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A heuristic guide to evaluating triple-sums
Eric T. Mortenson

Abstract. Using a heuristic that relates Appell-Lerch functions to divergent partial theta functions one can expand Hecke-type
double-sums in terms of Appell-Lerch functions. We give examples where the heuristic can be used as a guide to evaluate analogous
triple-sums in terms of Appell-Lerch functions or false theta functions.
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1. Notation

Let ¢ be a nonzero complex number with |g| < 1 and define C* := C — {0}. Recall

n—1 o]
(@) = (00 = [[Q = d'2), (@)oo = (@50)00 := [[(1 - ¢'),
=0 =0
i(@:9) = (0)oo(@/2)c (@ = Y (~1)"q()a,

and

j(iUl, L2, ..., Tn; q) = ](xla Q)](x% Q) o ](xn, Q)v
where in the penultimate line the equivalence of product and sum follows from Jacobi’s triple product
identity. Let a and m be integers with m positive. Define

o0

Jam = 7@ q™), = Im,3m = H(l - qmi)a and ja,m = j(—q"q™).
=1

We will use the following definition of an Appell-Lerch function [HiMo14]

e 1" (g)zT
m(z,q,z) =~ ! Z (=1’q (1.1)

J(zq) 1—qtez

r=—00

2. Introduction

Appell-Lerch functions are the building blocks of Ramanujan’s classical mock theta functions [HiMo14,
Section 5]. For two of Ramanujan’s fifth order mock theta functions [HiMol4, Section 5], [AnGag9,
Hi88a]:
q" _ 2J2J55
XO(Q) L= Z (o1 =2- 3m(q77 q157q9) - 3(] 1m(q2> q157 q4) + %7
>0 (qn )n J175

(2.2)
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q" _ _ 2J2J1,5
xi() =Y ——— = -3¢ 'm(¢*,¢",¢%) — 3¢*m(q,¢"*, ¢*) — =2

2.3

In recent work [HiMo14], we used a heuristic (3.21) to express Hecke-type double-sums of the form

[HiMo14, (1.4)]
( D )(_ 1) +sgrysqels) torste(3) (2.4)

r,s>0 7r,s<0

where a, b, ¢ are strictly positive integers, in terms of theta functions and the m(z, g, z) function. As
an example, a special case of more general results from [HiMol4, (1.7)] reads

< Z _ Z >(7 r+s$rysq( )+2rs+( ) (2'5)
r,s>0 r,s<0
2 2 3
. T 5 . Ty yJ3i(—x/y; )i (*zy; ¢°)
=jlyom|—5,¢, 1) +ij(z;9m|—5,¢",—1) — = -
( y? ) < 2 ) Jo3j(—qy?/x, —qx?/y; ¢3)

Objects that could be thought of as Hecke-type triple-sums have been the subject of recent work.
Zwegers discovered that [Zw09, Theorem 1]

< Z Z ) k+l+mq( )+(2)+(3)+2ki+2km+2im+k+1+m _ Yo(q), (2.6)

)3 klm>0  klm<0

Z Z ) k+l+mq( V+(5)+ () +2kl+2km+ 20m+ 2k+20+2m _ x1(), (2.7)

°° Elm>0  k,l,m<0

which suggests considering the following building block for triple-sums:

Bab.e,d,e f(:L‘ Y,z q ( Z Z ) r+s+tx7’ystha( )+br5+c( )+drt+est+f( ) (28)
r,s,t>0  1s,t<0

where a, b, ¢, d, e, and f are strictly positive integers. For related examples, see [BRZ15, Mol7].
Indefinite binary theta series for xo(q) and x1(¢q) can be found in [Gal9, Za07].

Kim and Lovejoy [KiLol7] recently found examples of triple-sums that evaluate to false theta
functions. False theta functions are theta functions but with the wrong signs [AnWa07]. In particular,
they found

oo

or7111(0% 6% ¢ ) + d'orranna(d® q P ) = T D (—1)7g IR, (2.9)
r=0

0151.111(6% ¢, 4, 0) + 01511110, ¢, 6% q) = TiJi2 Z )T (14 g2, (2.10)

In Section 3., we introduce a few basic facts and preliminary results. In Section 4., we remind the
reader how the heuristic is used to understand the (mock) modularity of double-sums. In Section 5.,
we obtain the relation (5.46) that will be used to understand the modularity of triple-sums. We will
also introduce a few basic facts about triple-sums.

In Section 6., we consider the mock theta functions xo(¢q) and xi1(q). We use the relation (5.46)
to demonstrate how the heuristic (3.21) guides us from their respective triple-sums in (2.6) and
(2.7) to their Appell-Lerch sum expressions modulo a theta function, see (2.2) and (2.3). In Section
7., we demonstrate how the relation (5.46) guides us from Kim and Lovejoy’s two triple-sums in
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(2.9) and (2.10) to their respective false theta function forms. The work in Sections 6. and 7. is
experimental and does not contain proofs, but perhaps more general formulas such as those found in
[BRZ15, HiMo14, Mo17] are lurking in the background.

In Section 8., we use triple-sum relations from Section 5. in order to prove corollaries to Identities
(2.6) and (2.7). We show

Corollary 2.1. We have

0121221(¢% ¢ ¢°,9) = 0, (2.11)
91,2,1,2,2,1((17%6127@ = J127 (2.12)
01,2,1,2,21(9, 7, q2,q) = J12X0(Q% (2.13)
9121221(0,¢,4°,9) = Ji(axo(q) +1—q), (2.14)
0121221(4,4° 4% 9) = JH(gxa(g) + 1). (2.15)

One wonders how triple-sums whose parameters differ slightly from the left-hand sides of (2.6) and
(2.7) might behave. In Section 9., we demonstrate how our heuristic methods lead us to suspect

91,31,3,31(4,4:¢,9) (2.16)
=3J12J38m(—¢*",¢°%, —1) + 3¢ 2 J1 2 T3 sm(—¢'?, ¢°%, 1)
- 3(]_7J1727178m(—q_1, q567 _1) - 3q_16J1,2j1,8m(_q_157 q56a _1) + 9((]),

where 6(q) is a yet to be determined weight 3/2 theta function.

3. Preliminaries

We will frequently use the following product rearrangements without mention

_ _ 2J2 _ J5 JE - JoJ3
Jo1=2J14="22J19=—525,J1g =L TJ1g=22
0,1 1,4 7 1,2 T2 1,2 7 1,3 T
g J1Jy B JiJE — B J2J3J12
1,4 — J2 3 J1,6 — J2J37 1,6 — J1J4J6 .
We have the general identities:
i(@"z:0) = (~1)"q"Ba™"j(z;0), ne, (3.17a)
j(x;9) = jlg/x:q) = —xj(z~ "5 q), (3.17b)
j(@q) = Juj(w,qu,....q" ayd™) /) ifn > 1, (3.17¢)
J(@" ") = Jnd (@, Gos o, G M) [T i >, (3.17d)
where ¢, is an n-th primitive root of unity. We also have from [Hi88a, Theorem 1.1]
i(=2,0)j(y,q) + (2, 9)5(~y, @) = 24 (xy,¢*)j(qz "y, ¢°). (3.18)

The Appell-Lerch function m(z,q, z) satisfies several functional equations and identities, which
we collect in the form of a proposition.

