has computed the invariant order of an eta-product at the cusps of To(V).

Theorem 2.2. ([Li75, Theorem 4.8]) If the eta-product f(7) (given in (2.8)) is a modular func-
tion on T'g(N), then its order at the cusp ( = g (assuming (b,c) =1) is

(da C)de

ord(f(7); Q) =, o (29)
d|N

Chua and Lang [ChLa04] have found a set of inequivalent cusps for I'o(NV).

Theorem 2.3. ([ChLa04, p.354]) Let N be a positive integer and for each positive divisor d of N
let eq = (d, N/d). Then the set

A= U S,
dIN

is a complete set of inequivalent cusps of T'o(N) where

Sqg=Azi/d : (z;,d)=1, 0<z;<d—-1, z;#z; (modeg)}.
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Biagioli [Bi89] has found the fan width of the cusps of I'g(V).

Lemma 2.4. ([Bi89, Lemma 4.2]) If (r,s) = 1, then the fan width of To(N) at % is

r N

To(N -7> .

ﬂ( 0( )78 (N,Sz)
An application of the valence formula

Since eta-products have no zeros or poles in 7, the following result follows easily from the valence
formula (2.7).

Theorem 2.5. Let f1(7), fo(7), ..., fu(7) be eta-products that are modular functions on To(N). Let
SN be a set of inequivalent cusps for T'o(N). Define the constant
B= %" min({Ord(f;,(,To(N)) : 1 <j <n}), (2.10)
(eSN
{00
and consider
9(7) == a1 fi(7) + ag fo(T) + -+ + an fu(T), (2.11)
where each a; € C. Then
g(r) =0
if and only if
Ord(g(1),00,To(N)) > —B. (2.12)

An algorithm for proving eta-product identities.

STEP 0.  Write the identity in the following form:

arfi(7) + aafa(T) + - + anfulT) =0, (2.13)
where each a; € C and each f;(7) is an eta-product of level N.
STEP 1. Use Theorem 2.1 to check that f;(7) is a modular function on I'g(N) for each 1 < j < n.

STEP 2.  Use Theorem 2.3 to find a set Sy of inequivalent cusps for I'g(NN) and the fan width of
each cusp.

STEP 3. Use Theorem 2.2 to calculate the order of each eta-product f;(7) at each cusp of I'g(IV).

STEP 4.  Calculate

B = E min({Ord(f;,(,To(N)) : 1 <j < n}).
CESN
(Foo

STEP 5.  Show that
Ord(g(r), 50, To(N)) > — B
where
9(1) = a1 fi(7) + aafo(T) + - + an fn(7).

Theorem 2.5 then implies that g(7) = 0 and hence the eta-product identity (2.13).
The third author has written a MAPLE package called ETA which implements this algorithm.
See

http://qseries.org/fgarvan/qmaple/ETA/
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A modular equation
Define
2 1 4
n(r)*n(107) (2.14)
n(27)*n(57)?
=q¢—-2¢+3¢—6¢*+11¢° —16¢°+24¢" —38¢® +57¢° —82¢*° + 117¢" +---

t:=1t(r) =

We note that t(7) is a Hauptmodul for T'g(10) [Ma09]. As an application of our algorithm we prove
the following theorem which will be needed later.

Theorem 2.6. Let

oo(T) = (2.15)
o1(1) = —5t2 +2- 5t, (2.16)
oo(T) = =5%3 + 2. 5%% — 7. 5t, (2.17)
o3(1) = =531 +2.5%3 — 7. 5%% 4 12 5¢, (2.18)
o4(1) = =545 + 2. 5% —7.5%3 1125212 — 11 - 5t, (2.19)
where t = t(7) is defined in (2.14). Then
4
t(r)?+ ) o(57)t(r)) = 0. (2.20)
j=0

Proof. From Theorem 2.1 we find that ¢(7) is a modular function on I'g(10) and #(57) is a modular
function on I'g(50). Hence each term on the left side of (2.20) is a modular function on I'g(50). For
convenience we divide by ¢(7)° and let

4
g(r) =1+ o;(57)t(r)'~". (2.21)
j=0

From Theorem 2.3, Lemma 2.4 and Theorem 2.2 we have the following table of fan widths for the
cusps of I'g(50), with the orders and invariant orders of both ¢(7) and ¢(57).

