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A heuristic guide to evaluating triple-sums

Eric T. Mortenson

Abstract. Using a heuristic that relates Appell–Lerch functions to divergent partial theta functions one can expand Hecke-type
double-sums in terms of Appell–Lerch functions. We give examples where the heuristic can be used as a guide to evaluate analogous

triple-sums in terms of Appell–Lerch functions or false theta functions.
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1. Notation

Let q be a nonzero complex number with |q| < 1 and define C∗ := C− {0}. Recall

(x)n = (x; q)n :=
n−1∏
i=0

(1− qix), (x)∞ = (x; q)∞ :=
∞∏
i=0

(1− qix),

j(x; q) := (x)∞(q/x)∞(q)∞ =
∞∑

n=−∞
(−1)nq(

n
2)xn,

and
j(x1, x2, . . . , xn; q) := j(x1; q)j(x2, q) · · · j(xn; q),

where in the penultimate line the equivalence of product and sum follows from Jacobi’s triple product
identity. Let a and m be integers with m positive. Define

Ja,m := j(qa; qm), Jm := Jm,3m =

∞∏
i=1

(1− qmi), and Ja,m := j(−qa; qm).

We will use the following definition of an Appell–Lerch function [HiMo14]

m(x, q, z) :=
1

j(z; q)

∞∑
r=−∞

(−1)rq(
r
2)zr

1− qr−1xz
. (1.1)

2. Introduction

Appell–Lerch functions are the building blocks of Ramanujan’s classical mock theta functions [HiMo14,
Section 5]. For two of Ramanujan’s fifth order mock theta functions [HiMo14, Section 5], [AnGa89,
Hi88a]:

χ0(q) : =
∑
n≥0

qn

(qn+1)n
= 2− 3m(q7, q15, q9)− 3q−1m(q2, q15, q4) +

2J2
5J2,5

J2
1,5

, (2.2)
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χ1(q) : =
∑
n≥0

qn

(qn+1)n+1
= −3q−1m(q4, q15, q3)− 3q−2m(q, q15, q2)− 2J2

5J1,5

J2
2,5

. (2.3)

In recent work [HiMo14], we used a heuristic (3.21) to express Hecke-type double-sums of the form
[HiMo14, (1.4)] ( ∑

r,s≥0

−
∑
r,s<0

)
(−1)r+sxrysqa(

r
2)+brs+c(s2), (2.4)

where a, b, c are strictly positive integers, in terms of theta functions and the m(x, q, z) function. As
an example, a special case of more general results from [HiMo14, (1.7)] reads( ∑

r,s≥0

−
∑
r,s<0

)
(−1)r+sxrysq(

r
2)+2rs+(s2) (2.5)

= j(y; q)m
(q2x

y2
, q3,−1

)
+ j(x; q)m

(q2y

x2
, q3,−1

)
− yJ3

3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)
.

Objects that could be thought of as Hecke-type triple-sums have been the subject of recent work.
Zwegers discovered that [Zw09, Theorem 1]

2− 1

(q)2
∞

( ∑
k,l,m≥0

+
∑

k,l,m<0

)
(−1)k+l+mq(

k
2)+(l

2)+(m2 )+2kl+2km+2lm+k+l+m = χ0(q), (2.6)

1

(q)2
∞

( ∑
k,l,m≥0

+
∑

k,l,m<0

)
(−1)k+l+mq(

k
2)+(l

2)+(m2 )+2kl+2km+2lm+2k+2l+2m = χ1(q), (2.7)

which suggests considering the following building block for triple-sums:

ga,b,c,d,e,f (x, y, z, q) :=
( ∑

r,s,t≥0

+
∑

r,s,t<0

)
(−1)r+s+txrysztqa(

r
2)+brs+c(s2)+drt+est+f(t

2), (2.8)

where a, b, c, d, e, and f are strictly positive integers. For related examples, see [BRZ15, Mo17].
Indefinite binary theta series for χ0(q) and χ1(q) can be found in [Ga19, Za07].

Kim and Lovejoy [KiLo17] recently found examples of triple-sums that evaluate to false theta
functions. False theta functions are theta functions but with the wrong signs [AnWa07]. In particular,
they found

g1,7,1,1,1,1(q2, q3, q, q) + q4g1,7,1,1,1,1(q6, q7, q2, q) = J2
1

∞∑
r=0

(−1)rq3r(r+1)/2, (2.9)

g1,5,1,1,1,1(q2, q2, q, q) + q3g1,5,1,1,1,1(q5, q5, q2, q) = J1J1,2

∞∑
r=0

(−1)rq3r2+2r(1 + q2r+1). (2.10)

In Section 3., we introduce a few basic facts and preliminary results. In Section 4., we remind the
reader how the heuristic is used to understand the (mock) modularity of double-sums. In Section 5.,
we obtain the relation (5.46) that will be used to understand the modularity of triple-sums. We will
also introduce a few basic facts about triple-sums.

In Section 6., we consider the mock theta functions χ0(q) and χ1(q). We use the relation (5.46)
to demonstrate how the heuristic (3.21) guides us from their respective triple-sums in (2.6) and
(2.7) to their Appell–Lerch sum expressions modulo a theta function, see (2.2) and (2.3). In Section
7., we demonstrate how the relation (5.46) guides us from Kim and Lovejoy’s two triple-sums in
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(2.9) and (2.10) to their respective false theta function forms. The work in Sections 6. and 7. is
experimental and does not contain proofs, but perhaps more general formulas such as those found in
[BRZ15, HiMo14, Mo17] are lurking in the background.

In Section 8., we use triple-sum relations from Section 5. in order to prove corollaries to Identities
(2.6) and (2.7). We show

Corollary 2.1. We have

g1,2,1,2,2,1(q3, q3, q3, q) = 0, (2.11)

g1,2,1,2,2,1(q, q, q2, q) = J2
1 , (2.12)

g1,2,1,2,2,1(q, q2, q2, q) = J2
1χ0(q), (2.13)

g1,2,1,2,2,1(q, q, q3, q) = J2
1 (qχ0(q) + 1− q), (2.14)

g1,2,1,2,2,1(q, q2, q3, q) = J2
1 (qχ1(q) + 1). (2.15)

One wonders how triple-sums whose parameters differ slightly from the left-hand sides of (2.6) and
(2.7) might behave. In Section 9., we demonstrate how our heuristic methods lead us to suspect

g1,3,1,3,3,1(q, q, q, q) (2.16)

= 3J1,2J3,8m(−q27, q56,−1) + 3q−2J1,2J3,8m(−q13, q56,−1)

− 3q−7J1,2J1,8m(−q−1, q56,−1)− 3q−16J1,2J1,8m(−q−15, q56,−1) + θ(q),

where θ(q) is a yet to be determined weight 3/2 theta function.

3. Preliminaries

We will frequently use the following product rearrangements without mention

J0,1 = 2J1,4 =
2J2

2

J1
, J1,2 =

J5
2

J2
1J

2
4

, J1,2 =
J2

1

J2
, J1,3 =

J2J
2
3

J1J6
,

J1,4 =
J1J4

J2
, J1,6 =

J1J
2
6

J2J3
, J1,6 =

J2
2J3J12

J1J4J6
.

We have the general identities:

j(qnx; q) = (−1)nq−(n2)x−nj(x; q), n ∈ Z, (3.17a)

j(x; q) = j(q/x; q) = −xj(x−1; q), (3.17b)

j(x; q) = J1j(x, qx, . . . , q
n−1x; qn)/Jn

n if n ≥ 1, (3.17c)

j(xn; qn) = Jnj(x, ζnx, . . . , ζ
n−1
n x; qn)/Jn

1 if n ≥ 1, (3.17d)

where ζn is an n-th primitive root of unity. We also have from [Hi88a, Theorem 1.1]

j(−x, q)j(y, q) + j(x, q)j(−y, q) = 2j(xy, q2)j(qx−1y, q2). (3.18)

The Appell–Lerch function m(x, q, z) satisfies several functional equations and identities, which
we collect in the form of a proposition.