Proposition 3.1. For generic z,z € C*

m(.ﬁC,q, Z) = m(x,q,qz), (319&)
m(z,q,2) =z 'm(z"",q,27"), (3.19b)
m(ql‘a(b Z) =1 *l‘m(fﬂ,q, Z)v (319(3)

2035 (21/20;q)j (220215 q
m(x,q,z1) —m(x,q,20) = = iJ(21/ )J( )

7(20;9)7 (213 0)j (20 ) (215 q) (3.19d)
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The m(x, g, z) function has a useful (slightly rewritten) functional equation

In recent work [HiMo14, Section 3| we introduced a heuristic point of view which guides our study of
the Appell-Lerch function m(z, g, z) and Hecke-type double-sums. If we iterate (3.20), we obtain

m(z,q,z) ~ Z(—l)rqf(rgl):rr, (3.21)

r>0

where ‘~’ means mod theta. We cannot use an equal sign here, because the series on the right diverges
for |q| < 1. However, it is often useful to think of m(x,q, z) as a partial theta series with ¢ replaced
by ¢~!. Property (3.19d) says that changing z only adjusts the theta function, hence we have the
expression m(z, ¢, *) when working mod theta.

We define i
fa,b,c(xvyaq) = ( Z _ Z )(_ r+s$rysqa( )+brs+0(2), (3_22)
r,s>0 r,s<0

and note that we can also write

fa,b,c(x7y7q> _ Z Sg(?“)( 1>r+sxrysqa( )—l—brs—&-c(;), (323>
sg(r)=sg(s)

_ ng(r’ S)(— r+sxrysqa( )—l—brs—‘rc(;)’ (324)

where

1 r >0,
sg(r) = {_1 r <0, (3.25)
and

sg(r, s) := (sg(r) +sg(s))/2. (3.26)

Our Hecke-type double-sum notation has several useful properties. We will later determine anal-
ogous properties for triple-sums. For b < a, we follow the usual convention:

ZCT =— Z Cr. (3.27)

r=b+1

Proposition 3.2. (Proposition 6.2 [HiMo14]) For z,y € C*

a+b+c St 2ot
fapc(@®T )2, >y, q). (3.28)

fa7b,c($7 Y, Q) = -

Proposition 3.3. (Proposition 6.3 [HiMo14]) For z,y € C* and ¢,k € Z

Fape(,,q) = () (—y)Fq?C)Ho+0)g, ) (g#H Vg, geky g) (3.29)
/—1 k—1
+ 57 (—a)mq(2) (g by ¢%) + 7 (g™ ¢%).
m=0 m:0

We have many expressions that evaluate Hecke-type double-sums in terms of Appell-Lerch func-
tions [HiMo14]. We recall one that we will use here.
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Theorem 3.4. [HiMol/, Theorem 1.4] Let a,b, and c be positive integers with ac < b* and b divisible
by a, c. Then

1

fa,b,c(l'ayaQ) = ha,b,c(xaya% -1 _1) ea,b,c(x7yaQ)7
J0b2/a cJ0b2/c a
where
. a a(®/ ) —c —b/a a—c
ha,b,C(x’y)q) 21720) = .](xvq )m< —dq ( 2 ) (_y)(_gj) b/ )qbQ/ ,Z]_)
. c e(b ) —a —b/c _b%/c—a
+J(y;q)m<—q( 20 () (—y) Ve ,zo),

and

b/c—1b/a—1b/a—1
Oape(r,9:4) Z 33 OGO e () kal3) (g O e T0T g e
d= e=0 f=0
(—2)lj (qb("” (ae)=1) e f+1)=(6% fa—c)(d+1)+b(b=a)/ (2a%e) (_gyb/ay =1, o (b*/a)(t?/(ac)-1)
Ji?(lﬂ/(ac)—l)j (q(b2/c—a)(6+1)+(b2/a—C)(d-i—l)—c(béc)_a(béa)(7$)1_b/a(7y)1_b/c; qb(b2/(ac)—1))
) j(q(b2/c—a)(e+1)—6(bé0) (—z)(—y)~V/e, q(m/a_c)(dﬂ)_a(bga) (—z)-b/a(—y); 0>/ (@)-D)

Theorem 3.4 has the following two specializations.

Corollary 3.5. We have

faa1(x,y,9) =baai(x,y, q, -1 —1)
(g3

Z ¢ v 01)i (=" [y; ") T30i (=T /yP; ¢'?) (3.30)
Jo 370,125 (—a®x /y%; ¢12) (g3 H3dy /2y ¢12) ’
where
baa1(z,y.q,—1,-1) = j(z;¢"Ym( — *y/z, ¢*, —1) + j(y; a)m(¢®z/y*, ¢"%, -1). (3.31)
Corollary 3.6. We have
f3,3,1(m7 Y, q) = b3,3,1($7 Y,4, _17 _1) (332)
2 _ .
B qd(d+1)j( 242dy: 03) 7 — 42 [y 46) I3 (24 /% ¢F)
— 472876247 (02 /y; 65) 5 (a*+22y [ ¢5) ’
where
bss1(z,y,q,—1,—1) = j(z;¢*)m(—g*2 "y, ¢%, —1) + j(y; @)m(—g’zy >, ¢%, —1). (3.33)
Proposition 3.7. For m,n € Z, m # n, we have
fi,11(¢™,¢",q) = 0. (3.34)

Proof of Proposition 3.7. Using the functional equation (3.29), we note that the two theta functions
have j(¢™;q) = j(q";q) = 0, giving us

(—1)+kgmegnk (5)+ek+(5 )fl,l,l( Crktm o brktn

f1,1,1(¢™, 4", q) = q"q"q\2 1 q)-
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If we choose £ = —k then

(g™ " q) = 4™ (g™ 4" q)-
If we set £ =1 then

fra1(a™,q" @) =¢" "f1a(d™, 4" ).

Because m # n and |q| < 1, we conclude

fl,l,l(qmaqn7Q) =0. U
Proposition 3.8. Fort € Z, we have
Lzl ¢* ) + q4+tf1,7,1(q6+t7 q*,q) (3.35)
= f474,1(_q4+t7 q2+t7 q) - q_tf4,4,1(_q4_t7 q2_t7 Q)
f1,5,1(q2+t7 q2+t’ q) + q3+tf1,5,1(q5+t7 q5+t7 Q) (336)

= P31~ " q) —a a1 (=" 7 9).
Proof of Proposition 3.8. The proofs for the identities are similar, so we only do the first. A change
of variables yields

fr7a(@® ¢ q) + ¢ 7 (¢, q”t, q)

= Y sgluyu)(—1) gt §(uwto)

u,v
u=v mod 2

— ( Z Z ) 2n +(2+t)n—3(35+1)/2

n+j>0 n4j<0
n—j>0 n—j<0

_ Z q2n2+(2+t)n Z (_1) —j(3j+1)/ Zq% +(2+t)n Z (_1)jq—j(3j+1)/2
n>0 j=—n n<0 n<j<—n
Z 2n24(24+t)n Z( 1)/ q—j(3j+1)/2
n>0 j=-—n
_ Z q2(—n—1)2+(2+t)(—n—1) Z (_1)jq—j(3j+1)/2
n>0 —n—1<j<n+1
_ Zq2n2+(2+t)n Z (—1 ) —j(3j+1)/ Z 2n2+(2—t)n—t Z ] —] (3j+1)/2
n>0 j=-n n>0 j=-n

= Z sg () (= 1) 2n* +H@HOn=3(3i+1)/2(1 _ g=2tn—ty
sg(j)=sg(n—j)