¢ 0] 1/2 [1/5]2/5]3/5]4/5]1/10]3/10]7/10]9/10]1/25 [1/50

1T (50), ) 50 25 | 2] 2221 1 1 1 2 1
ord(¢(7), ) 0] -1/5]/ 0] 0] 0] 0] 1 1 1 1 [0 1
Ord(¢(r),(,To(50)) |0 =5 | 0] 0] 0] 0] 1 1 1 1 [0 1
ord(t(57), C) 0[-1/25] 0 | 0 | 0 | 0| -1 ] -1] -1] 1] 0 | 5
Ord(t(57),(,To(50) | 0| -1 [0 | 0|0 | 0| 1| 1| -1 |-1] 0 | 5

Expanding the right side of (2.21) gives 16 terms of the form ¢(57)%¢(7)7 =5 with 1 < k < j + 1 where
0 < j <4, together with (k,7) = (0,5). We calculate the order of each term at each cusp ¢ of I'y(50),
and thus giving lower bounds for Ord(g(7), (,I'0(50) at each cusp in the following.

1§ 0[1/2]1/5]2/5[3/5]4/5]1/10|3/10 | 7/10]9/10 | 1/25 [ 1/50
Ord(g(r), ¢, To(50))>[0] 0 [ 0 | 0 | 0| 0| 6| 6] 6| 6] 0 | 0

Thus the constant B in Theorem 2.5 is B = —24. It suffices to show that
Ord(g(1),00,T(50)) > 24.

This is easily verified. Thus by Theorem 2.5 we have g(7) = 0 and the result follows.
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2.C. The U, operator

Let p be prime and

f=> a(myq™
m=mg
be a formal Laurent series. We define U, by
Up(f) =Y alpm)q™ (2.22)
pm=>mg

If f is a modular function (with ¢ = exp(2mit)),

Zp:f(TJrj). (2.23)

By [AtLe70, Lemma 7, p.138] we have

Theorem 2.7. Let p be prime. If f is a modular function on I'o(pN) and p | N, then U,(f) is a
modular function on To(N).

Gordon and Hughes [GoHu81, Theorem 4, p.336] have found lower bounds for the invariant orders
of Up(f) at cusps. Let 1,(n) denote the p-adic order of an integer n; i.e. the highest power of p that
divides n.

Theorem 2.8. ([GoHu81, Theorem 4]) Suppose f(7) is a modular function on T'o(pN), where p
is prime and p | N. Let r = % be a cusp of To(N), where 6 | N and (8,8) = 1. Then

5 O0rd(f,r/p,To(pN)) if vp(8) > Jvp(N)
Ord(Uy(f),r,To(N)) > < Ord(f,r/p, To(pN)) if 0 < vy(8) < Sup(N)
oJpin Ord(f, (r+k)/p.To(pN)) - if 1vp(8) = 0.

Theorems 2.5, 2.7 and 2.8 give the following algorithm.
An algorithm for proving U, eta-product identities

STEP 0.  Write the identity in the form

Up (a191(7) + aaga(7) + - - + argp (7)) = Bifi(7) + Bafo(T) + - - + B fu(T), (2.24)

where p is prime, p | N, each g;(7) is an eta-product and a modular function on I'g(pN), and each
fj(7) is an eta-product and modular function on I'y(XV).

STEP 1. Use Theorem 2.1 to check that f;(7) is a modular function on I'g(N) for each 1 < j <mn,
and g;(7) is a modular function on I'y(pN) for each 1 < j < k.

STEP 2.  Use Theorem 2.3 to find a set Sy of inequivalent cusps for I'g(NN) and the fan width of
each cusp.

STEP 3a. ~ Compute Ord(f;,(,I'g(N)) for each j at each cusp ¢ of I'g(IN) apart from oo.
STEP 3b.  Use Theorem 2.8 to find lower bounds L(g;,(, N) for
Ord(Up(g;), ¢ To(N))

for each cusp ¢ of I'g(N), and each 1 < j < k.
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STEP 4.  Calculate

B= 3 min({Ord(f;, ¢, To(N)) - 1< <n}U{L(gj(,N) s 1<j<k)).  (225)
(eESN
(Foo

STEP 5. Show that
Ord(h(7),00,Tg(N)) > —B

where

h(1) = Up (a191(7) + aaga(T) + -+ + argi (7)) — (B1f1(7) + Bafo(T) + -+ + Bnfu(T)).

Theorem 2.5 then implies that ~(7) = 0 and hence the U, eta-product identity (2.24).
The third author has included an implementation of this algorithm in his ETA MAPLE package.
As an application of our algorithm we sketch the proof of

Us(g9) =5 f1(7) + 2 fa(7), (2.26)

where
(r) = B0 0 (57) (A7)’ (27)°
n(1007)* n (257)n (107)* n (1)

n(107)%n (r)* n(107)"n (r)?
fi(r) = 4 ] fo(r) = 3 2 :
n (1) n(27) n(207) 0 (57) 0 (47)n(27)
We use Theorem 2.1 to check that f;(7) is a modular function on I'g(20) for each 1 < j < 2, and
g(7) is a modular function on I'g(100). We use Theorem 2.3 to find a set Spg of inequivalent cusps for
I'p(20) and the fan width of each cusp. By Theorems 2.3, 2.2 and Lemma 2.4 we have the following
table of orders.