Proposition 3.1. For generic x, z ∈ C∗

m(x, q, z) = m(x, q, qz), (3.19a)

m(x, q, z) = x−1m(x−1, q, z−1), (3.19b)

m(qx, q, z) = 1− xm(x, q, z), (3.19c)

m(x, q, z1)−m(x, q, z0) =
z0J

3
1 j(z1/z0; q)j(xz0z1; q)

j(z0; q)j(z1; q)j(xz0; q)j(xz1; q)
. (3.19d)
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The m(x, q, z) function has a useful (slightly rewritten) functional equation

m(x, q, z) = 1− q−1xm(q−1x, q, z). (3.20)

In recent work [HiMo14, Section 3] we introduced a heuristic point of view which guides our study of
the Appell–Lerch function m(x, q, z) and Hecke-type double-sums. If we iterate (3.20), we obtain

m(x, q, z) ∼
∑
r≥0

(−1)rq−(r+1
2 )xr, (3.21)

where ‘∼’ means mod theta. We cannot use an equal sign here, because the series on the right diverges
for |q| < 1. However, it is often useful to think of m(x, q, z) as a partial theta series with q replaced
by q−1. Property (3.19d) says that changing z only adjusts the theta function, hence we have the
expression m(x, q, ∗) when working mod theta.

We define
fa,b,c(x, y, q) :=

( ∑
r,s≥0

−
∑
r,s<0

)
(−1)r+sxrysqa(

r
2)+brs+c(s2), (3.22)

and note that we can also write

fa,b,c(x, y, q) =
∑

sg(r)=sg(s)

sg(r)(−1)r+sxrysqa(
r
2)+brs+c(s2), (3.23)

=
∑
r,s

sg(r, s)(−1)r+sxrysqa(
r
2)+brs+c(s2), (3.24)

where

sg(r) :=

{
1 r ≥ 0,

−1 r < 0,
(3.25)

and
sg(r, s) := (sg(r) + sg(s))/2. (3.26)

Our Hecke-type double-sum notation has several useful properties. We will later determine anal-
ogous properties for triple-sums. For b < a, we follow the usual convention:

b∑
r=a

cr := −
a−1∑

r=b+1

cr. (3.27)

Proposition 3.2. (Proposition 6.2 [HiMo14]) For x, y ∈ C∗

fa,b,c(x, y, q) = −q
a+b+c

xy
fa,b,c(q

2a+b/x, q2c+b/y, q). (3.28)

Proposition 3.3. (Proposition 6.3 [HiMo14]) For x, y ∈ C∗ and `, k ∈ Z

fa,b,c(x, y, q) = (−x)`(−y)kqa(
`
2)+b`k+c(k2)fa,b,c(q

a`+bkx, qb`+cky, q) (3.29)

+
`−1∑
m=0

(−x)mqa(
m
2 )j(qmby; qc) +

k−1∑
m=0

(−y)mqc(
m
2 )j(qmbx; qa).

We have many expressions that evaluate Hecke-type double-sums in terms of Appell–Lerch func-
tions [HiMo14]. We recall one that we will use here.
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Theorem 3.4. [HiMo14, Theorem 1.4] Let a, b, and c be positive integers with ac < b2 and b divisible
by a, c. Then

fa,b,c(x, y, q) = ha,b,c(x, y, q,−1,−1)− 1

J0,b2/a−cJ0,b2/c−a
· θa,b,c(x, y, q),

where

ha,b,c(x, y, q, z1, z0) : = j(x; qa)m
(
− qa(

b/a+1
2 )−c(−y)(−x)−b/a, qb

2/a−c, z1

)
+ j(y; qc)m

(
− qc(

b/c+1
2 )−a(−x)(−y)−b/c, qb

2/c−a, z0

)
,

and

θa,b,c(x, y, q) :=

b/c−1∑
d=0

b/a−1∑
e=0

b/a−1∑
f=0

q(b2/a−c)(d+1
2 )+(b2/c−a)(e+f+1

2 )+a(f2)j
(
q(b2/a−c)(d+1)+bfy; qb

2/a
)

· (−x)f j
(
qb(b

2/(ac)−1)(e+f+1)−(b2/a−c)(d+1)+b3(b−a)/(2a2c)(−x)b/ay−1; q(b2/a)(b2/(ac)−1)
)

·
J3
b(b2/(ac)−1)j

(
q(b2/c−a)(e+1)+(b2/a−c)(d+1)−c(b/c2 )−a(b/a2 )(−x)1−b/a(−y)1−b/c; qb(b

2/(ac)−1)
)

j
(
q(b2/c−a)(e+1)−c(b/c2 )(−x)(−y)−b/c, q(b2/a−c)(d+1)−a(b/a2 )(−x)−b/a(−y); qb(b2/(ac)−1)

) .

Theorem 3.4 has the following two specializations.

Corollary 3.5. We have

f4,4,1(x, y, q) = h4,4,1(x, y, q,−1,−1)

−
3∑

d=0

q3(d+1
2 )j(q3+3dy; q4)j(−q9−3dx/y; q12)J3

12j(−q9+3d/y3; q12)

J0,3J0,12j(−q6x/y4; q12)j(q3+3dy/x; q12)
, (3.30)

where

h4,4,1(x, y, q,−1,−1) = j(x; q4)m
(
− q3y/x, q3,−1

)
+ j(y; q)m

(
q6x/y4, q12,−1

)
. (3.31)

Corollary 3.6. We have

f3,3,1(x, y, q) = h3,3,1(x, y, q,−1,−1) (3.32)

−
2∑

d=0

qd(d+1)j
(
q2+2dy; q3

)
j
(
− q4−2dx/y; q6

)
J3

6 j
(
q5+2d/y2; q6

)
4J2,8J6,24j

(
q3x/y3; q6

)
j
(
q2+2dy/x; q6

) ,

where

h3,3,1(x, y, q,−1,−1) = j(x; q3)m(−q2x−1y, q2,−1) + j(y; q)m(−q3xy−3, q6,−1). (3.33)

Proposition 3.7. For m,n ∈ Z, m 6= n, we have

f1,1,1(qm, qn, q) = 0. (3.34)

Proof of Proposition 3.7. Using the functional equation (3.29), we note that the two theta functions
have j(qm; q) = j(qn; q) = 0, giving us

f1,1,1(qm, qn, q) = (−1)`+kqm`qnkq(
`
2)+`k+(k2)f1,1,1(q`+k+m, q`+k+n, q).
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If we choose ` = −k then
f1,1,1(qm, qn, q) = qm`−n`f1,1,1(qm, qn, q).

If we set ` = 1 then
f1,1,1(qm, qn, q) = qm−nf1,1,1(qm, qn, q).

Because m 6= n and |q| < 1, we conclude

f1,1,1(qm, qn, q) = 0. �

Proposition 3.8. For t ∈ Z, we have

f1,7,1(q2+t, q3+t, q) + q4+tf1,7,1(q6+t, q7+t, q) (3.35)

= f4,4,1(−q4+t, q2+t, q)− q−tf4,4,1(−q4−t, q2−t, q).

f1,5,1(q2+t, q2+t, q) + q3+tf1,5,1(q5+t, q5+t, q) (3.36)

= f3,3,1(−q3+t, q2+t, q)− q−tf3,3,1(−q3−t, q2−t, q).

Proof of Proposition 3.8. The proofs for the identities are similar, so we only do the first. A change
of variables yields

f1,7,1(q2+t, q3+t, q) + q4+tf1,7,1(q6+t, q7+t, q)

=
∑
u,v

u≡v mod 2

sg(u, v)(−1)
u−v
2 q

1
8
u2+ 7

4
uv+ 1

8
v2+ 3

4
u+ 5

4
v+ t

2
(u+v)

=
( ∑

n+j≥0
n−j≥0

−
∑

n+j<0
n−j<0

)
(−1)jq2n2+(2+t)n−j(3j+1)/2

=
∑
n≥0

q2n2+(2+t)n
n∑

j=−n
(−1)jq−j(3j+1)/2 −

∑
n<0

q2n2+(2+t)n
∑

n<j<−n
(−1)jq−j(3j+1)/2

=
∑
n≥0

q2n2+(2+t)n
n∑

j=−n
(−1)jq−j(3j+1)/2

−
∑
n≥0

q2(−n−1)2+(2+t)(−n−1)
∑

−n−1<j<n+1

(−1)jq−j(3j+1)/2

=
∑
n≥0

q2n2+(2+t)n
n∑

j=−n
(−1)jq−j(3j+1)/2 −

∑
n≥0

q2n2+(2−t)n−t
n∑

j=−n
(−1)jq−j(3j+1)/2

=
∑

sg(j)=sg(n−j)

sg(j)(−1)jq2n2+(2+t)n−j(3j+1)/2(1− q−2tn−t)

= f4,4,1(−q4+t, q2+t, q)− q−tf4,4,1(−q4−t, q2−t, q),

where the last line follows from the substitution u = j and v = n− j. �

Proposition 3.9. For m ∈ Z and k ∈ {0, 1, 2, 3}, we have

f4,4,1(−q4+4m+k, q2+4m+k, q)− q−4m−kf4,4,1(−q4−4m−k, q2−4m−k, q) (3.37)