=f1a1(—¢"" @) — ¢ Haa1 (=g 7 q),

where the last line follows from the substitution v = j and v =n — j. O

Proposition 3.9. Form € Z and k € {0,1,2,3}, we have
11474,1(_qéL+4erk7 q2+4m+k7 Q) . q74mfkf474’1(_q474m7k’ q274m7k’ Q) (337)

= (faa1 (=", @ ) — ¢ Fa01 (=", > %, 9))q

—2m?2—2m—mk

Proposition 3.10. Form € Z and k € {0,1,2}, we have

fa,3,1(—g* TR g2TIMER gy — MR 5 (—gP TR, 2R ) (3.38)

_ _ _ 3,2 3.
= <f3,3,1(_q3+k>q2+k,Q)—q kf3,3,1(—q3 k,q2 k,q))q gm-—gym—mk



E.T. Mortenson, A heuristic guide to evaluating triple-sums

105

Lemma 3.11.

ko= faa1(—
b = f33,1(—

then

and

If we define

4+k 2+k

q
3+k 2+k
q

-1 72
CLOIO, a; = —¢q Jla a

bp =0, by =

4—-k 2
.q
k7R ),

,q ) (:7) - q_kf4,4,1(—
,q ) Q) - q_kf3,3,1(_

- 07 as = q_3J12)

—q T3 ) Ty, by = q 72T} T

Proof of Proposition 3.9. We recall Corollary 3.5. We first show that

h4,4,1 (_q4+m’ q2+m’ q,
=j(=¢""¢"Ym(q. ¢, 1)
=9q

~1,-1)

—m

J(=q™ q"m(q, ¢® —1) — g™

:07

where we have used (3.17a). As a result,

4
faa1(—g*"™,

:_Zq

We make the substitution m — 4m + k, where k € Z, 0 < k < 3:

faa1(—g* T g

2+4m+k

M q) —

d+1)

q "faan (=g T
5+3d+m q4)] (q

— ¢ "haan(—q""

,q)
1173d; q12)Ji°»2j(_q3+3d73m.

g

" q
—q (=" ¢")m(q, g%, —1)
i(=q"; q")ym(q, ¢*, 1)

"),

~1,-1)

;q'?)

Jo,3J0,127(q%37; ¢12) 5 (—q'+3%; ¢12)

3 i1y _ T ,
q3( ; )j(q5+3d m. )5 (g3, q12).J3,j (— g3 +3d+3m, 412)

—4m—k 4—4m—k

.q) —q

fa4,1(—q , g2 Am=k

3 d+1 _ ] 3 3
q3( )j(q5+3d+4m+k q )](qll 3d;q12)J§2j(_q3+3d 12m—3k. 12

,q)

Jo,3J0,127(q%H37; ¢12) 5 (—q'*3%; ¢12)

;q7)

3

d=0

—4m kzq

JO 3<]0 12] (q2 12m—3k’; q12)j(_q1+3d; q12)

Li+1
| (gF3Am=k. 44) (g

11— 3d

q'%)J55(=q

3+3d+12m~+3k.

;q'?)

q

3(d;r1)J(q5+3d+k 4

(—l)mqm@*?’k)q*lz(}m)

10 (¢ 4") Tyi(—q

3+3d—3k.

1q"?)

—4m kZ q

j03J012J( 2=k gt )J(—q1+3d,q 2)
m m5+3d k)

45" q—m(3+3d+3k) q712(’;)

Jo,3J012J(q 2+12m+3k,q 2)j(—q'+34; ¢12)

m —m(5+3d+k)q—4(t;)qm(3+3d—3k)q—12(—g”)

(_1)mq7m(2+3k)q*12

(%)

d+1 .
.q3( )](q5+3d By qh)(ql1=3d; q12) 3,5 (— g3 +3d+3k, g12)

= (Faa1(—¢*"**

Jo,3J0,125(¢>T3F; ¢12) j(—q'134; ¢12)

_ _ _ _ 2_ _
,q2+k,q) —q kf4,4,1(—q4 k’q2 qu))q 2m<“—2m mk‘
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Proof of Proposition 3.10. We recall Corollary 3.6. We first show that
34+m _24+m

b331 (=" ™ q) —a b330 (—¢> " 7™, q)
= ]( q3+ma q ) (Q7 q27 _1) - qimj(_q:gim; qs)m(Q7 q27 _1)
=q¢ " (—¢™ *)m(q, ¢ —1) — ¢ ™j(—q™; ¢*)m(q, ¢*, 1)
— 0’

m

where we have used (3.17a). As a result, we have

3+m  2+m 3—

f331(=¢""", """, q) — 4 "f331(—q
2 _d(d+1)

mgtT™ q)

Z q ]£q4+72d+m; q3)j(q572d; qﬁ)Jgj (q1+2d72m; qﬁ)
—~ 4J28T6.245 (— a2 45) 7 ( — ¢* 2% ¢O)

2 qd(d+1)j(q4+2d—m’q )j(q5 2d 6)J3 ( 1+2d+2m;q6)
d=0 4J28J6245 (— g™ ) (= ql+2d; g6)

+4q

We replace m — 3m + k, where k € Z and k € {0, 1,2}:

fas1(=4 1) = ¢ g (=P PR )
_ 22: q G (g 2amek, 3) 5 (524 ¢6) J3 (1 +2d-6m—2k, 46)
d=0 4J28J6245 ( — g2k ¢%) 5 ( — ¢'+24; ¢6)
2, qU+1) j(q+2d=3mk, 3) 5 (5=2d; ) J3 (g L+2d+6m+2k, (6

3+3m-+k q2+3m+k
M

d(d+1)

+ q—3m—k

=0 4J98J6245 (= qmt2k; g6) 5 ( — ¢ 124; ¢6)
_ 22: (_1)mqm(1+2d72k)q76(*;")(_1zmqu(4+2d+k)q—3(’;)
d=0 qm(—%)q_ﬁ( 2")
qd(d+l)j(q4+2d+k;q3)](q5 2d, )J5 ( 1+2d—2k;q6)
. 42,876,245 ( — q~2F; q6)J( — q+2d; ¢b)
I 2 (_1)mq7m(1+2d+2k)q—6(7;)(_1)m m(4+2d7k)q—3(*2m)
DD
d=0

q
q_m(Qk)q_6(ﬂ21)
.qd(d+1)j(q4+2dfk7q )](q5 24, 46) J3 (¢ 2042, 6)
4J9876245 (— ) (= q't24; ¢0)
B iqi i (d+1) G (g2 ) (52 ¢8) J3j (g1 242K, )
s 4J58J6245( — g 2k q )]( — q124; ¢b)

d(d+1)j(q4+2d k7q )] (q5 2d 6)J3 ( 1+2d+2k;q6)

2
_3m— _3m243m— q
+q 3m kzq smi+sm—mk

= 4J28J6245 (— a**;q )]( — 124, ¢F)

3,2

_ _ _ _3 _ 3
= <f3,3,1(—q3+k,q2+k,q)—q kf3,3,1(—q3 k,q2 k,q))q am-—gm—mk

0

Proof of Lemma 3.11. The proofs of the evaluations of (3.41) and (3.42) are similar, so we will only
do the latter. That by = 0 is trivial. Using Corollay 3.6 and recalling from the proof of Proposition
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3.10 that the m(z, g, z) terms sum to zero, we have

2 qd(d+1)j(q5+2d;q3)j(q5 24, 46) 735 (2% ¢F)
= AdasJeai(—a7%g )J( — q*24; ¢F)

