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ON A QUESTION OF RAMACHANDRA 
By Hugh L MONTGOMERY* 

Let ak(o) be the Dirichlet series coefficients defined by 

the relation 

(l) 
p p n=l 

8 n 
(Res> 1). 

He.re k is a poeitlve lnt(ger, and we see more explicitly tbat 

al at 
if n = p 1 . . . p 

1 
t ben 

(2) a (n) · =-=- k ! if Q(n) = k , 
k .1! ... •,! 

0 otberwiae, 
With possible appllcatlooa to the Riemann zeta fuDctlou to 
mind, Ramacbandra has wanted to know tbe asymptotic alze 
of tbe quantity 

max ( :. ) 2tc 
k o.;;;;N 0

2(T 

1 
as a function of N and (T, where u is fixed, i < a < 1. We 

settle this question by demooatratlng the following 

I 
Theorem: Let u be fixed, 2- < u < 1. 

4e fined by (I), we bave 
2 1 

(3) max { l ak(o) ) 2k = 
k o.;;;;.N . 2u · 

D 

With tbe ak(a) 

l- 0" (log N) 
Jog10g N 
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In addition, for any Integer k ;> 1 

2 1 

( 
ak(o) )2'k _ kl-.-cr 

k - cr 
n o (log-k) 

Here tbe implicit constants may depend only on a. 

With a little more care one could ahow that the values of 
k for which the maximum In _(3) Is attained aatlsfy 

k ::::::: (log N)Jloglog N. 

To eatabllsb that the right baod ilde majorizes the left 
above we shall require the following two lemmas. 

Lemma 1: Let Y > 2, and put 

R ""' R (Y) = { r: p i r p <: Y } . 

. l 
Then for any k > I, and fixed a, -2 <a < I, 

2 1 a (r) -- 1-a 

( 
k ) 2k << _Y __ 

rER r 2a logY 

Proof: Let X 2, x3, ... , X P be lotfepcnd-Jnt randem 

uriables, each uniformly d lstrlbuted on the circle 1z 1 = 1. 

Then 
2 

ak (r) 

20' 
r 

1 X 

) 
2k p 

- if 
po;;y p (I 

X 
II 00 p<:y p 
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Lemma 2: Let Y > 2, and put 

s = S(y) = f I ; p I 8 => p > y } . 
l 

Tben for any k > I, and fixed tt, 2<tt <I, 
1 
- -tl 

kl12 yl 

(logY) 1/2 

Proof: From (2) we see that ak.(l) < k! for all 1. 

Tbos 
2 

ak(s) e k(s) ( I )k 
:z --.;;;; k ! l -- := k ! l --

aES 1
211 sES ,2(1 p>Y p2• 

yl-2• )k: 
< kt ( . 

and the uated bound follows on laking tbe 2k-th rool. 

We now prove the Theorem. We first !thow that the left 
band side of (3) is at least as largo as the right band elde. 
Let Y be tbe largest Integer such that 

P= n 
p.;.Y 

Then by the prime number theorem with remainder, 

( 
log N ) 

Y = log )ll + 0 A 
log N) 

10 that 
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Clearly k - , and by more car.ef11l usc of the &oglug N 
kgN 

prime Bomber theorem we see that k > N for all large · tog wg 

N. Thus N l/k<: log N, and we bave th,e desired lower bouud. 
lo (4) tbe v .. Jue of k is prescrib:d ; we choose Y so that 
"' (Y) • k, we' tllke N = P, and proceed as above. We obtain 
the dealred lower bound s'nce 

1-CT 1-D (log N) ___ k __ 

loglog N D 
(log k) 

We now complete tbe proof of (3). Let Rand S be as lo 
Lemmas 1 and 2. where Y ia a parameter to be chosen later. 
Aoy o is uotquely of the form n = rs with r E R, a E S. If 
Q (D) = k and Q (r) = m tbco by (2) 

ak (ll) = (r) ak-m (s). 

He ace 
2 ak (n) 

2cr 
D 

k ( k )
2 

= 2 
m:O m 

(mk) k Since < 2 , this ts 

l 
IER 

2 a (r) m 
2cr r 

l 
( ·)2 8k- m • 

8 E S 
r&4iio.N 

8 
2cr 
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(5) 
where l I 

ll•max ( 
m r 

a (r) )-· m 2m 
1 ---

R 2• t f 

aod 
2 1 

( 
a (8} ·)z s-max l m? m 

I "'S .tl m "' 1 s ..;N . 
By Lemma t 

1 - • y 
(6) R << logY 

m 
To treat S we note that O(a) " m. 8 E S. tboo • ;;.Y · 

logN 
If m > 

101 
y eben it followa I hal • > N. •nd tho IUID 

- logN 
defloil'lg Swill be empty. Thus we may suppase tbat m<:: lot y · 

From tb 11 bound aod Lemma 2 we see that 
I I 

- - --tl 

(logN)2y l 
(7) s << . ---·-- · 

logY 
On eomblolng (5), (6), and (7) it follows that 

1 1 
2 1 - --· 

( 
ak(D) ) 2k yl- a . (loe. N) 2 Y. 2 . 
2v- << .. -. - \--. -r hll y • 

0 og 

and lt auffice1 to take Y = log N. 
To complete the proof of (4) we may ph tCeed moro limply . 

With the X •• In th proof of ! we see that p 

( 
2 1 

ak (o) )lk 
2CT 

D D 
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By the Crlaagle ioequaiUy tbh 11 

X X p p 
< II l --;,II 2k + !I l .---;II 2k 

pc;Y p p>Y p 

2 
= ( l ak(r) 

r€ R , 2t1 

By Lfmmaa I and 2 tbll is 
l 1 

I- t1 - -
<<y +k2y2 

10g Y I 

(logY) 2 

and it &ufflces to t ake Y == k log k. 
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