)

¢ 0[1/2[1/4]1/5[1/101/20
Ord(fi(7),C,To(20)) [0 =2 =2 0 | 2 | 2
Ord(f2(7),(,To(20)) [1] 0 | =1 0 | 1 | —1

Using Theorems 2.3, 2.2, 2.8 and some calculation we have the following table of lower bounds
L(g, ¢, 20).

1§ 0[1/2]1/4] 1/5 [1/10[ 1/20
Ord(Us(9), ¢, To(20) > [0 | —2 | —2 [ —1/5| 3/5 | —6/5

Thus the constant B in (2.25) is B = —18/5. It suffices to show that

Ord(h(r), 00, Tg(20)) > 4,

where
h(r) = Us(g) — (5./1(7) + 2fa(7)).
This is easily verified. Thus by Theorem 2.5 we have h(7) = 0 and the result (2.26) follows.

2.D. Generalized eta-functions

The generalized Dedekind eta function is defined to be

mig(r) = ¢z T 1 —-q™), (2.27)
m=+g (mod §)

where Py(t) = {t}> — {t} + # is the second periodic Bernoulli polynomial, {t} =t — [¢] is the fractional
part of ¢, g,6,m € Z* and 0 < g < §. The function 7s4(7) is a modular function on SLy(Z) with a
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multiplier system. Let N be a fixed positive integer. A generalized Dedekind eta-product of level N
has the form

f@o = 1] ns (), (2.28)
S|N
0<g<é

where

(2.29)

3Z ifg=16/2,
Tsg € .
Z otherwise.

Robins [R094] has found sufficient conditions under which a generalized eta-product is a modular
function on I'1 (V).

Theorem 2.9. ([Ro94, Theorem 3]) The function f(7), defined in (2.28), is a modular function
on T1(N) if

(i) Y 6Py($)rsg =0 (mod 2), and
SN
g

(ii) %PZ(O)T&Q =0 (mod 2).
0

Cho, Koo and Park [CKP09] have found a set of inequivalent cusps for I'y(N) N Tg(mN). The
group I'1(N) corresponds to the case m = 1.

Theorem 2.10. ([CKP09, Corollary 4, p.930]) Let a, ¢, d, ¢ € Z with (a,c) = (a’,') = 1.

i) The cusps & and % are equivalent mod Ty (N if and only if
C C
/
(i,) =4 <a +ch> (mod N)

(ii) The following is a complete set of inequivalent cusps mod I'1(N).

for some integer n.

S = {yc] :0<c|N,0<sei, ac;j <N, (s¢i, N) = (ac;, N) =1,

Lec,i

_ — N
Sc,i - Sc,i/ — Sc,l = :l:sc/’i/ (mOd ?)7

acj = +a.; (modec), ifc=1% orN,

Qc,j = Qcj1 < . )
acj = acy  (mod c), otherwise,

Tei,Ye,j € L chosen so thatxe; = i, Yej = Acj  (mod N), (X, Ye i) = 1} .

(iii) The fan width of the cusp & is given by

1, if N =4 and (c,4) = 2,
K(2,T1(N)) = { v
W, otherwise.
In this theorem, it is understood as usual that the fraction % corresponds to oo.

Robins [R094] has calculated the invariant order of ns,(7) at any cusp. This gives a method for
calculating the invariant order at any cusp of a generalized eta-product.
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Theorem 2.11. ([Ro94]) The order at the cusp ¢ = ¢ (assuming (a,c) = 1) of the generalized
eta-function 15 4(7) (defined in (2.27) and assuming 0 < g < §) is
g? ag
ord(ns,4(7); ¢) = 2% Py (?> ; (2.30)

where € = (0, ¢).

An algorithm for proving generalized eta-product identities

We note that the analog of Theorem 2.5 holds for generalized eta-products which are modular func-
tions on I'1 (IV), and follows easily from the valence formula (2.7).