LG gD (B2 ) (P2 g8) TR (2% )
= AdasJeni(—d%q )]( — q*2d; ¢5)
T S VY TV
4J28J624J26J 16 4J28J6245J2,6J36

b =—

+4q

-1

where we have used (3.17a) and simplified. Continuing with the calculation we have

1 S 168 Ji6J36+ J36716
4J28J6,24 2,6 J1,6J3,6
_ oL, S 168 ‘ [ 2Jim }
4J28J604T26 L1636

where we used (3.18). Elementary product rearrangements yield the result. For the final evaluation
we recall (3.36)

by = f151(0", " ) + ¢ fi51(a", 4", q)
= —¢ "fi51(%, 6% q) — ¢ frs0(1,1,9)
= —q¢ 1510 ¢ 0) — ¢ fr51(¢° 6% 9)
=—q b,

where for the second equality we used (3.28), for the third equality we used (3.29) with (¢, k) = (1, 1),
and for the last equality we used (3.36). O

4. Motivation

We explore the use of the heuristic in determining the modularity of triple-sums. First we recall how
the heuristic is useful in studying Hecke-type double-sums, see also [HiMo14, Section 3|, [Mol4]. We
have [Hi88b, (1.15)]

-1 k—1
Yooosemens = Y sg)eritskF DD Cnst DD lre (4.43)

sg(r)=sg(s) sg(r)=sg(s) r=0 s€Z s=0rez

Letting ¢,k — oo in (4.43) we have

Z 58 CTSNZZCTS"FZZC?&% (4.44)

sg(r)=sg(s) r>0 s€Z 520 reZ

where ‘~’ again means ‘mod theta’. This relation is useful in determining expansions of Hecke-type
double-sums [HiMo14]. As an example, consider

Z Sg(T‘)( 1)r+s$rysq( )+2rs+( )

~ iZ(_ TJFSJST:USQ 2) st (S + Z Z T+3xrysq( )+2rs+(5)

r=0 s€Z s=0 reZ
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NZ(_l)rqu(;) Z( )s s 2rs+ +Z Z( 1) T q( )+2rs
r=0

se rez
~ Z(_l)rxrq —|—Z y ] ZL‘q Q)
r=0
~ i)Y (1) 2By G) 1 jag) 3 (- 1)2qByre ()
r=0 —0
) (172 y g2 e q) Y (~1)sgPyta 23R,
r=0 =0

where in the last line we have used the elliptic transformation property (3.17a). Recalling the heuristic
(3.21), we have

S se(r) (1) ety D) iy gmlePe v ) + G maPy /et 6 ).
sg(r)=sg(s)

The ‘~’ becomes an equality upon specialising the ‘*’ ’s and adding an appropriate theta function
(2.5).
5. Triple-sum relations

We obtain an identity for triple-sums analogous to (4.43). Without loss of generality, we assume
R,5,T > 0. We write

E Crst — § Cr4+R,s+S,t+T

sg(r)=sg(s)=sg(t) sg(r)=sg(s)=sg(t)
= Z Crst — Z Crs,t
sg(r)=sg(s)=sg(t) sg(r—R)=sg(s—8)=sg(t-T)
SO DS o) G D SR
r,s,t>0  7,5,t<0 r—R,s—St—T>0 r—R,s—St—T<0
:( Z - Z )Cr,s,t_( Z - Z )Cr,s,t-
rs,t>0 r—R,s—Sjt—T2>0 r—R,s—St—T<0 r,s,t<0

We rewrite some terms to have

E Cr st — E Cr+R,s+St+T

sg(r)=sg(s)=sg(?) sg(r)=sg(s)=sg(t)
DD SRS YR SR
0<r<R r>R r>R r>R
5,620 s>S 0<s<S 0<s<S

0<t<T  >T  0<t<T

—[Z+Z+Z+Z}cr,5¢

0<r<R r<0 r<0 r<0
s<S s<0 0<s<S 0<s<S
t<T 0<i<T t<0 0<t<T

B [og«;RJr( ; _o;R_ Z;% _O;B)

$,t>0 s>0 s>S 0<s<S 0<s<S
0<t<T 0<t<T 0<t<T 0<t<T
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(X -T Y- )Y Jou

r>0 0<r<R r>R 0<r<R r>R
0<s<S 0<s<S 0<s<S 0<s<S 0<s<S
t>0 t>T 0<t<T  0<t<T 0<t<T
S DI IEID DN EID DD S Z}w-
0<r<R 0<r<R 0<r<R O0<r<R r<0 r<0
<0 0<s<S 5<0 0<s<S s<0 0<s<S 0<s<S
t<0 t<0 0<t<T  0<t<T 0<t<T t<0 0<t<T

Rearranging terms, we have

Z Crst — Z Cr+R,s+S8,t+T (5.45)

sg(r)=sg(s)=sg(t) sg(r)=sg(s)=sg(t)
R—-1
= Z Crs t+ Z Z Sg( )C"‘S t+ Z Z Sg(?")Cr,s,t
=k 520 sg(r)—sg(t) 10 sg(r)=sg(s)
R—1T-1 S—1T-1 R—1S5-1
Crsit — Z Z Z Crsit — Z Z Z Crost-
r=0 t=0 s€Z s=0 t=0 rez r=0 s=0 teZ

Letting R, S,T — oo, and discarding the ¢, g s45++7 term as in (4.44), we arrive at

> cras (5.46)

sg(r)=sg(s)=sg(t)

NZ Z sg(s )Cr,s,t—l-z Z Sg(T)Cr,s,t+Z Z sg(r)crsit

r= Osg( Sg() 5= Osg(r =sg(t) t=0 sg(r)=sg(s)
SRS
S 3) D) 3 ) SIS 35 3 PEA
r=0 t=0 scZ r=0 s=0 teZ s=0 t=0 reZ

where ‘~’ is ‘mod theta’ in determining the modularity of triple sums of the form (2.8).
We finish with two propositions whose proofs are straightforward.

Proposition 5.1. We have

ga,b,c,d,e,f(x Y, =z, Q) (547)
= (- 1)R+S+T$RySZTqa( )+bRS+c(3)+dRT+eST+f(%)

Babede, f(qaR+bS+de’ gPEresStely (dR+eS+fT q)
R-1 S—1

+ Z(—I)T:L'rqa(z)fc7€7f(qbry7qdrz7 Q) + Z(_1>sysqc(2)fa7d7f(qbsx’ qesz7 q)
r=0 s=0
T-1

+ 3 (1) ! O elqe, gy, q)
t=0
R—1 T-1 .

_ Z( 1)rxrqa( ) Z(_1)tthd7‘t+f(2)j(qbr+ety; QC)
r=0 t=0
S5-1 T-1 .