=
(
f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q)

)
q−2m2−2m−mk

Proposition 3.10. For m ∈ Z and k ∈ {0, 1, 2}, we have

f3,3,1(−q3+3m+k, q2+3m+k, q)− q−3m−kf3,3,1(−q3−3m−k, q2−3m−k, q) (3.38)

=
(
f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q)

)
q−

3
2
m2− 3

2
m−mk.
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Lemma 3.11. If we define

ak := f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q), (3.39)

bk := f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q), (3.40)

then
a0 = 0, a1 = −q−1J2

1 , a2 = 0, a3 = q−3J2
1 , (3.41)

and
b0 = 0, b1 = −q−1J3

1/J2, b2 = q−2J3
1/J2. (3.42)

Proof of Proposition 3.9. We recall Corollary 3.5. We first show that

h4,4,1(−q4+m, q2+m, q,−1,−1)− q−mh4,4,1(−q4−m, q2−m, q,−1,−1)

= j(−q4+m; q4)m
(
q, q3,−1

)
− q−mj(−q4−m; q4)m

(
q, q3,−1

)
= q−mj(−qm; q4)m

(
q, q3,−1

)
− q−mj(−qm; q4)m

(
q, q3,−1

)
= 0,

where we have used (3.17a). As a result,

f4,4,1(−q4+m, q2+m, q)− q−mf4,4,1(−q4−m, q2−m, q)

= −
3∑

d=0

q3(d+1
2 )j(q5+3d+m; q4)j(q11−3d; q12)J3

12j(−q3+3d−3m; q12)

J0,3J0,12j(q2−3m; q12)j(−q1+3d; q12)

+ q−m
3∑

d=0

q3(d+1
2 )j(q5+3d−m; q4)j(q11−3d; q12)J3

12j(−q3+3d+3m; q12)

J0,3J0,12j(q2+3m; q12)j(−q1+3d; q12)
.

We make the substitution m→ 4m+ k, where k ∈ Z, 0 ≤ k ≤ 3:

f4,4,1(−q4+4m+k, q2+4m+k, q)− q−4m−kf4,4,1(−q4−4m−k, q2−4m−k, q)

= −
3∑

d=0

q3(d+1
2 )j(q5+3d+4m+k; q4)j(q11−3d; q12)J3

12j(−q3+3d−12m−3k; q12)

J0,3J0,12j(q2−12m−3k; q12)j(−q1+3d; q12)

+ q−4m−k
3∑

d=0

q3(d+1
2 )j(q5+3d−4m−k; q4)j(q11−3d; q12)J3

12j(−q3+3d+12m+3k; q12)

J0,3J0,12j(q2+12m+3k; q12)j(−q1+3d; q12)

= −
3∑

d=0

(−1)mq−m(5+3d+k)q−4(m2 )qm(3+3d−3k)q−12(−m
2 )

(−1)mqm(2−3k)q−12(−m
2 )

· q
3(d+1

2 )j(q5+3d+k; q4)j(q11−3d; q12)J3
12j(−q3+3d−3k; q12)

J0,3J0,12j(q2−3k; q12)j(−q1+3d; q12)

+ q−4m−k
3∑

d=0

(−1)mqm(5+3d−k)q−4(−m
2 )q−m(3+3d+3k)q−12(m2 )

(−1)mq−m(2+3k)q−12(m2 )

· q
3(d+1

2 )j(q5+3d−k; q4)j(q11−3d; q12)J3
12j(−q3+3d+3k; q12)

J0,3J0,12j(q2+3k; q12)j(−q1+3d; q12)

=
(
f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q)

)
q−2m2−2m−mk. �
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Proof of Proposition 3.10. We recall Corollary 3.6. We first show that

h3,3,1(−q3+m, q2+m, q)− q−mh3,3,1(−q3−m, q2−m, q)

= j(−q3+m; q3)m
(
q, q2,−1

)
− q−mj(−q3−m; q3)m

(
q, q2,−1

)
= q−mj(−qm; q3)m

(
q, q2,−1

)
− q−mj(−qm; q3)m

(
q, q2,−1

)
= 0,

where we have used (3.17a). As a result, we have

f3,3,1(−q3+m, q2+m, q)− q−mf3,3,1(−q3−m, q2−m, q)

= −
2∑

d=0

qd(d+1)j
(
q4+2d+m; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d−2m; q6

)
4J2,8J6,24j

(
− q−2m; q6

)
j
(
− q1+2d; q6

)
+ q−m

2∑
d=0

qd(d+1)j
(
q4+2d−m; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d+2m; q6

)
4J2,8J6,24j

(
− q2m; q6

)
j
(
− q1+2d; q6

) .

We replace m→ 3m+ k, where k ∈ Z and k ∈ {0, 1, 2}:

f3,3,1(−q3+3m+k, q2+3m+k, q)− q−3m−kf3,3,1(−q3−3m−k, q2−3m−k, q)

= −
2∑

d=0

qd(d+1)j
(
q4+2d+3m+k; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d−6m−2k; q6

)
4J2,8J6,24j

(
− q−6m−2k; q6

)
j
(
− q1+2d; q6

)
+ q−3m−k

2∑
d=0

qd(d+1)j
(
q4+2d−3m−k; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d+6m+2k; q6

)
4J2,8J6,24j

(
− q6m+2k; q6

)
j
(
− q1+2d; q6

)
= −

2∑
d=0

(−1)mqm(1+2d−2k)q−6(−m
2 )(−1)mq−m(4+2d+k)q−3(m2 )

qm(−2k)q−6(−m
2 )

·
qd(d+1)j

(
q4+2d+k; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d−2k; q6

)
4J2,8J6,24j

(
− q−2k; q6

)
j
(
− q1+2d; q6

)
+ q−3m−k

2∑
d=0

(−1)mq−m(1+2d+2k)q−6(m2 )(−1)mqm(4+2d−k)q−3(−m
2 )

q−m(2k)q−6(m2 )

·
qd(d+1)j

(
q4+2d−k; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d+2k; q6

)
4J2,8J6,24j

(
− q2k; q6

)
j
(
− q1+2d; q6

)
= −

2∑
d=0

q−
3
2
m2− 3

2
m−mk ·

qd(d+1)j
(
q4+2d+k, q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d−2k; q6

)
4J2,8J6,24j

(
− q−2k; q6

)
j
(
− q1+2d; q6

)
+ q−3m−k

2∑
d=0

q−
3
2
m2+ 3

2
m−mk ·

qd(d+1)j
(
q4+2d−k; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q1+2d+2k; q6

)
4J2,8J6,24j

(
− q2k; q6

)
j
(
− q1+2d; q6

)
=
(
f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q)

)
q−

3
2
m2− 3

2
m−mk. �

Proof of Lemma 3.11. The proofs of the evaluations of (3.41) and (3.42) are similar, so we will only
do the latter. That b0 = 0 is trivial. Using Corollay 3.6 and recalling from the proof of Proposition
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3.10 that the m(x, q, z) terms sum to zero, we have

b1 = −
2∑

d=0

qd(d+1)j
(
q5+2d; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q2d−1; q6

)
4J2,8J6,24j

(
− q−2; q6

)
j
(
− q1+2d; q6

)
+ q−1

2∑
d=0

qd(d+1)j
(
q3+2d; q3

)
j
(
q5−2d; q6

)
J3

6 j
(
q3+2d; q6

)
4J2,8J6,24j

(
− q2; q6

)
j
(
− q1+2d; q6

)
= −2q−1

J1J
2
1,6J

3
6

4J2,8J6,24J2,6J1,6

− 2q−1 J1J3,6J
3
6J1,6

4J2,8J6,24jJ2,6J3,6

,

where we have used (3.17a) and simplified. Continuing with the calculation we have

b1 = −2q−1 · J1J1,6J
3
6

4J2,8J6,24J2,6

·
[J1,6J3,6 + J3,6J1,6

J1,6J3,6

]
= −2q−1 · J1J1,6J

3
6

4J2,8J6,24J2,6

·
[ 2J2

4,12

J1,6J3,6

]
,

where we used (3.18). Elementary product rearrangements yield the result. For the final evaluation
we recall (3.36)

b2 = f1,5,1(q4, q4, q) + q5f1,5,1(q7, q7, q)

= −q−1f1,5,1(q3, q3, q)− q−2f1,5,1(1, 1, q)

= −q−1f1,5,1(q3, q3, q)− q5f1,5,1(q6, q6, q)

= −q−1b1,

where for the second equality we used (3.28), for the third equality we used (3.29) with (`, k) = (1, 1),
and for the last equality we used (3.36).