Theorem 2.12. ([FrGal9, Cor.2.5]) Let fi(7), fa(7), ..., fu(T) be generalized eta-products that
are modular functions on T'1(N). Let Sy be a set of inequivalent cusps for T'1(N). Define the constant
B =Y min({Ord(f;, 5, T1(N)) : 1< j <n}U{0}), (2.31)
SESN
S$F#00
and consider
9(7) = a1 fi(7) + aafo(T) + - + anfu(r) + 1, (2.32)
where each a; € C. Then
g(t)=0
if and only if
Ord(g(r),00,I'1(N)) > —B. (2.33)

The algorithm for proving generalized eta-product identities is completely analogous to the method
for proving eta-product identities described in Section 2.B.. To prove an identity in the form

alfl(T) + a2f2(7—) +ooot anfn(T) +1=0,

the algorithm simply involves calculating the constant B in (2.31) and then calculating enough coef-
ficients to show that the inequality (2.33) holds. A more complete description is given in [FrGal9).

The third author has written a MAPLE package called thetaids which implements this algo-
rithm. See

http://qseries.org/fgarvan/qmaple/thetaids/

3. The rank parity function modulo powers of 5

3.A. A Generating Function

In this section we prove an identity for the generating function of
a(5n—1) +ag(n/5)

where it is understood that ay(n) = 0 if n is not a non-negative integer. Our proof depends on some
results of Mao [Maol3] who found 5-dissection results for the rank modulo 10.

Theorem 3.1.
JélJfO JfJffJg,Jgo

ar(bn—1)+a+(n/5))q" = —4 . 3.34
nz;)( £( ) +ag(n/5))q % T (3.34)
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Proof. From Watson [Wa36, p.64] we have

9 00 (_l)nqn(3n+1)/2
= 3.35
70 (¢ 4)oc n;w 1+qn (3:35)
We find by replacing n by —n that
[o.¢] (0]
(_1)nqn(3n+1)/2+4n (_1)nqn(3n+1)/2
Z 1+ 5n = 1 5n ) (336>
n=—oo q n=-—oo + q
0 (_1)nqn(3n+1)/2+3n > (_1)nqn(3n+1)/2+n
n;m 1+ g B n:z—oo 1+
By [Maol3, Lemma 3.1] we have
o0
-1 nqn(3n+l)/2 P q107_q5;q (] (] n 75n(n+1)/2+5
Z = 5n =P(q°.—¢*4%) - ( 3 = Z 2n+5 7
1+g¢ q 1 +q
n=-—00 n=—00
(3.37)
o
(_1)nqn(3n+1)/2+n 10 0. 25 5 5 10, 25 q q - n 75n(n+1)/2+8
n;oo e = P(¢",—¢"%¢*) — ¢’ P(¢’, =" q Z 1+q25n+10 :
(3.38)
i (_1)nqn(3n+1)/2+2n P(q5, _1;(]25) P(qll)’ _1;q q’ oo Z n 25n(3n+1)/2 1
5 - 6 - 9 25 ’
n=—oo 1+qn q q n=—oo 1+q "
(3.39)
where 002 gl (g )2
a, 0”5 4joo\q5 4
b:q) = 0 3.40
(@,50) [b/a,ab, b; qloo (3.40)
From (3.35)-(3.39), and noting that P(¢°, —¢°; ¢**) = P(¢'°, —¢'%; ¢*>) we have
) 0 (_1)nqn(3n+1)/2
= 3.41
/) (¢ 4)oc n;oo 1+q" (3.41)
B ) io: (_1)nqn(3n+l)/2(1 — "+ q2n _ q3n + q4n)
O 1+ g
9 io: (_1)nqn(3n+1)/2(2 — 24" + q2n)
) 1+ gon
:2{2q3P(q5 _q10. q25) _ 2P(q10, *q5§q25) 4 P(q5, -1 q25) . P(qloa 1§q25)}
Ji o ¢ q° q°
4 o (_1)nq75n(n+1)/2+5 4 (_l)nq75n(n+1)/2+8 1 o
" T n:zoo T+ n:zoo rrgmn )
We let
2 2P(¢",—¢%¢®) | P(¢’,—1;¢%) P(q'°,—1;¢®
9(9) = 7 {2q3P( 7'%q¢*) - ( 7 ) B q6 ) _ X . ) . (3.42)

and write the 5-dissection of g(q) as

9(@) = 90(¢®) + 4 91(¢°) + ¢ 92(¢°) + ¢ 93(¢°) + 4" 94 (). (3.43)
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From (3.35), (3.42) and (3.43), replacing ¢° by ¢, we have

> ag(on +4)0" =~ 1(6°) + 04(0). (3.44)
n=0

after dividing both sides by ¢* and replacing ¢° by q.
The 5-dissection of J; is well-known

1
J1 = Jos (B(qs) —q— Q2B(q5))a (3.45)
where 7
2,5
B(g) = =2
(9) Jis

See for example [Ga88, Lemma (3.18)].
From (3.42), (3.43) and (3.45)