— Z( 1)sysqc( ) (_1)tthest+f(2’)j(qbs+dtl,; qa)
s=0 t=0
R-1 S—1

_ ( 1)rl,rqa( ) (_1)sysqbrs+c(;)j(qdr+esz;qf)‘
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Proposition 5.2. We have

a+b+ctd+etf q2a+b+d qb+2c+e qd+e+2f

) ) ,q). 5.48
Ty ga,b,c,d,e,f( z y > Q) ( )

q

ga,b,c,d,e,f(x) Y, =, Q) = -

6. A heuristic guide to mock theta function identities

The left-hand sides of identities (2.6) and (2.7) may be viewed as specializations of

012122.1(7, 9, 2, q) < Z Z > k+l+mq(’;)+2kz+( )+2hmt2imt(75) kL om. (6.49)
k7l7m20 kyl,m<0

In particular, Identities (2.6) and (2.7) may be rewritten

1
2 - ﬁ ’ 91)271’272’1(q7 q7 q’ q) = Xo(q)7 (6.50)

1
7 “9121221(¢% 6%, 6% 9) = x1(a)- (6.51)

Using (2.2) and (2.3), we may rewrite the above identities as

1 _ 2J2J5 5
2 — 7 21221(4,9,9,9) =2 —3m(q",4"°,¢°) — 3¢ 'm(¢?,¢"°, ¢*) + 52 : (6.52)
15
1 _ _ 2J2J1 5
ﬁ-91,2,1,2,2,1(q2,q2,q2,Q) = =3¢ 'm(q¢*, ¢"°,¢%) — 3¢ *m(q. 4", ¢*) — J52 =3 (6.53)
1 2,5

In this section, we demonstrate how heuristic methods take us from the left-hand sides of (6.52) and
(6.53) to their respective right-hand sides up to a theta function.
Let us apply the heuristic to (6.49). We recall the (slightly rewritten) general form (5.46):

Z Ck,lm (6.54)

sg(k)=sg(l)=sg(m)

~>> Sg(l)ck,l,erZ Z Sg(k‘)ck,l,erZ Z sg(k)ck,m

k=0 sg(l):sg(m) =0 sg ) m=0 sg sg(l)
(o) o0
S IDIDILTHED 3) S5 ILTNED 3 9 Srwm
k=0m=0 leZ k=0 =0 meZ =0 m=0 keZ

We have two types of summands on the right-hand side of (6.54). We consider the first type of
summand:

Z Z Z HHm )+(§)+(f;)+2kl+2km+2zmxkylzm (6.55)
k>0 1>0 meZ
k
~ (1)) 3 (-1)tyfga) 3T (—aymg ()t
k>0 >0 meZ
k
~ S (1R )y a2 ),
k>0 1>0

We note that if we set 2 to be q or ¢ then j(z;¢) = 0, so we can ignore the contributions from the
second line of (6.54). We consider the second type of summand:

Z ng (k, 1)(—1)*++m ( )+(é)+(*§)+2kz+2km+21mxkyzZm (6.56)
m>0 k.l
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N Z(_l) (7) mzsg (k, 1)(—1)F+ ( )+(4 )+2kl+2km+2lmxkyl

m>0

~ Z(_l) mzsg ]{7 l k+l ( )+2kl+(é)(q2m$)k(q2my)l
m>0

~ Z )z f1,2,1( "z, ™y, q).
m>0

We rewrite the last line of (6.56). We recall (2.5):

f1,2,1(2, ¥, q) (6.57)

. > . 2 yJ3i(—z/y; 0)i(Pzy; ¢°)
= jly;)m(%E, ¢ 1) + j(zg)m (L, ¢, -1) — = :
(% ) (% Jo3j(—qy?/z, —qx? /y; ¢3)

Let us consider the double-sum:
fr21(0”"2,¢* ™y, q). (6.58)
The first thing we note is that if = and y are either ¢ or ¢2, then theta coefficients of the m(x, ¢, 2)

functions in (6.57) are both zero, and both m(x,q, ) functions are defined. So we only need to
consider the theta function from the right-hand side of (6.57) which after x — ¢*™z and y — ¢*™y is

"I (—x/y; )i (¢* " wy; 0)
Josj(—¢'2my? [z, —¢' T2 [y ¢F)

f12.1(¢* 2, ¢*™y, q) = — (6.59)

In order to use the elliptic transformation property (3.17a), we will have to consider m mod three, so
let m — 3m + a. We first consider the case a = 0

B g (45) y3m yq" " I3 i (= /y; ) (> ay; ¢F)
mz>0 Jo3j(=q"tomy? [z, —q+6ma? [y %)
~ yl3i(=x/y;9)i(d*ry; ¢°)
Josj(—aqy?/z,—qx?[y; ¢°)
. Z(_l)mq(3;)z3mq6m ( ) ( m) ~
=0 (—qy?/z)=2m(~ qa:z/w g °()
_ yJ3i(—x/y; 9)j(¢*ry; ¢°) Z(_l) (- 2

Jozj(—qy?/z, —qx?/y; q )m>0

_ 2
)mq 15m?/24+m/2

x2y?
_ yl3i(=2/y:9)i(dry; ) ( e )
Jo33(—ay?/z, —qz? /y; ¢3) y?’
We consider m — 3m + 1. Then
S (g e IS i) 0 )
= Josj(—q3t0my2 Ja, —g3+6ma? Jy: ¢3)
_ yl5i(r/y9)i ey @)
Jo3j(—y?/x, —x%/y; ¢3)
. Z(_l)mq(3m+1) 3m+1q6m+2 (zy) S—
o (—y?/z)~2m=1 (a2 [y)-2m=14"0("3")

L l3ia/yi)i(eyid’) = S -1 2 g 1om /2-9m /21
Jo3j(=y2/z, —a2/y; ¢%) xy z2y?

a2y 3("7)

m>0
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3 3.3
_ yI3i(—a/y;a)i(zy; @) ,i‘m<qz 15,*)

Josi(—y?/z, —a2/y;q3) wyq  \a?y?’
We let m — 3m + 2. We have

ST (i (475+2)_am+2yd"" 35—y )3 (a2 Py ¢°)

Jo,33(—qbm+5y? Jx, —qm a2 [y; ¢3)

m>0
__yBi(/yd)ilary: 0*)
Jozi(—¢*y*/x, —?22%/y; ¢3)

_q(4m+3 (4m
Y (1)) Am2gmed (=1)4m+3g=3(") (gay) - (4m+9)

—a/2m+1
0 g 073" (q2a2 fy)=(m) (g2y2 )= (2m+1)
7yJ§)]( .fC/y Q) (qa?y, ) . 2z . Z(_l)m< 2° )mq—15m2/2—19m/2—3
Josj(—a*y* /e, —q*2?/y; %) 2*y® L= ?y?
yJyi(—z/y;@)ilgry;d®) 2 ( AT *>
Jo3j(—a?y? )z, —?a? Jy; %) *YPq g*a?y?’ "
For x,y, z integral powers of ¢, we suspect that we have
9121.221(2,9,2,9) (6.60)

J3i(—x/y:0)j(d*xy; ¢°) _m<q

15 ,
L .q ,*) + idem(z;x,y)
Jo73J(—qy2/fv —q22/y; ¢°) 2

2 J3i(—x/y; )i (zy; ¢3) <q3z3 15 ,
+ = -m .q ,*) + idem(z;x,y)
zq J0,3](— 2z, —a2/y;q3)  \xPy?
2 J3 3
22 - - 3]( :E/y, ) (quaq ) . ( z Q’q ) —i—idem(z;x,y),
r2yq®  Josj(—q?y?/x, —¢*2? [y; ¢3) q*x?y

4 9

where ‘~’ means modulo a theta function and idem(z;z;y) means the preceding term is repeated
twice—once with z and x swapped and once with z and y swapped.

Let us try the values for xo(q), i.e. * =y = z = ¢. In the third summand on the the right-hand
side, we have a j(¢%; ¢®) = 0 in the numerator of the quotient of theta functions, so only the first two
summands contribute. Using (2.6) gives

1
2 —xo0(q) = 7 - 91,2,1,221(4: 4,4, q)

g LI D) oy g  BICLOIGE) o s

= . m\q ,q q — .
J2 o35 (=% ¢3)? JtJ035(—q;¢%)?
J3Jo1 01 4 J3Jo1h
~ 3T, g %) + 3 (e, ¢ %)
JiJos 13 JiJos 13

~3m(q",q", %) + 3¢ 'm(q% ¢*°, %),

where we have used (3.17a) and product rearrangements. This agrees with (2.2) up to a theta function.