4. Motivation

We explore the use of the heuristic in determining the modularity of triple-sums. First we recall how
the heuristic is useful in studying Hecke-type double-sums, see also [HiMo14, Section 3], [Mo14]. We
have [Hi88b, (1.15)]

∑
sg(r)=sg(s)

sg(r)cr,s =
∑

sg(r)=sg(s)

sg(r)cr+`,s+k +

`−1∑
r=0

∑
s∈Z

cr,s +

k−1∑
s=0

∑
r∈Z

cr,s. (4.43)

Letting `, k →∞ in (4.43) we have∑
sg(r)=sg(s)

sg(r)cr,s ∼
∑
r≥0

∑
s∈Z

cr,s +
∑
s≥0

∑
r∈Z

cr,s, (4.44)

where ‘∼’ again means ‘mod theta’. This relation is useful in determining expansions of Hecke-type
double-sums [HiMo14]. As an example, consider∑

sg(r)=sg(s)

sg(r)(−1)r+sxrysq(
r
2)+2rs+(s2)

∼
∞∑
r=0

∑
s∈Z

(−1)r+sxrysq(
r
2)+2rs+(s2) +

∞∑
s=0

∑
r∈Z

(−1)r+sxrysq(
r
2)+2rs+(s2)
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∼
∞∑
r=0

(−1)rxrq(
r
2)
∑
s∈Z

(−1)sysq2rs+(s2) +
∞∑
s=0

(−1)sq(
s
2)ys

∑
r∈Z

(−1)rxrq(
r
2)+2rs

∼
∞∑
r=0

(−1)rxrq(
r
2)j(yq2r; q) +

∞∑
s=0

(−1)sq(
s
2)ysj(xq2s; q)

∼ j(y; q)
∞∑
r=0

(−1)rxrq(
r
2)y−2rq−(2r2 ) + j(x; q)

∞∑
s=0

(−1)sq(
s
2)ysx−2sq−(2s2 )

∼ j(y; q)

∞∑
r=0

(−1)rq2rxry−2rq−3(r+1
2 ) + j(x; q)

∞∑
s=0

(−1)sq2sysx−2sq−3(s+1
2 ),

where in the last line we have used the elliptic transformation property (3.17a). Recalling the heuristic
(3.21), we have∑

sg(r)=sg(s)

sg(r)(−1)r+sxrysq(
r
2)+2rs+(s2) ∼ j(y; q)m(q2x/y2, q3, ∗) + j(x; q)m(q2y/x2, q3, ∗).

The ‘∼’ becomes an equality upon specialising the ‘∗’ ’s and adding an appropriate theta function
(2.5).

5. Triple-sum relations

We obtain an identity for triple-sums analogous to (4.43). Without loss of generality, we assume
R,S, T ≥ 0. We write∑

sg(r)=sg(s)=sg(t)

cr,s,t −
∑

sg(r)=sg(s)=sg(t)

cr+R,s+S,t+T

=
∑

sg(r)=sg(s)=sg(t)

cr,s,t −
∑

sg(r−R)=sg(s−S)=sg(t−T )

cr,s,t

=
( ∑

r,s,t≥0

+
∑

r,s,t<0

)
cr,s,t −

( ∑
r−R,s−S,t−T≥0

+
∑

r−R,s−S,t−T<0

)
cr,s,t

=
( ∑

r,s,t≥0

−
∑

r−R,s−S,t−T≥0

)
cr,s,t −

( ∑
r−R,s−S,t−T<0

−
∑

r,s,t<0

)
cr,s,t.

We rewrite some terms to have∑
sg(r)=sg(s)=sg(t)

cr,s,t −
∑

sg(r)=sg(s)=sg(t)

cr+R,s+S,t+T

=
[ ∑

0≤r<R
s,t≥0

+
∑
r≥R
s≥S

0≤t<T

+
∑
r≥R

0≤s<S
t≥T

+
∑
r≥R

0≤s<S
0≤t<T

]
cr,s,t

−
[ ∑

0≤r<R
s<S
t<T

+
∑
r<0
s<0

0≤t<T

+
∑
r<0

0≤s<S
t<0

+
∑
r<0

0≤s<S
0≤t<T

]
cr,s,t

=
[ ∑

0≤r<R
s,t≥0

+
( ∑

r≥0
s≥0

0≤t<T

−
∑

0≤r<R
s≥S

0≤t<T

−
∑
r≥R

0≤s<S
0≤t<T

−
∑

0≤r<R
0≤s<S
0≤t<T

)
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+
( ∑

r≥0
0≤s<S
t≥0

−
∑

0≤r<R
0≤s<S
t≥T

−
∑
r≥R

0≤s<S
0≤t<T

−
∑

0≤r<R
0≤s<S
0≤t<T

)
+
∑
r≥R

0≤s<S
0≤t<T

]
cr,s,t

−
[( ∑

0≤r<R
s<0
t<0

+
∑

0≤r<R
0≤s<S
t<0

+
∑

0≤r<R
s<0

0≤t<T

+
∑

0≤r<R
0≤s<S
0≤t<T

)
+
∑
r<0
s<0

0≤t<T

+
∑
r<0

0≤s<S
t<0

+
∑
r<0

0≤s<S
0≤t<T

]
cr,s,t.

Rearranging terms, we have∑
sg(r)=sg(s)=sg(t)

cr,s,t −
∑

sg(r)=sg(s)=sg(t)

cr+R,s+S,t+T (5.45)

=
R−1∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t +
S−1∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t +
T−1∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t

−
R−1∑
r=0

T−1∑
t=0

∑
s∈Z

cr,s,t −
S−1∑
s=0

T−1∑
t=0

∑
r∈Z

cr,s,t −
R−1∑
r=0

S−1∑
s=0

∑
t∈Z

cr,s,t.

Letting R,S, T →∞, and discarding the cr+R,s+S,t+T term as in (4.44), we arrive at∑
sg(r)=sg(s)=sg(t)

cr,s,t (5.46)

∼
∞∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t +
∞∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t +
∞∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t

−
∞∑
r=0

∞∑
t=0

∑
s∈Z

cr,s,t −
∞∑
r=0

∞∑
s=0

∑
t∈Z

cr,s,t −
∞∑
s=0

∞∑
t=0

∑
r∈Z

cr,s,t,

where ‘∼’ is ‘mod theta’ in determining the modularity of triple sums of the form (2.8).
We finish with two propositions whose proofs are straightforward.

Proposition 5.1. We have

ga,b,c,d,e,f (x, y, z, q) (5.47)

= (−1)R+S+TxRySzT qa(
R
2)+bRS+c(S2)+dRT+eST+f(T2)

· ga,b,c,d,e,f (qaR+bS+dTx, qbR+cS+eT y, qdR+eS+fT z, q)

+

R−1∑
r=0

(−1)rxrqa(
r
2)fc,e,f (qbry, qdrz, q) +

S−1∑
s=0

(−1)sysqc(
s
2)fa,d,f (qbsx, qesz, q)

+

T−1∑
t=0

(−1)tztqf(t
2)fa,b,c(q

dtx, qety, q)

−
R−1∑
r=0

(−1)rxrqa(
r
2)

T−1∑
t=0

(−1)tztqdrt+f(t
2)j(qbr+ety; qc)

−
S−1∑
s=0

(−1)sysqc(
s
2)

T−1∑
t=0

(−1)tztqest+f(t
2)j(qbs+dtx; qa)

−
R−1∑
r=0

(−1)rxrqa(
r
2)

S−1∑
s=0

(−1)sysqbrs+c(t
2)j(qdr+esz; qf ).
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Proposition 5.2. We have

ga,b,c,d,e,f (x, y, z, q) = −q
a+b+c+d+e+f

xyz
ga,b,c,d,e,f (

q2a+b+d

x
,
qb+2c+e

y
,
qd+e+2f

z
, q). (5.48)

6. A heuristic guide to mock theta function identities

The left-hand sides of identities (2.6) and (2.7) may be viewed as specializations of

g1,2,1,2,2,1(x, y, z, q) :=
( ∑

k,l,m≥0

+
∑

k,l,m<0

)
(−1)k+l+mq(

k
2)+2kl+(l

2)+2km+2lm+(m2 )xkylzm. (6.49)

In particular, Identities (2.6) and (2.7) may be rewritten

2− 1

J2
1

· g1,2,1,2,2,1(q, q, q, q) = χ0(q), (6.50)

1

J2
1

· g1,2,1,2,2,1(q2, q2, q2, q) = χ1(q). (6.51)

Using (2.2) and (2.3), we may rewrite the above identities as

2− 1

J2
1

· g1,2,1,2,2,1(q, q, q, q) = 2− 3m(q7, q15, q9)− 3q−1m(q2, q15, q4) +
2J2

5J2,5

J2
1,5

, (6.52)

1

J2
1

· g1,2,1,2,2,1(q2, q2, q2, q) = −3q−1m(q4, q15, q3)− 3q−2m(q, q15, q2)− 2J2
5J1,5

J2
2,5

. (6.53)

In this section, we demonstrate how heuristic methods take us from the left-hand sides of (6.52) and
(6.53) to their respective right-hand sides up to a theta function.