J25 (90(0°) + q.91(¢°) + ¢* 92(¢°) + ¢ 93(°) + ¢ 9a(d°)) <B(q5) —q- q213(1q5)>

_ 4P ™) | 2P(¢° —13¢%)  2P(¢"°, ~Lig®)

— 4q3p q5 _qlo,q25
( ’ ) ) q3 q6 qg

(3.46)

By expanding the left side of (3.46) and comparing both sides according to the residue of the
exponent of ¢ modulo 5, we obtain 5 equations:

q
B(q)90 — q94 — ——~93 =0, 3.47
(a) 5 (3.47)
q 2P(¢%, —1;¢°)
B — on — =_— ‘3 7t 3.48
(@91 =90 — 5 L 25 (3.48)
1 AP(¢%, —q; ¢°)
B q 2 1 - Y0 == T 349
(@)g2 — g B’ T (3.49)
1 4P(q,—q% ")
B g — — 3.50
(9)93 — g2 B(q) g1 T ) ( )
1 2P(q,—1;¢°)
B(q)gs — g3 — g 3.51
(9) B 2 (3.51)
where g; = g;(q) for 0 < j < 4.
Solving these equations we find that
94(q) = ! 3X2B4 - 2X1B_4 +4X,B% 4+ 4X3B73
J5(B5 —11qg — ¢?/B%) \ ¢? q
8 6 6
— -X3B%+8¢X4B* — —X\B - XQB—1>, (3.52)
q q q

where B := B(q) and

2 3 13 12 3 3 72
49 J1,10J2,10J3,10J5,10 . qJ1,10J3,10J4,10J5,10

Xo=P(g,~1;¢°) =

X1 =P(¢* —1;¢°)

2J50J4,10 ’ 2.J0/2,10 ’
2 5 quD’,lojg,loJf,loJ&lO 2 5 J12,10J22,10J§,10J5,10
X3 =P(¢",~¢;¢°) = 76 , Xu=Plg,—q5q") = 76
10 10
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The following identity is also well-known

T _ o 2 1
5
See for example [HiHu81, Lemma (2.5)].
By (3.52) and (3.53), we have
g4(q) :J§,10J3710J§,10J52,10J§,5J55 _ qjl,loJg)’lojg)’lojg’lojﬁg)t]g J12710J22710J§710J5710J§75J55
‘IJ2,10J{1,5J160J16 J4710J§1,5J160J16 J§,5J160J16
quloJ§,10J2,10J5,10J§,5J55 _ JiloJ§,10J2,10J5,10J22,5J§ qJ12,10J22,10J§,10J5710J12,5J§
T35 78077 TEsTi0 7 T35 75077
3 3Jl,loJ5’,10J5’,10J§,10J2,5J55 B 3Jf’,loJ3,10Jf,1oJ§,1oJ1,5J§ (3.54)
Ju10d1,505J¢ Jo10d2,505 ¢ ' '
We prove
J2J3 5. 1 JyJ?
ga(q) = —4=1>2 210 (3.55)

J3 Jo §J1Jff<]207

using the algorithm described in Section 2.D. We first use (3.54) to rewrite (3.55) as the following
modular function identity for generalized eta-products on I';(20).

6 4 2 7 .6 2 5 .3

110,1710,4 M10,27110,3 M10,1M10,4 7110,17110,4 110,1710,4 110,1710,2

0=1—-—F—F%—+4— ERG -8 +8—=5—73 -3

M10,2"10,3 1110,47110,5 M10,2"10,3710,5 1110,27110,37110,5 M10,2"10,3710,5 7110,37110,4

5 9 .3 .7 .4 .3 3 9 6 .6 .7 .10 .3 .6 2
3 M5,1 4 120,17120,37120,4120,67120,77120,87120,9  7120,1"120,27120,47120,67120,87120,97120,10 (3.56)
B 5 2 B 4 : :
75,2 20,10 20,5

We use Theorem 2.9 to check that each generalized eta-product is a modular function on I';(20). We
then use Theorems 2.10 and 2.11 to calculate the order of each generalized eta-product at each cusp
of I'1(20). We calculate the constant in equation (2.31) to find that B = 24. We let g(7) be the
right side of (3.56) and easily show that Ord(g(7), 00,I'1(20)) > 24. The required identity follows by
Theorem 2.12.

From (3.44) and (3.55) we have

> J3J? J2J3 J5Ja
5n—1)q" + f(¢°) = = 20y TR 3.57
> ap(bn—1)q" + £(¢°) = qga(q) N0 T (3.57)

n=0

which is our result (3.34).