Let us the values for xo(q), i.e. =y = 2z = ¢%. In the first summand on the the right-hand side,
we have a j(¢% ¢) = 0 in the numerator of the quotient of theta functions, so only the second and
third summands contribute. Using (2.7), we arrive at

1 o
x1(q) = 7 c01,21,221(0, @, 4%, q) ~ =3¢ *m(q,¢"°, %) — 3¢ m(q™, ¢"°, %)

~ —=3¢*m(q.q"°, %) — 3¢~ 'm(q",¢", ),
where we have used (3.19b). This agrees with (2.3) up to a theta function.
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7. A heuristic guide to false theta function identities

We recall a theorem of Kim and Lovejoy:

Theorem 7.1. [KilLol7, Theorem 1.1] We have

n
2 : (éq)%}i) _ (1 _ a) 2 : (—1)TCL '5 q%-‘rrs-i-%r-‘rs
n>0 49/ 4)n r,s>0

r=s (mod 2)

(@)oo 2r+1 3r(r+1)/2
+7E —1)"a*" g , 7.61
(ag,q/0)s QO( ) (7:61)

[e.9]

.2 n
Z (q’ q )n(q)nq _ (1 _ a) Z (—1)7“&7"-55 qrs—‘r%r—f—%s
— (ag,q/a)n 520
r=s (mod 2)

(@)oo 3r+1 3r242 2r+1
4+ —1)"a3 G (1 4 ag? . 7.62
(o afe g 2=V ( Lo 1)

We collect the a = 1 specializations in the following corollary:

Corollary 7.2. We have

()" 1 — 3r(r41)/2

Yo = > (R, (7.63)
) (

n:[) (q7 Q)TL J]- T‘ZO

. (q; q2)nqn 1 o 3r242 2r+1

Y = D ()T (4 . (7.64)

= (O 2

We point out that (7.64) is the a = —1 specialization of [Wa03, (5.2)]. In [KiLo17], Kim and Lovejoy
also show how to write [KiLol7, Theorem 1.1] in terms of Hecke-type triple-sums.

Corollary 7.3. [KiLol7, Propositions 5.1, 5.2] We have

(D2ng" 1 2 3
E = : (91,7,1,1,1,1(aq 1 4%, 4,9) (7.65)
= (ag,q/a)n  (¢,0q,4/a;q)o0

+q*o171111(ad’ q", ¢, q)) :

(4:¢*)n(@)nd" _ 1 L,
7%;) (ag,q/a)n  (q,09,4/a;q)oc (91’5’1’1’1’1(‘"1 05 0,9) (7.66)

+ 151111000, ¢, ¢, Q)) :
In this section, we will use the triple-sum relation (5.46) and the Hecke-type double-sum expansions

of [HiMo14] in order to guide us from the a = 1 specialization of Corollary 7.3 to the false theta
functions of Corollary 7.2.

7.A. On the triple-sum for the false theta function Identity (7.63)
We apply our heuristic methods to

0171111 ¢ ¢,0) +d*or7111106%,¢7, 6%, q).
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We consider the contributions of g1,7,1,1,1 1(¢%, ¢, q,q) to the top row of (5.45). We have

byt

R—-1 R_1
s t
Z Z Sg(s)cr,s,t — Z( 1)Tq2rq( ) Z Sg(s, t)(_1)s+tq3sqtq7rs+(2)+rt+st+(2)
=0 sg(s)=sg(t) r=0 ot
R—1

(1) 2¢O 1 1(6*™, ¢ q)
=0

Il
S s

)

where for the last equality we used Proposition 3.7. Similarly, we have

S—1
Z Z Sg(r)Cr,st = Z( 1)%q%q (s )f1,1,1( g1, g) = 0.
=0 sg(r)=sg(t) s=0

For the final piece in the top row of (5.45), we have

T-1 T—1
Y Y sg)ense = Y (D't @ ).
t=0 sg(r)=sg(s) t=0

We consider the bottom row of (5.45). We have

Rz_:lsz_l ZCTS RZ Z r+sq2rq3sq( )+7rs+( ) Z(_l)tq(1+r+5)tq(;)
r=0

=0 s=0 teZ

r=0 s=0 teZ
R—15-1
— ( 1)r+sq2rq3sq( )+7rs+( )](q1+r+s; Q)
r=0 s=0
=0.
Similarly, we have
R—1T-1 R—-1T-1
Crust = (— 1)r+tq2rqtq( )+rt+ (4 )j(q3+t+7r;q) —0,
r=0 t=0 teZ r=0 t=0
S—1T-1 S—1T-1
Crst = ( 1)s+tq33qtq( )+st+( )J(q2+7s+t; Q) —0.
s=0 t=0 reZ s=0 t=0

We proceed to work on the second sum g17.1.1,1 1(¢%, 47, 4%, q). We consider the contributions to

byt

the top row of (5.45). Arguing as above we have

R—1 R—1

S ses)ense = Y (1 "¢ (™ 2 ) = 0,
7=0 sg(s)=sg(t) r=0
S—1 S—1
Z Z Sg(r)cr,s,t = Z( 1)Sq7sq( )fl,l,l( 6+7s’ q2+87Q) = 0,
5=0 sg(r)=sg(t) s=0
-1 T—1

sg(r)erse = > (~1)'a*q@fr1 (@™, a7, q).
t=0 sg(r)=sg(s) t=0
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For the bottom row, we have

R-15-1 R—1S5-1
Z Zcrst ( 1)r+sq6rq7sq( )+7rs+( )](q2+r+s;q) — 0,

r=0 s=0 teZ r=0 s=0

R—1T-1 R—1T-1
Z Z Zcrs _ Z Z r+tq6rq2tq( )+rt+(4 )J(q6+7r+t;q) —0,

r=0 t=0 tcZ r=0 t=0

S—1T-1 S—1T-1
> ersr = (—1)*+t g7 g2 g+ ) j (5T ) = o0,

s=0 t=0 rez s=0 t=0

Combining terms and letting R, S,T — oo as in (5.46), gives

q e t+l
> @) (q) [Z ( fLoa(@ @t g) + ¢ (L q))] :
n>0 n t=
Using Identity (3.35) gives
(q)ann 1 - 1™ (m+1) 44+m 24+m —m 4—m 2—m
Z (q)2 ~ Jf’[z(_ )"\ 2 <f4,4,1(—q g 2 q) —q "faa1(—q g 7Q))]-
n>0 n m=0

Making the substitution m — 4m + k, k € {0,1, 2,3}, and using Proposition 3.9 yields

(Q)ann
2 (9)7

n>0 n

3
1 ) ko
~ 5 (f4,4,1(—q4+’“,q2““,f1) — ¢ (=g ¢ ’M))
1

k=0
oo
[ 3 1yt g -mem
m=0
1< - o
~ 7 [(—1)kq( 2 )(f4,4,1(—q4+k,q2+k,q) - q_kf4,4,1(—q4_k,q2_'“,q)) gt +3m’“].
k=0 0

We recall the evaluations found in (3.41). If we define

4+k -k 22—k

ak = fa,4,1(—q ,q2+k7Q) - q_kf4,4,1(—q 2475 a);

then ag = 0, a1 = —q~1J32, ag = 0, and a3 = ¢ 2JZ. Finally, we arrive at Identity (7.63):

(q>2nqn 1 —1 72 - 6m2+3m —3 . 6m2+9m
> Nf[O—q-(—q I g +0—¢%(¢?I}) ) g }
—= (@ 5 — —

11— 2 > 2

~ T[Z qﬁm +3m _ q3 Z q6m +9mi|
1 m=0 m=0
1 &

~ jl Z(_l)m 3m(m+1)/



116

7. A heuristic guide to false theta function identities

7.B. On the triple-sum for the false theta function Identity (7.64)

We recall our triple-sum

91,5,1,1,1,1((12, 7, q, q) + q391,5,1,1,1,1(q5, 7, ¢, q).