Let us apply the heuristic to (6.49). We recall the (slightly rewritten) general form (5.46):∑
sg(k)=sg(l)=sg(m)

ck,l,m (6.54)

∼
∞∑
k=0

∑
sg(l)=sg(m)

sg(l)ck,l,m +
∞∑
l=0

∑
sg(k)=sg(m)

sg(k)ck,l,m +

∞∑
m=0

∑
sg(k)=sg(l)

sg(k)ck,l,m

−
∞∑
k=0

∞∑
m=0

∑
l∈Z

ck,l,m −
∞∑
k=0

∞∑
l=0

∑
m∈Z

ck,l,m −
∞∑
l=0

∞∑
m=0

∑
k∈Z

ck,l,m.

We have two types of summands on the right-hand side of (6.54). We consider the first type of
summand: ∑

k≥0

∑
l≥0

∑
m∈Z

(−1)k+l+mq(
k
2)+(l

2)+(m2 )+2kl+2km+2lmxkylzm (6.55)

∼
∑
k≥0

(−1)kxkq(
k
2)
∑
l≥0

(−1)lylq(
l
2)+2kl

∑
m∈Z

(−1)mq(
m
2 )+2km+2lmzm

∼
∑
k≥0

(−1)kxkq(
k
2)
∑
l≥0

(−1)lylq(
l
2)+2klj(zq2k+2l; q).

We note that if we set z to be q or q2 then j(z; q) = 0, so we can ignore the contributions from the
second line of (6.54). We consider the second type of summand:∑

m≥0

∑
k,l

sg(k, l)(−1)k+l+mq(
k
2)+(l

2)+(m2 )+2kl+2km+2lmxkylzm (6.56)
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∼
∑
m≥0

(−1)mq(
m
2 )zm

∑
k,l

sg(k, l)(−1)k+lq(
k
2)+(l

2)+2kl+2km+2lmxkyl

∼
∑
m≥0

(−1)mq(
m
2 )zm

∑
k,l

sg(k, l)(−1)k+lq(
k
2)+2kl+(l

2)(q2mx)k(q2my)l

∼
∑
m≥0

(−1)mq(
m
2 )zmf1,2,1(q2mx, q2my, q).

We rewrite the last line of (6.56). We recall (2.5):

f1,2,1(x, y, q) (6.57)

= j(y; q)m
( q2x

y2
, q3,−1

)
+ j(x; q)m

( q2y
x2 , q

3,−1
)
− yJ3

3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)
.

Let us consider the double-sum:
f1,2,1(q2mx, q2my, q). (6.58)

The first thing we note is that if x and y are either q or q2, then theta coefficients of the m(x, q, z)
functions in (6.57) are both zero, and both m(x, q, z) functions are defined. So we only need to
consider the theta function from the right-hand side of (6.57) which after x→ q2mx and y → q2my is

f1,2,1(q2mx, q2my, q) = − yq2mJ3
3 j(−x/y; q)j(q2+4mxy; q3)

J0,3j(−q1+2my2/x,−q1+2mx2/y; q3)
. (6.59)

In order to use the elliptic transformation property (3.17a), we will have to consider m mod three, so
let m→ 3m+ a. We first consider the case a = 0

−
∑
m≥0

(−1)mq(
3m
2 )z3m yq6mJ3

3 j(−x/y; q)j(q2+12mxy; q3)

J0,3j(−q1+6my2/x,−q1+6mx2/y; q3)

∼ − yJ3
3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)

·
∑
m≥0

(−1)mq(
3m
2 )z3mq6m (q2xy)−4mq−3(4m2 )

(−qy2/x)−2m(−qx2/y)−2mq−6(2m2 )

∼ − yJ3
3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)

∑
m≥0

(−1)m
( z3

x2y2

)m
q−15m2/2+m/2

∼ − yJ3
3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)
m
( q8z3

x2y2
, q15, ∗

)
.

We consider m→ 3m+ 1. Then∑
m≥0

(−1)mq(
3m+1

2 )z3m+1 yq
6m+2J3

3 j(−x/y; q)j(q6+12mxy; q3)

J0,3j(−q3+6my2/x,−q3+6mx2/y; q3)

∼ yJ3
3 j(−x/y; q)j(xy; q3)

J0,3j(−y2/x,−x2/y; q3)

·
∑
m≥0

(−1)mq(
3m+1

2 )z3m+1q6m+2 (xy)−4m−2q−3(4m+2
2 )

(−y2/x)−2m−1(−x2/y)−2m−1q−6(2m+1
2 )

∼ yJ3
3 j(−x/y; q)j(xy; q3)

J0,3j(−y2/x,−x2/y; q3)

z

xy

∑
m≥0

(−1)m
( z3

x2y2

)m
q−15m2/2−9m/2−1
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∼ yJ3
3 j(−x/y; q)j(xy; q3)

J0,3j(−y2/x,−x2/y; q3)
· z

xyq
·m
( q3z3

x2y2
, q15, ∗

)
.

We let m→ 3m+ 2. We have

−
∑
m≥0

(−1)3m+2q(
3m+2

2 )z3m+2 yq
6m+4J3

3 j(−x/y; q)j(q12m+10xy; q3)

J0,3j(−q6m+5y2/x,−q6m+5x2/y; q3)

∼ − yJ3
3 j(−x/y; q)j(qxy; q3)

J0,3j(−q2y2/x,−q2x2/y; q3)

·
∑
m≥0

(−1)mq(
3m+2

2 )z3m+2q6m+4 (−1)4m+3q−3(4m+3
2 )(qxy)−(4m+3)

q−6(2m+1
2 )(q2x2/y)−(2m+1)(q2y2/x)−(2m+1)

∼ yJ3
3 j(−x/y; q)j(qxy; q3)

J0,3j(−q2y2/x,−q2x2/y; q3)
· z2

x2y2
·
∑
m≥0

(−1)m
( z3

x2y2

)m
q−15m2/2−19m/2−3

∼ yJ3
3 j(−x/y; q)j(qxy; q3)

J0,3j(−q2y2/x,−q2x2/y; q3)
· z2

x2y2q3
·m
( z3

q2x2y2
, q15, ∗

)
.

For x, y, z integral powers of q, we suspect that we have

g1,2,1,2,2,1(x, y, z, q) (6.60)

∼ −y · J3
3 j(−x/y; q)j(q2xy; q3)

J0,3j(−qy2/x,−qx2/y; q3)
·m
( q8z3

x2y2
, q15, ∗

)
+ idem(z;x, y)

+
z

xq
· J3

3 j(−x/y; q)j(xy; q3)

J0,3j(−y2/x,−x2/y; q3)
·m
( q3z3

x2y2
, q15, ∗

)
+ idem(z;x, y)

+
z2

x2yq3
· J3

3 j(−x/y; q)j(qxy; q3)

J0,3j(−q2y2/x,−q2x2/y; q3)
·m
( z3

q2x2y2
, q15, ∗

)
+ idem(z;x, y),

where ‘∼’ means modulo a theta function and idem(z;x; y) means the preceding term is repeated
twice–once with z and x swapped and once with z and y swapped.