3.B. A Fundamental Lemma
We need the following fundamental lemma, whose proof follows easily from Theorem 2.6.
Lemma 3.2. (A Fundamental Lemma) Suppose u = u(7), and j is any integer. Then

4

Us(ut’) = = ou(7) Us(ut/ T ?),
=0

where t = t(7) is defined in (2.14) and the o;(T) are given in (2.15)-(2.19).

Proof. The result follows easily from (2.20) by multiplying both sides by «#/~5 and applying Us.
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Lemma 3.3. Let u = u(7), and | € Z. Suppose for | < k <1+ 4 there exist Laurent polynomials
puk(t) € Z[t,t71] such that

Us(ut®) = vpui(t), (3.58)
and
ordy(puk(t)) > V ; ‘1 , (3.59)

for a fized integer s, where t = t(1) is defined in (2.14) and where v = v(71). Then there exists a
sequence of Laurent polynomials pyk(t) € Z[t,t7], k € Z, such that (3.58) and (3.59) hold for all
keZ.

Proof. We proceed by induction on k. Let N > [ + 4 and assume the result holds for | <k < N — 1.
Then by Lemma 3.2 we have

4 4

Us(ut™) = =Y oj(7) Us(utV ) = =0 > " 05(7) puntj-5(t) = vpun(t),

=0 i=0
where
4
Pun(t) == 05(T) pun-js5(t) € Zft,t 1],
=0

and

ords(pun (1)) > min (ords(a;) + ordy(pux+j-s(1)))
0<j<4

> min <1+ FWD _ [NH]
0<;5<4 9 )

The result for all £ > [ follows. The induction proof for k£ < [ is similar.

Lemma 3.4. Let u = u(71), and | € Z. Suppose for | < k < [+ 4 there exist Laurent polynomials
puk(t) € Z[t,t71] such that

Us(ut®) = vpu(t), (3.60)

where 5 i
n—k+r
— E n > | =

pu,k(t) : Cu(kan)t ) V5(Cu(kan)) = \‘ 4 J

for a fized integer v, where t = t(7) is defined in (2.14) and where v = v(7). Then there exists a
sequence of Laurent polynomials p,x(t) € Z[t,t™Y], k € Z, such that (5.60) holds for k > | + 4, where

Puk(t) = ZCu(kJ,n) t",  and vs(cy(k,n)) > {

n

n—k+r+2
— |

Remark 3.5. Recall that vy(n) denotes the p-adic order of an integer n; i.e. the highest power of p
that divides n.

Proof. We proceed by induction on k. Let N > [ + 4 and assume (3.60) holds for | < £k < N —1
where 5 L
Pur(®) = 3 cull,n) £, vs(ey(k,n)) = {”‘4*1 .

n
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As in the proof of Lemma 3.3 we have

where

From Lemma 3.2 we have

where

for1<I1<j+1,0<j<4. Therefore

4 j+1
pu,N(t):_ZZSJ7 Zcu N+J_5mtm+l Zcu )
=0 I=1 m
where
4 j+1
—ZZS Jeu(N+j—5,n—-1),
=0 I=1
and

v5(cy(N,n)) >  min <V5(5(j, D)+ vs(cu(N+37—5n— l))

ZKIE?HQ?,ZIJ'J . {3(n—l)—(]\i+j—5)+rJ>

{3l+j+3(n_l)_(N+j_5)+r_3J S {3n—N+r+2J
4 - 4 '

The result follows.
We define the following functions which will be needed in the proof of Theorem 1.2.

Y VP ¥ S Y IV YY) SO Y/
Y X Y YN P 2 S o H

(3.61)

For f = f(7) we define
Ua(f) =Us(Af),  Up(f) =Us(Bf) (3.62)

First we need some initial values of Ua (P4 t*) and Ug(Pg t*).

Lemma 3.6.

Group 1
Ua(Py) = Pp(5%5 — 7. 53t + 14 - 523 — 2. 5212 4 1),
Ua(Pat™t) = —Pgt,
Ua(Pat™?) = —5Ppt?,
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UA(PAt_3) = —52PBt3,
Ua(Pat™) = =53 Pptt.

Group 11
Up(Pp) = Pa,
Up(Pgt™t) = Pa(—5t + 2),
Up(Ppt™2) = Pa(5%? — 8- 5t + 8),
Up(Ppt™3) = Pa(5°t> — 34 - 5t + 34),
Up(Ppt™) = Pa(—5"" +16 - 53> — 36 - 5%t — 128 - 5t + 6 - 52).

