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§ 1 Introduction

A typi-al result proved is that out of the numbers

n
2™ (n = 1,2, ..., N) the number of algebralc numbers d»es

3

rot exceed § + 4 (4N - 4 + | ) The same bound s true for

n
the tumbers Zt where t Is sny transcendental number and

more gererally of the numbez:s Exn (glt") where o is any
non-zero complex number. Nex: !f © (z) Is any Weierstrass
eitiptic function wi‘h algebraic iavariaats g, g4 the co.res-

pondiog b uad for the numbers © (oft") is § + o/ (8N—8 +]
(Here the value = of § (2) is regarded as algebraic by
convention). Actually our argument in § 2 shows that the

n
number of algebraic numbers in 2“ (r=M+i,M+2,..M+N)
does not exceed ) + & (4N - 4 + 1yand similar resul's In
othe: cases stated anove. We show that these results are easy
corollari;s to the forlowing Theorem (see [2] ).
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Theorem
(1) Leta andb be non-zero complex numbers such that

a
5 Is irrational, Let 0{1, c,[2, 43 be complex numbers such

that . = ] S
ha ty °[1 + 1y e[2 + tgolg =0 (tl, fgr tg integers) 1

possible only when iy =ty =ty = 0. Then at least one of the

six numbers Exp (aol), Exp (bal) (0 = 1,2 3) Is

transcendental,

(2). Let a and b be non-zero complex numbers such that

a .
B is irrational. Let dl’ g[z, iy °[5 be complex numbers such

that t1 41 + t2 .,[2 + oo F 25 c,[5 =0 (tl,..., t5 integers)
Is possidble only when ty =ty = =ty = 0. Then at least

one of the ten numbers Q (a g[i ), 9 .b g[i). =1t (s
transcendental,

Remarks

The first part of the Theorem is orlginally due to Siegel,
Schneider, and G:lfr>ad (sce P.cblem 1 oo page 138 of {4]).
The first part was redis:overed and the second part was
proved by K. Ramachandra in his paper [2], by developing the
method of Siegel, Schneider, and Gelfond. Some progress
in the directicn of the Theorem was made (around the same
time) independently by S. Lang, who io particualar rediscovered
the first part of the Theorem (ses page 119 of A. Biker's

beok [1]).

§ 2  Proof of the Resuits
We first prove the fellowing Lemma

Lemma

Let S be a non-empty set of natural numbers and S(N, M)
the sub-set of those natural numbers contained in [M,M +N—-1],
(where M and N are any two natural numbers)  Suppose that
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for every non—zere integer r, the equation
X+r=y,Xyins),

does not have more than D solutions(where D is a natural number
independent of r). Let f{(N, M) be the number of naiural
numbers in S(N, M). Then there holds,

f(NNM)<$+ ¥ (2DN - 2D + §)

Proof

Let g (r, N, M) denote the nombzr of solutions of the
equation In the Lemma with the restriction that x, y should
be in S (N, M). Then

2
(f(N,M)) = 3 g (r, N, M)
~-(N-1)gra N—-1
= 3 + 3
r=20 r =0

< f(N,M) + 2D (N - 1).
This proves the Lemma completely.
Usirg the lemma our results caa be deduced eisily from
the Theorem as follows. Take S to be the set of those natural
numbers for which Exp ol tn) is algebraic. Wetake M = 1,

Ia the first part of the Theorem we takea = o[, b = o ¢,
Then the Theorem telis us tha* we can take D = 2. For our

astertioas about § (z) we can take a = o[, b = of tr. Then
the Theorem tetls us that we take D = 4.

This proves our assertions completaly,

Remark

In a paper to appear [3], R. Balasubramanian and
K. Ramachandra prove that the number cf algebraic sumbers
2 N .
~
amqngst 2,2 ,...,2" is ¥ 2N (140 (1) ).They also prove
similar improvements of results in sectlon 2.

~
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§ 3. Further Results. The Gelfond-Siegel-Schoeider merhod

(of proving the transcendence ot e“ and 2 ¥a )was developed
Io a deep way by Gelfond to prove the algebraic indepeadence

2
of ZB and ZB where 3 = 2. These rses:arches of Geifond
have been continued by R. Tijdeman, D. Brownawell, and
M. Waldschmidt. More profound resulis have been obtained by
G. V. Choodnovski and we xow quote a result fiom his paper:
Algebraic Independance of values of exponential and elliptic
functions (Proceedings of the Interpationali Congress of
Mathemaiiciaus, Helsinkl (1978, pages 339 -350,. Let

,[1, swig .;[M be complex numbers Iinearly independent over the
rationals and let Bl, 132, a3 BN be complex numbers linearly

independent over the rationals where M N = (a-+1) (M+N),
M, N, and n being fixed natural numbers. Then at least n+ 1
of the M N numbers Exp (,(l. Bj) are algebraically independent.