Let us try the values for χ0(q), i.e. x = y = z = q. In the third summand on the the right-hand
side, we have a j(q3; q3) = 0 in the numerator of the quotient of theta functions, so only the first two
summands contribute. Using (2.6) gives

2− χ0(q) =
1

J2
1

· g1,2,1,2,2,1(q, q, q, q)

∼ −3q
J3

3 j(−1; q)j(q4; q3)

J2
1J0,3j(−q2; q3)2

m(q7, q15, ∗) + 3q−1J
3
3 j(−1; q)j(q2; q3)

J2
1J0,3j(−q; q3)2

m(q2, q15, ∗)

∼ 3
J3

3J0,1J1

J2
1J0,3J

2
1,3

m(q7, q15, ∗) + 3q−1 J3
3J0,1J1

J2
1J0,3J

2
1,3

m(q2, q15, ∗)

∼ 3m(q7, q15, ∗) + 3q−1m(q2, q15, ∗),

where we have used (3.17a) and product rearrangements. This agrees with (2.2) up to a theta function.
Let us the values for χ0(q), i.e. x = y = z = q2. In the first summand on the the right-hand side,

we have a j(q6; q3) = 0 in the numerator of the quotient of theta functions, so only the second and
third summands contribute. Using (2.7), we arrive at

χ1(q) =
1

J2
1

· g1,2,1,2,2,1(q2, q2, q2, q) ∼ −3q−2m(q, q15, ∗)− 3q−5m(q−4, q15, ∗)

∼ −3q−2m(q, q15, ∗)− 3q−1m(q4, q15, ∗),

where we have used (3.19b). This agrees with (2.3) up to a theta function.
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7. A heuristic guide to false theta function identities

We recall a theorem of Kim and Lovejoy:

Theorem 7.1. [KiLo17, Theorem 1.1] We have∑
n≥0

(q)2nq
n

(aq, q/a)n
= (1− a)

∑
r,s≥0

r≡s (mod 2)

(−1)ra
r+s
2 q

3
2

+rs+ 1
2
r+s

+
(q)∞

(aq, q/a)∞

∑
r≥0

(−1)ra2r+1q3r(r+1)/2, (7.61)

∞∑
n=0

(q; q2)n(q)nq
n

(aq, q/a)n
= (1− a)

∑
r,s≥0

r≡s (mod 2)

(−1)ra
r+s
2 qrs+

1
2
r+ 1

2
s

+
(q)∞

(aq, q/a,−q)∞

∑
r≥0

(−1)ra3r+1q3r2+2r(1 + aq2r+1). (7.62)

We collect the a = 1 specializations in the following corollary:

Corollary 7.2. We have

∞∑
n=0

(q; q)2nq
n

(q; q)2
n

=
1

J1

∞∑
r=0

(−1)rq3r(r+1)/2, (7.63)

∞∑
n=0

(q; q2)nq
n

(q; q)n
=

1

J2

∞∑
r=0

(−1)rq3r2+2r(1 + q2r+1). (7.64)

We point out that (7.64) is the a = −1 specialization of [Wa03, (5.2)]. In [KiLo17], Kim and Lovejoy
also show how to write [KiLo17, Theorem 1.1] in terms of Hecke-type triple-sums.

Corollary 7.3. [KiLo17, Propositions 5.1, 5.2] We have∑
n≥0

(q)2nq
n

(aq, q/a)n
=

1

(q, aq, q/a; q)∞

(
g1,7,1,1,1,1(aq2, q3, q, q) (7.65)

+ q4g1,7,1,1,1,1(aq6, q7, q2, q)
)
,∑

n≥0

(q; q2)n(q)nq
n

(aq, q/a)n
=

1

(q, aq, q/a; q)∞

(
g1,5,1,1,1,1(aq2, q2, q, q) (7.66)

+ q3g1,5,1,1,1,1(aq5, q5, q2, q)
)
.

In this section, we will use the triple-sum relation (5.46) and the Hecke-type double-sum expansions
of [HiMo14] in order to guide us from the a = 1 specialization of Corollary 7.3 to the false theta
functions of Corollary 7.2.

7.A. On the triple-sum for the false theta function Identity (7.63)

We apply our heuristic methods to

g1,7,1,1,1,1(q2, q3, q, q) + q4g1,7,1,1,1,1(q6, q7, q2, q).
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We consider the contributions of g1,7,1,1,1,1(q2, q3, q, q) to the top row of (5.45). We have

R−1∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t =
R−1∑
r=0

(−1)rq2rq(
r
2)
∑
s,t

sg(s, t)(−1)s+tq3sqtq7rs+(s2)+rt+st+(t
2)

=
R−1∑
r=0

(−1)rq2rq(
r
2)f1,1,1(q3+7r, q1+r, q)

= 0,

where for the last equality we used Proposition 3.7. Similarly, we have

S−1∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t =
S−1∑
s=0

(−1)sq3sq(
s
2)f1,1,1(q2+7s, q1+s, q) = 0.

For the final piece in the top row of (5.45), we have

T−1∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t =

T−1∑
t=0

(−1)tqtq(
t
2)f1,7,1(q2+t, q3+t, q).

We consider the bottom row of (5.45). We have

R−1∑
r=0

S−1∑
s=0

∑
t∈Z

cr,s,t =
R−1∑
r=0

S−1∑
s=0

(−1)r+sq2rq3sq(
r
2)+7rs+(s2)

∑
t∈Z

(−1)tq(1+r+s)tq(
t
2)

=

R−1∑
r=0

S−1∑
s=0

(−1)r+sq2rq3sq(
r
2)+7rs+(s2)j(q1+r+s; q)

= 0.

Similarly, we have

R−1∑
r=0

T−1∑
t=0

∑
t∈Z

cr,s,t =

R−1∑
r=0

T−1∑
t=0

(−1)r+tq2rqtq(
r
2)+rt+(t

2)j(q3+t+7r; q) = 0,

S−1∑
s=0

T−1∑
t=0

∑
r∈Z

cr,s,t =
S−1∑
s=0

T−1∑
t=0

(−1)s+tq3sqtq(
s
2)+st+(r2)j(q2+7s+t; q) = 0.

We proceed to work on the second sum g1,7,1,1,1,1(q6, q7, q2, q). We consider the contributions to
the top row of (5.45). Arguing as above we have

R−1∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t =
R−1∑
r=0

(−1)rq6rq(
r
2)f1,1,1(q7+7r, q2+r, q) = 0,

S−1∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t =

S−1∑
s=0

(−1)sq7sq(
s
2)f1,1,1(q6+7s, q2+s, q) = 0,

T−1∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t =
T−1∑
t=0

(−1)tq2tq(
t
2)f1,7,1(q6+t, q7+t, q).
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For the bottom row, we have

R−1∑
r=0

S−1∑
s=0

∑
t∈Z

cr,s,t =
R−1∑
r=0

S−1∑
s=0

(−1)r+sq6rq7sq(
r
2)+7rs+(s2)j(q2+r+s; q) = 0,

R−1∑
r=0

T−1∑
t=0

∑
t∈Z

cr,s,t =

R−1∑
r=0

T−1∑
t=0

(−1)r+tq6rq2tq(
r
2)+rt+(t

2)j(q6+7r+t; q) = 0,

S−1∑
s=0

T−1∑
t=0

∑
r∈Z

cr,s,t =
S−1∑
s=0

T−1∑
t=0

(−1)s+tq7sq2tq(
s
2)+st+(t

2)j(q6+7s+t; q) = 0.

Combining terms and letting R,S, T →∞ as in (5.46), gives

∑
n≥0

(q)2nq
n

(q)2
n

∼ 1

J3
1

[ ∞∑
t=0

(−1)tq(
t+1
2 )
(
f1,7,1(q2+t, q3+t, q) + q4+tf1,7,1(q6+t, q7+t, q)

)]
.

Using Identity (3.35) gives

∑
n≥0

(q)2nq
n

(q)2
n

∼ 1

J3
1

[ ∞∑
m=0

(−1)mq(
m+1

2 )
(
f4,4,1(−q4+m, q2+m, q)− q−mf4,4,1(−q4−m, q2−m, q)

)]
.

Making the substitution m→ 4m+ k, k ∈ {0, 1, 2, 3}, and using Proposition 3.9 yields∑
n≥0

(q)2nq
n

(q)2
n

∼ 1

J3
1

3∑
k=0

(
f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q)

)
·
[ ∞∑
m=0

(−1)4m+kq(
4m+k+1

2 )q−2m2−2m−mk
]

∼ 1

J3
1

3∑
k=0

[
(−1)kq(

k+1
2 )
(
f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q)

)
·
∞∑

m=0

q6m2+3mk
]
.

We recall the evaluations found in (3.41). If we define

ak := f4,4,1(−q4+k, q2+k, q)− q−kf4,4,1(−q4−k, q2−k, q),

then a0 = 0, a1 = −q−1J2
1 , a2 = 0, and a3 = q−3J2

1 . Finally, we arrive at Identity (7.63):

∑
n≥0

(q)2nq
n

(q)2
n

∼ 1

J3
1

[
0− q · (−q−1J2

1 )

∞∑
m=0

q6m2+3m + 0− q6(q−3J2
1 )
∞∑

m=0

q6m2+9m
]

∼ 1

J1

[ ∞∑
m=0

q6m2+3m − q3
∞∑

m=0

q6m2+9m
]

∼ 1

J1

∞∑
m=0

(−1)mq3m(m+1)/2.
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7.B. On the triple-sum for the false theta function Identity (7.64)

We recall our triple-sum

g1,5,1,1,1,1(q2, q2, q, q) + q3g1,5,1,1,1,1(q5, q5, q2, q).