Proof. We use the algorithm described in Section 2.C. to prove each of these identities. The identities
take the form

U5(g) = f7

where f, g are linear combinations of eta-products. For each identity we check that f is a linear
combination of eta-products which are modular functions on I'g(20) and that g is a linear combination
of eta-products which are modular functions on I'g(100). For each of the identities we follow the 5
steps in the algorithm given after Theorem 2.8. We note that the smallest value of the constant B
(defined in equation (2.25)) encountered is B = —14. These steps have been carried out with the help
of MAPLE, including all necessary verifications so that the results are proved.

Following [PaRal2] a map a : Z X Z — 7Z is called a discrete array if for each i the map
a(i,—) : Z — Z, by j + a(i,j) has finite support.

Lemma 3.7. There exist discrete arrays a and b such that for k > 1

Ua(Pst*) = Pg Z a(k,n)t", where wvs(a(k,n)) > {371 — kJ , (3.63)
n>[(k+5)/5]

Up(Ppt*) = Py Z b(k,n)t", where vs(b(k,n))> {?M_ZLMJ . (3.64)
n>[k/5]

Proof. From Lemma 3.6, Group I we find there is a discrete array a such that

Ua(P4tF) = Pg Z a(k,n)t", where wvs(a(k,n)) > {

3n—k— 2J
n>[(k+5)/5]

4

for —4 < k < 0. Lemma 3.3 (with s = 4) and Lemma 3.4 (with » = —2) imply (3.63) for k£ > 1. From
Lemma 3.6, Group II we find there is a discrete array b such that

Up(Ppt") =Py Y b(k,n)t", where %(b(k,n))Z{

3n — k:J
n>[k/5]

4
for —4 <k <0. Lemma 3.3 (with s = 0) and Lemma 3.4 (with » = 0) imply (3.64) for £ > 1.
3.C. Proof of Theorem 1.2

For av > 1 define an integer d, by 0 < 0, < 5% and 240, = 1 (mod 5%). Then

23 x 52 41 19 x 52+l 4 1

g = =22 T~ 5 —
2 24 ; 2a+1 2



D. Chen, R. Chen and F. Garvan, Rank parity function congruences 41

We let
Moo = Aot = (1 — 5%)
200 — N2a+1 — 24 .
For n > 0 we define
cg(n) :=as(d5n — 1) +ar(n/5). (3.65)
We find that for o« > 3
Z ap(5°n+8a) + ap(5°2n + da—2)) ¢" ! = Zcf 570+ Nal1)g™ (3.66)

n=1

We define the sequence of functions (Ly)52, by Lo := P4 and for o > 0

Logt1 :=Ua(L2a), and Logts == Up(Laa+1)-

Lemma 3.8. For a >0,

o
Cf(52°‘n + Xa)q",

and

J J
L2a+1 ! Z 52a+1n + )\2a+1)qn-

Proof. By Theorem 3.1 we have

Ly py = TSI TR Js I3 Jidd T ds T3
JQOJfJf JiJ3J2 T J20J3J1 J10J2
= o S o) o = B S o
n=0 n=0

since \g = 0.

J2J5
Ly = Ua(Lo) = Us(ALo) = Us ( ?4 : Zcf(n)qn>

25 p=0
21
= 104126]0(571-{—)\1)(]”,
J5 n=0

since A\; = 0. This is the second equation with @ = 0. The general result follows similarly using a
routine induction argument, by noting that

1
5)\0471 —-1= 504 - 5047 gAafl = 50472-

Our main result for the rank parity function modulo powers of 5 is the following theorem.

Theorem 3.9. There exists a discrete array £ such that for a > 1

Loy = Py 26(204,71) t",  where vs({(2a,n)) > a+ Pn; 3J , (3.67)
n>1
n 3n —6
Lyat1=Pp Y (2a+1,n)t", where vs({20+1,n)) > a+1+ { 1 J : (3.68)

n>2
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Proof. We define the discrete array ¢ recursively. Define

0(1,1) =1, £(1,2) = —2-52, £(1,3) = 14 - 5%, £(1,4) = —7- 53, £(1,5) = 5%,
and ((1,k)=0, fork >6.

For o > 1 define

2(2a,n) ZE a—1,k)b(k,n) (for n > 1), (3.69)
k>1
and
(2a+1,n) Zﬁ (2a, k) a(k,n) (for n > 2), (3.70)
k>1

where a and b are the discrete arrays given in Lemma 3.7. From Lemma 3.6, Group I and by Lemma
3.7 and equation (3.69) we have

-2
=Ux(Lo) =Uxs(Py) = PBZE (1,n)t", where wv5(¢(1,n)) > {3n4 J .