We consider the contributions of g151.1.1.1(¢%, 4% ¢,¢) to the top row of (5.45). Arguing as in the

s byt ty

previous subsection, we have

=
L

Z Y see)ense = Y (1 ¢ d&f (@ ¢ ) = 0,

For the bottom row, we have

r=0 sg(s)=sg(t) r=0

S—1 S—1

Z sg(r)crs = Z( 1)5612561( )fl,l,l( 2+5s7q1+5,Q) =0,

5=0 sg(r)=sg(t) 5=0

T-1 T-1

sg(r)erss = D (—1)'a'aB i1 (a0, 0).

1=0 sg(r)—sg(s) =0
R—1T-1 R—1T-1
Z Z ZCr,s,t _ Z Z( 1)r+tq2rqtq( )+rt+ (5 )](q2+5r+t; q) =0,
r=0 t=0 scZ r=0 t=0
S—1T-1 S—1T-1
> Crog =D > (~1)q%q'q () (2o g) = 0,
s=0 t=0 rez s=0 t=0
R-15-1 R—-15-1

Crst = ( 1)r+sq2rq25q( )+5rs+( )](ql+r+s; q) —0.

r=0 s=0 teZ r=0 s=0

We consider the contributions of g151.1.1.1(¢°,4°, ¢% ¢q) to the top row of (5.45). Computing the

yLstyty

summands yields

R-1 R-1
sg(s)erse = 3 (~1)" ¢ ¢@ 1 (>, q) = 0,
=0 sg(s)=sg(t) r=0
S-1 S—1
Z sg(r)cr,s,t = Z( 1)%q7%q(: 1@, %, q) = 0,
s=0 sg(r)=sg(t) s=0
T-1 T-1
sg(r)erst = > (- D' q@ 51 (67 . q).
10 sg(r)=se(s) =0
R-15-1 R-15-1
SN e =30 D (1)@ (g g) = 0,
r=0 s=0 teZ r=0 s=0
R-1T-1 R-1T-1
> Crag =D D (—1)H g g2 (G) (g3 g) = o,
r=0 1=0 seZ r=0 t=0
S—17-1 S—17-1
Cros = (- 1)s+tq5sq2tq( )+st+(4 )](q5+58+t;q) —0.
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Combining terms and letting R, S,T — oo as in (5.46), gives

(:P)nd" 1 [ ¢ ("5 2+t 24t 34t 54t Bt
Z 7N7{Z(_1)q 2 (f175,1(q )+ T 5007 g aQ))]

3
n>0 (Q)n ']1 t=0

Using Identity (3.36) gives

> (Q)2n2€1n ~ [ > (~1)mq("s) <f3,3,1(—q3+m7 " q) —q Masa(—¢> " T, q))]

3
n>0 (Q)n Jl m=0

Making the substitution m — 3m + k, k € {0, 1,2}, and using Proposition 3.10 yields

o) 2
497 )nq 1 k9
Z( ())n NﬁZ(fs,&l( P Q) — P faga(—a* R, ¢ ’“,q)>
n=0 q 1 k=0
o0
|: (— 1)3m+kq(3m+2k+1)q Sm2—3m— mk]
m=0
RS k(%3 34k 24k 3k 2k
NﬁZ[(—l) q\ 2 (33,1(—q ) —q " faza( .q ,Q))
1 k=0
o0
Z(_l)m 3m +2mk}
m=0

We recall the evaluations found in (3.42). If we define

ko= f331 (= M q) — ¢ Ffa s (=¥, 7R q),

then by = 0, by = —q~1J3/J2, and by = ¢ 2J}/Jo. Finally, we arrive at Identity (7.64):

Z(q;q )ng"
1 oo oo
Nﬁ[o_q 71(]1/(]2 Z m3m+2m+q 2J3/J2 Z m3m2+4m
1 m=0 m=0
1 & 2
~ j Z( 1)mq3m +2m(1 +q2m+1)
2 m=0

8. Proof of Corollary 2.1

We present some corollaries to identities (2.6) and (2.7). Identity (2.11) follows from (5.48). For
Identity (2.12), we employ (5.47) with (R, S,T) = (0,0, 1) to obtain
0121221(4,4,4°,9) = —¢°0121221(0°, ¢°,¢°, @) + T1.21(: 0, 9) = Fr,21 (0. 0.9) = T,
where we used (2.11) for the second equality and (2.5) for the third equality. For Identity (2.13), we
use (5.47) with (R,S,T) = (0,1,1) to have
0121221(0:¢% 6% @) = ¢°0121221(0°, ¢, ¢, @) + 2f1.21(¢, ¢, 9)
= —01,2,1,2,2,1 (CL q,49, Q) + 2f1,2,1(q7 q27 q)
= —g121.221(¢,¢, ¢, 9) + 2J7,
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where the second equality follows from (5.48) and the third equality from (2.5). Comparing the last
equality with (2.6) gives the result. for Identity (2.14), we again use (5.47) but with (R, S,T") = (0,0, 2)
to obtain

01,21221(0:4,¢%0) = 4"0121221(¢°, 6" ¢, 0) + F1.21(¢,0:9) — *Fr.21(¢%, %, )
= —q01,21221(¢:0:¢:9) + F121(0:0:9) — ¢*F1.21(¢°, ¢, @)
= —q91,2,1,22,1(¢: ¢, ¢, 9) + F1,21(¢, ¢, 9) + af1,2.1(¢, 4, 9)
= qJt (xo(q) = 2) + J7 +qJ;
= qJixo(q) + Ji — aJf,
where the second equality follows from (5.48), the third equality from (3.28), the fourth equality from
(2.5), and the last equality from (2.6). For the final Identity (2.15) we use (5.47) with (R, S,T) =
(—1,0,1) to have
91.2,1,2,.2,1(4, q2, q3, q)
= qo121221(¢%¢% 6% q) — ¢ h21(1,4,9) + Fr21(0:4,9) + ¢ i (15 9).

Using (2.5) twice gives

01.2,1221(0. ¢, ¢, @) = q9121.221(¢% ¢, ¢, @) + J; = aJixa(q) + JT,

where the last equality followed from (2.7) and (2.5).