We consider the contributions of g1,5,1,1,1,1(q2, q2, q, q) to the top row of (5.45). Arguing as in the
previous subsection, we have

R−1∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t =

R−1∑
r=0

(−1)rq2rq(
r
2)f1,1,1(q2+5r, q1+r, q) = 0,

S−1∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t =

S−1∑
s=0

(−1)sq2sq(
s
2)f1,1,1(q2+5s, q1+s, q) = 0,

T−1∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t =
T−1∑
t=0

(−1)tqtq(
t
2)f1,5,1(q2+t, q2+t, q).

For the bottom row, we have

R−1∑
r=0

T−1∑
t=0

∑
s∈Z

cr,s,t =
R−1∑
r=0

T−1∑
t=0

(−1)r+tq2rqtq(
r
2)+rt+(t

2)j(q2+5r+t; q) = 0,

S−1∑
s=0

T−1∑
t=0

∑
r∈Z

cr,s,t =
S−1∑
s=0

T−1∑
t=0

(−1)stq2sqtq(
s
2)+st+(t

2)j(q2+5s+t; q) = 0,

R−1∑
r=0

S−1∑
s=0

∑
t∈Z

cr,s,t =

R−1∑
r=0

S−1∑
s=0

(−1)r+sq2rq2sq(
r
2)+5rs+(s2)j(q1+r+s; q) = 0.

We consider the contributions of g1,5,1,1,1,1(q5, q5, q2, q) to the top row of (5.45). Computing the
summands yields

R−1∑
r=0

∑
sg(s)=sg(t)

sg(s)cr,s,t =
R−1∑
r=0

(−1)rq5rq(
r
2)f1,1,1(q5+5r, q2+r, q) = 0,

S−1∑
s=0

∑
sg(r)=sg(t)

sg(r)cr,s,t =
S−1∑
s=0

(−1)sq5sq(
s
2)f1,1,1(q5+5s, q2+s, q) = 0,

T−1∑
t=0

∑
sg(r)=sg(s)

sg(r)cr,s,t =
T−1∑
t=0

(−1)tq2tq(
t
2)f1,5,1(q5+t, q5+t, q).

For the bottom row, we have as before

R−1∑
r=0

S−1∑
s=0

∑
t∈Z

cr,s,t =

R−1∑
r=0

S−1∑
s=0

(−1)r+sq5rq5sq(
r
2)+5rs+(s2)j(q2+r+s; q) = 0,

R−1∑
r=0

T−1∑
t=0

∑
s∈Z

cr,s,t =
R−1∑
r=0

T−1∑
t=0

(−1)r+tq5rq2tq(
r
2)+rt+(t

2)j(q5+5r+t; q) = 0,

S−1∑
s=0

T−1∑
t=0

∑
r∈Z

cr,s,t =
S−1∑
s=0

T−1∑
t=0

(−1)s+tq5sq2tq(
s
2)+st+(t

2)j(q5+5s+t; q) = 0.
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Combining terms and letting R,S, T →∞ as in (5.46), gives

∑
n≥0

(q; q2)nq
n

(q)n
∼ 1

J3
1

[ ∞∑
t=0

(−1)tq(
t+1
2 )
(
f1,5,1(q2+t, q2+t, q) + q3+tf1,5,1(q5+t, q5+t, q)

)]
.

Using Identity (3.36) gives

∑
n≥0

(q)2nq
n

(q)2
n

∼ 1

J3
1

[ ∞∑
m=0

(−1)mq(
m+1

2 )
(
f3,3,1(−q3+m, q2+m, q)− q−mf3,3,1(−q3−m, q2−m, q)

)]
.

Making the substitution m→ 3m+ k, k ∈ {0, 1, 2}, and using Proposition 3.10 yields

∞∑
n=0

(q; q2)nq
n

(q)n
∼ 1

J3
1

2∑
k=0

(
f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q)

)
·
[ ∞∑
m=0

(−1)3m+kq(
3m+k+1

2 )q−
3
2
m2− 3

2
m−mk

]
∼ 1

J3
1

2∑
k=0

[
(−1)kq(

k+1
2 )
(
f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q)

)
·
∞∑

m=0

(−1)mq3m2+2mk
]
.

We recall the evaluations found in (3.42). If we define

bk := f3,3,1(−q3+k, q2+k, q)− q−kf3,3,1(−q3−k, q2−k, q),

then b0 = 0, b1 = −q−1J3
1/J2, and b2 = q−2J3

1/J2. Finally, we arrive at Identity (7.64):

∞∑
n=0

(q; q2)nq
n

(q)n

∼ 1

J3
1

[
0− q(−q−1J3

1/J2)

∞∑
m=0

(−1)mq3m2+2m + q3(q−2J3
1/J2)

∞∑
m=0

(−1)mq3m2+4m
]

∼ 1

J2

∞∑
m=0

(−1)mq3m2+2m(1 + q2m+1).

8. Proof of Corollary 2.1

We present some corollaries to identities (2.6) and (2.7). Identity (2.11) follows from (5.48). For
Identity (2.12), we employ (5.47) with (R,S, T ) = (0, 0, 1) to obtain

g1,2,1,2,2,1(q, q, q2, q) = −q2g1,2,1,2,2,1(q3, q3, q3, q) + f1,2,1(q, q, q) = f1,2,1(q, q, q) = J2
1 ,

where we used (2.11) for the second equality and (2.5) for the third equality. For Identity (2.13), we
use (5.47) with (R,S, T ) = (0, 1, 1) to have

g1,2,1,2,2,1(q, q2, q2, q) = q6g1,2,1,2,2,1(q5, q5, q5, q) + 2f1,2,1(q, q2, q)

= −g1,2,1,2,2,1(q, q, q, q) + 2f1,2,1(q, q2, q)

= −g1,2,1,2,2,1(q, q, q, q) + 2J2
1 ,
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where the second equality follows from (5.48) and the third equality from (2.5). Comparing the last
equality with (2.6) gives the result. for Identity (2.14), we again use (5.47) but with (R,S, T ) = (0, 0, 2)
to obtain

g1,2,1,2,2,1(q, q, q3, q) = q7g1,2,1,2,2,1(q5, q5, q5, q) + f1,2,1(q, q, q)− q3f1,2,1(q3, q3, q)

= −qg1,2,1,2,2,1(q, q, q, q) + f1,2,1(q, q, q)− q3f1,2,1(q3, q3, q)

= −qg1,2,1,2,2,1(q, q, q, q) + f1,2,1(q, q, q) + qf1,2,1(q, q, q)

= qJ2
1 (χ0(q)− 2) + J2

1 + qJ2
1

= qJ2
1χ0(q) + J2

1 − qJ2
1 ,

where the second equality follows from (5.48), the third equality from (3.28), the fourth equality from
(2.5), and the last equality from (2.6). For the final Identity (2.15) we use (5.47) with (R,S, T ) =
(−1, 0, 1) to have

g1,2,1,2,2,1(q, q2, q3, q)

= qg1,2,1,2,2,1(q2, q2, q2, q)− q−1f1,2,1(1, q, q) + f1,2,1(q, q, q) + q−1j(1; q).

Using (2.5) twice gives

g1,2,1,2,2,1(q, q2, q3, q) = qg1,2,1,2,2,1(q2, q2, q2, q) + J2
1 = qJ2

1χ1(q) + J2
1 ,

where the last equality followed from (2.7) and (2.5).

9. Obtaining Identity (2.16)

We consider
g1,3,1,3,3,1(q, q, q, q). (9.67)

We recall the specialization (n, p) = (1, 2) of [HiMo14, Proposition 8.1] where ` = 1:

f1,3,1(x, y, q) = j(y; q)m
(
− q5x

y3
, q8,

q2y

x

)
+ j(x; q)m

(
− q5y

x3
, q8,

x

q2y

)
(9.68)

+
q5x2yJ2,4J8,16j(q

7xy; q8)j(q22x2y2; q16)

j(−q5x2; q8)j(−q9y2; q8)
.