5
=Ug(Ly) = ZE(I,n)UB(PBtn)7

n=1
5

=> (1,n)Pa>_ b(n, k)"

n=1 k>1

5
=Pa> > L1, k)b(k,n)t"

n>1k=1

=Py > L(2,n)t"

n>1

where

v5(¢(2,n)) > min <u5(£(1,k))+u5(b(k,n)> > min Q%Z QJ + F’n _4k+2J> = {3"21 :

1<k<5 1<k<5

since when k = 1, LSkZQJ + [3"74k+2J = L3”4+1J, and for k > 2,

3k —2 n—k+2 3n+ 2k —3 3n+1
+ > > .
4 4 - 4 - 4
Thus the result holds for Lo, when o = 1. We proceed by induction. Suppose the result holds for
Lo, for a given o > 1. Then by Lemma 3.7 and equation (3.70) we have

Loat1 = Ua(Laa) = »_ £(20,n)Un(Pat™),

n>1

=3 42a,n)Ps " aln, k)t*

n>1 k>2

=P > Y (20, k)a(k,n)t"

n>2 k>1

=Pg Y {(2a+1,n)t"
n>2
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where

vs(L(2a 4 1,n)) > m<m<u5( (20, k)) + v5(a(k, >> >§ﬂ<1};<0‘+ f)k;SJ + Pn; kJ)
—6

>a+1—|—{ 1
|=

since when k = 1, L?”jT—?’J + |3k k

1—|—L3” J and for k > 2,

i
3k—3 —k 3n+2k: 6 3n—6
>1 .
S R i e e R
Thus the result holds for Laq+1. Suppose the result holds for Lo,41 for a given o« > 1. Then again
by Lemma 3.7 and equation (3.69) we have

Lotz = Up(Laat1) = »_ (20 + 1,n)Up(Pst"),
n>2

=" 1@a+1,0)Pa > b(n, k)t*

n>2 k>1

=Pa) > U(2a+1,k)b(k,n)t"

n>1k>2

=Pa) (20 +2,n)t"

n>1

where ¢(2a 4+ 1,1) = 0. Here

vs(0(2a +2,n)) > I2n<hk1<y5(£(2a +1,k)) + V5(b(k,n)> > g1<i£<a +1+ {Sk - GJ N rm —k+ 2J >

4 4

2 _ _

> min(a+1+ Snt2k—7 =a+1+ sn—3)
2<k 4 4

Thus the result holds for Loy, and the result holds in general by induction.
Corollary 3.10. For a > 1 and all n > 0 we have

cf(52°‘n + )\204)
52a+1

0 (mod 5%), (3.71)
0

cr( n+ Xoasr1) =0 (mod 5*T1), (3.72)
Proof. The congruences follow immediately from Lemma 3.8 and Theorem 3.9.

In view of (3.66) and Corollary 3.10 we obtain (1.4). This completes the proof of Theorem 1.2.

4. Further results

The methods of this paper can be extended to study congruences mod powers of 7 for both the rank
and crank parity functions. We describe some of these results, which we will prove in a subsequent
paper [CCG21]. Analogous to (3.34) we find that

o0

NERVEWENE: JtJt
7) —ap(Tn —2 T S 67 4.73
S (asn/) —a(n = 20" = T (35 + ) (4.73)

which leads to the following
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Theorem 4.1. For all o > 3 and all n > 0 we have

1.
07 (%% + 60) — (720 + 6az) = 0 (mod 712 D]y, (4.74)
where 64 satisfies 0 < do < 7% and 246, =1 (mod 7%).

As mentioned earlier in Section 1., Karl-Heinz Fricke [Fr13, p.232] independently observed this theo-
rem and related results for Ramanujan’s third order mock theta function w(q), but without proof.
It turns out that for the crank parity function congruences mod powers of 7 are more difficult.

Define the crank parity function
B(n) = Me(n) - Mo(n)a (4'75>

for all n > 0. The following is our analog of Choi, Kang and Lovejoy’s Theorem 1.1.

Theorem 4.2. For each a > 1 there is an integral constant K, such that
B(49n —2) = K, f(n) (mod 7%), if2dn =1 (mod 7%). (4.76)

This gives a weak refinement of Ramanujan’s partition congruence modulo powers of 7:

p(n) =0 (mod 7%), if 2dn =1 (mod ﬂ%rﬂ ).

This was also proved by Watson [Wa38]. Atkin and O’Brien [AOG7] obtained congruences mod powers
of 13 for the partition function similar to (4.76).

Acknowledgement. We would like to thank Jonathan Bradley-Thrush for his comments and sug-
gestions. As well we thank Karl-Heinz Fricke for his comments and for sharing some of his recent
work. Finally, we thank the referee for corrections and helpful comments.
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