Let t be any fixed iranscendental number and ley tysens tn be

any n fixed algebraicaliy independent compiex pumbers.
Let of bo a fixed nom-zero cumplex number. #Hutting

o, = L', B, = Lt7i , where r. (i=1to M) are any
non-zero distinct integers mnd mj {j = 1 to N) are distinct
natural numbers, we deduce the iollewing corollary. Let §

be the set of those natural aumbers m for which Exp (el tm)
depends algebreically on ORI tnand further et S0 be the set

of those numbers in S which satisfy x < m < x + y, where

x>1l,y>1. We now set M=n+2 and by choosing N to
be a Jarge constant and mj to be in SU we deduce that one at

least of the cumbzrs Exp (o gty oy jdoes uot belong to SO‘

From this we Jdeduce that tue umber of iniegers i S() does
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1
not exceed Cy0 where @ - 1 — 13’ and C depeads only

ob n. ¥he last deduction is facilitared by the following lemma
which Is an extension of the lemma proved in section 2.

Extension
Let k be a natural number and SO a subset of natural

numbers consisting of at least two and ai most finiteiy natural
numbers. Consider the differen-e set R consisting of all non-
zero differences of numbers in S o Let T be any non-empty sub-

set of Rk the set of all possible k—tuples of numbers in R, For
any Integer r in R.pulS‘ = {a|ain SO’ a + rin S0 }.

, ok
Now forr = (rl, ,rk) inR" put Sr = S'],n . n Srk ‘

Then

p | 5 1 =3 3 1 and
rinT ain S, ain S0 r in T, Sr containing a

the L. H. 8. is not more than (max 31 ) (=1 ).
rinT alnSr rinT

Further if T consists of all possible r = (rl, E_— xk), where
are distinct then R.H.S. here is 3> and &
k+1

r , T

10 Ty

3 1
(a in So)

where the implied constants depend only on k.

Remark

Yeking k = n + 2 and S0 as described before the

extension we get the result stated simce max 2 1 fs
rinT ain Sr
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bounded by a constant dependiag only on n by the deep result
of Choodnovskx

Proof of the extemsion follows by interchanging the
summation. The bounds for the R. H. S. comes from the fact

that % | is closely related to the number
rinT, Srcontaining a »

of comblnations of ( 3 { ), taken k at a time,
ain SO

We now state the final result which we have deduced as
an easy corollary to the deep result of G. V. Choodnovski

Final Result

Let of, tl’ ey tn be n+ 1 non-zero complex numbers where
n is a fixed natural number.  Let m run through those natural
numbers for which Exp (ol tm) (t being a fixed transcendental

num'ber)i depends algebraically on R 'n‘ Put

N{@® =3 1. Then N(x+y)~N(x) does not exceed Cy0
o m<x

where @ = 1 — and C is an effective positive constaat

n+3
depending osly onn. Hereas usualx > 1,andy > 1.

Remark 1

When tl‘ ...,tn are algebraic numbers the results of

section 2 are better.

Remark 2

This note began with the observation that in section 2 the
set S does not contain any sub-set with D +1 elemeats in
aritbmetical progressioa (this follows immediately from the
Theorem) and so by Szemeredi’s Theorem (N, 1) = o(N..
Next in a correspondence with us Professor R. Tijdeman
pointed out that it is possible to use Roth’s theorem in the
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direc:ion of Szemeredi’s Tneoiem and get

fIN, 1 o(»—&—)
i \\loglogN h

Remark 3

1
It is possib.e to reduce @ to 1 - nt2 in the final result.

Remark 4
The lemma can be improved slightly. In particular the
N
pumb:r of algebraic numbers amongst 2*, 2™ R 2‘" is
< i(—1+ Vv(@Q6N-T7)).
Remark 5.

Let ¢ (N) be the number of transcendental
g '
numbers of the form 2 where 1 < n < Nanditisa fixed

transcendental. If f(n) = n

log log N :
men ¢ 00 = 1 +0 ( A/(TETRT ))owe This e

consequence of the fact that the number of integers in
( - N2 N2) which have at mo t two representations of the

2 loglog N
log N ) ext

since there is a positive iateger which is a difference of 2
positive cubes in 3 different ways it follews that

3
if f() =0°, $(N)> N for N> 10°°

3 3 10 3 11\3
Starting from37 =4 — 3 = —‘) —-(—) we

form f(n )—1 ("2) (n # n ) is O (N

3 3
get by the chord process a new poiot. The tangent process at
3 .3 3 3. .3
this point gives (19 (1931L 2.187)) ~ (182 197+ 187))

3
- a9’ - 183y



1.

2,

3.

4.

References

A. Baker, Transcendental Number Theory, Cambridge
University Press (1975).

K. Ramachandra, Contributions to the theory of transcen-
dental pumbers — I, Acta Arith.,, 14 (1968) 65 — 72,
— 11 1bid., 14 (1968) 73 — 88.

R. Bslasubramanian and K. Ramachandra, Triansceadental
sumber Theory and a lemma in combinaiorics (to sppear)

Th, Schenider, Binfubruug in die Transzendenten Zablen,
Springer - Verlag (1957).

(Manuscript completed in final form on 17th Janunary 1982)

School of Mathematics

Tata Institute of Fundamental Research
Homi Bhabha Road, Bombay 400 005
India.