Following the reasoning in Section 6., we only need to consider terms of the form∑
m≥0

(−1)mq(
m
2 )zmf1,3,1(q3mx, q3my, q). (9.69)

Because the theta coefficients of the two Appell–Lerch terms vanish and because the Appell–Lerch
terms are defined, we can write the above as

f1,3,1(q3mx, q3my, q) =
q5+9mx2yJ2,4J8,16j(q

7+6mxy; q8)j(q22+12mx2y2; q16)

j(−q5+6mx2; q8)j(−q9+6my2; q8)
. (9.70)

We will need to consider m→ 4m+ a, a ∈ {0, 1, 2, 3}. In general, (9.69) reads

∑
m≥0

(−1)aq(
4m+a

2 )z4m+a q
5+36m+9ax2yJ2,4J8,16j(q

7+24m+6axy; q8)j(q22+48m+12ax2y2; q16)

j(−q5+24m+6ax2; q8)j(−q9+24m+6ay2; q8)
.
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For the case a = 0∑
m≥0

q(
4m
2 )z4m q

5+36mx2yJ2,4J8,16j(q
7+24mxy; q8)j(q22+48mx2y2; q16)

j(−q5+24mx2; q8)j(−q9+24my2; q8)

∼
∑
m≥0

q(
4m
2 )z4m q

5+36mx2yJ2,4J8,16j(q
8·3mq7xy; q8)j(q16·(3m+1)q6x2y2; q16)

j(−q8·3mq5x2; q8)j(−q8·(3m+1)qy2; q8)

∼
∑
m≥0

q(
4m
2 )z4m q

5+36mx2yJ2,4J8,16j(q
7xy; q8)j(q6x2y2; q16)

j(−q5x2; q8)j(−qy2; q8)

· (−1)3mq−8(3m2 )(q7xy)−3m(−1)3m+1q−16(3m+1
2 )(q6x2y2)−(3m+1)

q−8(3m2 )(q5x2)−3mq−8(3m+1
2 )(qy2)−(3m+1)

∼ −y · J2,4J8,16j(q
7xy; q8)j(q6x2y2; q16)

j(−q5x2; q8)j(−qy2; q8)

∑
m≥0

( z4

x3y3

)m
q−28m2+m

∼ −y · J2,4J8,16j(q
7xy; q8)j(q6x2y2; q16)

j(−q5x2; q8)j(−qy2; q8)

∑
m≥0

(−1)m
(
− q29z4

x3y3

)m
q−56(m+1

2 )

∼ −y · J2,4J8,16j(q
7xy; q8)j(q6x2y2; q16)

j(−q5x2; q8)j(−qy2; q8)
m
(
− q29z4

x3y3
, q56, ∗

)
.

For the case a = 1

−
∑
m≥0

q(
4m+1

2 )z4m+1 q
14+36mx2yJ2,4J8,16j(q

13+24mxy; q8)j(q34+48mx2y2; q16)

j(−q11+24mx2; q8)j(−q15+24my2; q8)

∼ −
∑
m≥0

q(
4m+1

2 )z4m+1 q
14+36mx2yJ2,4J8,16j(q

8·(3m+1)q5xy; q8)j(q16·(3m+2)q2x2y2; q16)

j(−q8·(3m+1)q3x2; q8)j(−q8·(3m+1)q7y2; q8)

∼ −
∑
m≥0

q(
4m+1

2 )z4m+1 q
14+36mx2yJ2,4J8,16j(q

5xy; q8)j(q2x2y2; q16)

j(−q3x2; q8)j(−q7y2; q8)

· (−1)3m+1q−8(3m+1
2 )(q5xy)−(3m+1)(−1)3m+2q−16(3m+2

2 )(q2x2y2)−(3m+2)

q−8(3m+1
2 )(q3x2)−(3m+1)q−8(3m+1

2 )(q7y2)−(3m+1)

∼ z

xy2
· J2,4J8,16j(q

5xy; q8)j(q2x2y2; q16)

j(−q3x2; q8)j(−q7y2; q8)

∑
m≥0

( z4

x3y3

)m
q−28m2−13m−1

∼ z

xy2q
· J2,4J8,16j(q

5xy; q8)j(q2x2y2; q16)

j(−q3x2; q8)j(−q7y2; q8)

∑
m≥0

(−1)m
(
− q15z4

x3y3

)m
q−56(m+1

2 )

∼ z

xy2q
· J2,4J8,16j(q

5xy; q8)j(q2x2y2; q16)

j(−q3x2; q8)j(−q7y2; q8)
m
(
− q15z4

x3y3
, q56, ∗

)
.

For the case a = 2∑
m≥0

q(
4m+2

2 )z4m+2 q
23+36mx2yJ2,4J8,16j(q

19+24mxy; q8)j(q46+48mx2y2; q16)

j(−q17+24mx2; q8)j(−q21+24my2; q8)

∼
∑
m≥0

q(
4m+2

2 )z4m+2 q
23+36mx2yJ2,4J8,16j(q

8·(3m+2)q3xy; q8)j(q16·(3m+2)q14x2y2; q16)

j(−q8·(3m+2)qx2; q8)j(−q8·(3m+2)q5y2; q8)

∼
∑
m≥0

q(
4m+2

2 )z4m+2 q
23+36mx2yJ2,4J8,16j(q

3xy; q8)j(q14x2y2; q16)

j(−qx2; q8)j(−q5y2; q8)
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· (−1)3m+2q−8(3m+2
2 )(q3xy)−(3m+2)(−1)3m+2q−16(3m+2

2 )(q14x2y2)−(3m+2)

q−8(3m+2
2 )(qx2)−(3m+2)q−8(3m+2

2 )(q5y2)−(3m+2)

∼ z2

y
· J2,4J8,16j(q

3xy; q8)j(q14x2y2; q16)

j(−qx2; q8)j(−q5y2; q8)

∑
m≥0

( z4

x3y3

)m
q−28m2−27m−6

∼ z2

yq6
· J2,4J8,16j(q

3xy; q8)j(q14x2y2; q16)

j(−qx2; q8)j(−q5y2; q8)

∑
m≥0

(−1)m
(
− qz4

x3y3

)m
q−56(m+1

2 )

∼ z2

yq6
· J2,4J8,16j(q

3xy; q8)j(q14x2y2; q16)

j(−qx2; q8)j(−q5y2; q8)
m
(
− qz4

x3y3
, q56, ∗

)
.

For the case a = 3

−
∑
m≥0

q(
4m+3

2 )z4m+3 q
32+36mx2yJ2,4J8,16j(q

25+24mxy; q8)j(q58+48mx2y2; q16)

j(−q23+24mx2; q8)j(−q27+24my2; q8)

∼ −
∑
m≥0

q(
4m+3

2 )z4m+3 q
32+36mx2yJ2,4J8,16j(q

8·(3m+3)qxy; q8)j(q16·(3m+3)q10x2y2; q16)

j(−q8·(3m+2)q7x2; q8)j(−q8·(3m+3)q3y2; q8)

∼ −
∑
m≥0

q(
4m+3

2 )z4m+3 q
32+36mx2yJ2,4J8,16j(qxy; q8)j(q10x2y2; q16)

j(−q7x2; q8)j(−q3y2; q8)

· (−1)3m+3q−8(3m+3
2 )(qxy)−(3m+3)(−1)3m+3q−16(3m+3

2 )(q10x2y2)−(3m+3)

q−8(3m+2
2 )(q7x2)−(3m+2)q−8(3m+3

2 )(q3y2)−(3m+3)

∼ − z3

x3y2
· J2,4J8,16j(qxy; q8)j(q10x2y2; q16)

j(−q7x2; q8)j(−q3y2; q8)

∑
m≥0

( z4

x3y3

)m
q−28m2−41m−15

∼ − z3

x3y2q15
· J2,4J8,16j(qxy; q8)j(q10x2y2; q16)

j(−q7x2; q8)j(−q3y2; q8)

∑
m≥0

(−1)m
(
− z4

q13x3y3

)m
q−56(m+1

2 )

∼ − z3

x3y2q15
· J2,4J8,16j(qxy; q8)j(q10x2y2; q16)

j(−q7x2; q8)j(−q3y2; q8)
m
(
− z4

q13x3y3
, q56, ∗

)
.

Modulo a theta function, our heuristic methods suggest

g1,3,1,3,3,1(q, q, q, q)

∼ 3
J2,4J8,16J1,8J6,16

J1,8J5,8

m
(
− q27, q56, ∗

)
+ 3q−2J2,4J8,16J1,8J6,16

J1,8J5,8

m
(
− q13, q56, ∗

)
− 3q−7J2,4J8,16J3,8J2,16

J1,8J5,8

m
(
− q−1, q56, ∗

)
− 3q−16J2,4J8,16J3,8J2,16

J1,8J5,8

m
(
− q−15, q56, ∗

)
∼ 3J1,2J3,8m

(
− q27, q56, ∗

)
+ 3q−2J1,2J3,8m

(
− q13, q56, ∗

)
− 3q−7J1,2J1,8m

(
− q−1, q56, ∗

)
− 3q−16J1,2J1,8m

(
− q−15, q56, ∗

)
,

which leads us to Identity (2.16).
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