9. Obtaining Identity (2.16)

We consider
01,3,1,3,31(4, ¢, ¢, 9)- (9.67)

We recall the specialization (n,p) = (1,2) of [HiMol4, Proposition 8.1] where ¢ = 1:

5 5
) qx q Y qay L
f1,3,1(‘r7 Y, q) = j(ya q)m< - yg 7q87 ) + ](x Q) < 3 7q87 qzy) (968>

S22yJa4Js 165 (0 TY; q )J(qzz:v?y2 q'%)

J(=¢°22;¢%)j (=% ¢®)

Following the reasoning in Section 6., we only need to consider terms of the form

Z (—1)mq(g)sz1,3,1(q3m$, "™y, q). (9.69)

m>0

Because the theta coefficients of the two Appell-Lerch terms vanish and because the Appell-Lerch
terms are defined, we can write the above as

5+9m 2 7+6m 22+12m .2, ,2.

q yJ24Js167(q" O xy; %) j(q z?y?; ¢'%)
f131(6"", ¢y, q) = :
) J(=q>T0ma?; ¢8)j(—¢"+6my?; ¢8)

(9.70)

We will need to consider m — 4m + a, a € {0,1,2,3}. In general, (9.69) reads

5+36m+9a 2 7+24m+6a 22448m+12a,.2,,2. )

S (—1)ag(E ) ptmrad yJ2,4J8165(q 2y;4°)j( 2y ¢!
= ]( q5+24m+6ax2; qS)j(_q9+24m+6ay2; q8)
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For the case a =0

3 (%) A ¢y Sy ads 167 (T wy; 0°) 3 (%Y ¢10)
m>0 J(=g"2ma; %) (¢ 24y ¢°)
3 () @22y Ty 4 T8 167 (653 y; ¢8) (g0 Bt g8 a2y ?; g16)
m20 J(=g®3m@Pa?; ¢8)j(—¢¥ Cmtlgy?; ¢8)
- Z q(4;n)24mq5+36m QyJQ 4J3 16](@] Y5 q )](q6$2y2 C] )
m>0 J(=a°2%; ¢%)j(—qy* ¢®)

_g(3m —3m m _ 3m—+1 m
'( 1)3mg 8(°% )(q7xy) 8m(_1)3m+1g 16(%", )(q6m2y2) (3m+1)

¢ 5% (q%?)‘f”mq*S( ") (gy?)~BmD
'J2,4J8,16j(q7xy'q )](q%zyz q'%) ( 24 )mq—28m2+m

(=% ¢®)j(—qy*: ¢®) x3y3

m>0

8Y (460202 294,
Jadsi6i(a’ Ty g )J(q 2*y* ¢'°) Z(_l)m<_ "z ) (")

i(—2% )i (—ay% ) 7y ’

Jaadsiei(a’ey; qg)J(qﬁ:v?y2 ¢ )m( 0P g )
)

J(=®x%¢®)j(—qy*: ¢®) z3y3’

For the case a =1

B Zq(4m2+1)2,4m+1 q14+36m 2:%]2 4J8 16]( 13+24mxy; q )](q34+48ml’2y2 q )
= ]( q11+24mx27 q8)j(_q15+24my2; q )
o Z q(4m2+1>z4m+1 q14+36m QyJ2 4J8 16]( (3m+1)q5my; q8)j(q16~(3m+2)q2x2y2 q )
m>0 J(=g*BmtDgda2; ¢8)j(—g* BmHlgTy?; ¢8)
YT () 1 gy Ty 4T 165 (@O y; 4°)d (4P 2Py?: 0)
m>0 J(=a*2% ¢*)i(=a"y* ¢%)

3m+1 3m+2

(_1)3m+1q—8( 5 )(q5$y)—(3m+1)(_1)3m+2q716( 5 )(qzxzyz) (3m+2)

q—8(3”;“)(q3x2)—(3m+1)q—8(3”;“)(q7y2)—(3m+1>
2 hadsiei(dry ¢ )j(q2x2y2 q'°) ( 2! )m —28m2—13m—1
zy? J(=2% ®)i(=q"y* ¢) A \aty?
P 2,2, 2. 15,4 .
NN Jz,4<fs,1613(q2xyé ¢)ilg*z*y*; ¢"") Z(_l)m(_ ks )m —56("FY)
TY*q (=% ¢*)i(=q"y%¢®) = zy
oz hadsaci(@ry;a)i(@?y?q®) o a2t g
2 (— 322 ) (9% ) m 3,509 >
zy*q J(=*x;¢%)i(=qd"y*1 q xdy
For the case a = 2
3 200y Ty 4 s 165 (0" wy; 6°) (¢TI Y ¢M)
= ]( q17+24mx2’q8)j(_q21+24my2;q )
N Z 4m+2 q23+36m 2sz4Jg 16]( 8(3m+2)q Ty q )j(q16-(3m+2)q14x2y2 q )
i(— S (3m—+2 2. 48 —_8(3m+2) 45,,2.
= (=% B2 qa?; ¢8)j(—g> Bmt2gdy?; ¢)

23+36m 2 14,.2, 2.

~> g(a") pamr2d yJ2ads 165 (Pry; %) (¢ 22y?; ¢*0)
m>0 3(=q2?;:¢®)j(—=°y?; ¢%)
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_Q(3m+2 —(3m m _ 3m—+2 m
()32 80T () ~Bm) (—1)Im2g 1607 (g 142y 2) ~Bm2)

q78(3m2+2) (q$2)7(3m+2)q*8(3m2+2) (gPy?)~(3m+2)

22 hadsiei(@Pry; ° )J(qMa&Qy2 q") ( % )m oam? o6
y 3(=q2?;:¢®)j(—=°y* ¢%) 3y3
2 hadsaei(@ryi ¢ )J(q14x2y2 q'%) NEIE gz >mq756(m2+1)
yq° i(=a2% )i =y %) a3y
2 haldsisi(dry; ¢ )J(quQy2 q'%) (_ az* 56 *)
yqt 3(=q2?;¢®)j(—a°y* ¢°) xdy3’ 7
For the case a = 3
B Zq 4mA3) 4o g q32+36m 2yJ2 4J8 16]( 25+24mxy q )]( 58+48mx2y2 q )
P §(—q23H2my2, (8 j(— q2T+2Amy 2. 8)

o Z q(4m2_‘_3> 24m+3 q32+36m QyJZ 4J8 16]( (3m+3)qu; q8)j(q16-(3m+3)q10x2y2 q )
= J(=g¥CmE2)qT22; ¢8)j(— g Bm+3)g3y2; ¢8)
3 ) e g*H3m a2y Jy 4 Js 165 (gry; 49) (0" 0%y ¢'°)
T2 _
m>0 J(=a"2?;¢®)j(—a*y?; ¢%)
(— 1)3m+3q78(3m+3)(qu)—(3m+3)(_1)3m+3q716(3m+3)(q10x2y2) (3m+3)
) 3m+3

q—8(3’”j2)(q7x2)_(3m+2)q—8( 5 )(q3y2)—(3m+3)
4

B 23 . Jo.aJs 167 (q2y; ¢° )j(q10x2y2 q'%) ( z )mq—28m2—41m—15
z3y? J(=a"2% ®)i(=*y* ¢%) A \atyP
2 Dbadsaeileryd® )J(q1°x2y2 7'%) (_1)m<_ 2t >mq—56(m;1)
By ("% )i (P gy’
o 23 . Ja,4Js,165 (qzy; ¢° )j(q10x2y2 q'%) (_ zt 7 )
z3y2qts J(=4"2% ¢®)j(—3y?; ¢®) qi3ady3’

Modulo a theta function, our heuristic methods suggest

91,3,1,3,3 1((1, q,4, Q)
J2 4J816J1,8J6,16 _9J24J816J1,8J6,16
<_q27’q56,*>+3q 2 m(_q137q56 )

J18T58 J1s 58
3T Jo4J816 382,16 ( v *> 3410 J2,4J§,16i3,8J2,16m< 15 g0 )
J18J58 J18J58
~ 3J1,273,8m( q* ) +3q 2123 8m<—q13,q56,*)

- 3q_7Jl,2j1,8m( —q 1, ¢, *) - 3q_16=]1,2j1,8m( —q ¢, *>,

which leads us to Identity (2.16).
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